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Polygonal line

Usual polygonal line process

ξn(t) = S[nt] + (nt − [nt])X[nt]+1, t ∈ [0, 1],

where

Sk = X1 + X2 + . . . + Xk , k = 1, 2, . . .

Donsker-Prokhorov theorem

n−1/2ξn
D−→ W in the space C [0, 1] ⇔ EX 2

1 < ∞,

Račkauskas, Suquet, Zemlys Hölderian FCLT for mult-indexed summation processes



Motivation
Our Results

One dimensional case
General summation process

Hölder spaces

Hα([0, 1]d , R) – space of continuous functions x : [0, 1]d → R,
satisfying wα(x , 1) < ∞, where

wα(x , δ) = sup
t,s∈[0,1]d ,|t−s|<δ

|x(t)− x(s)|
(|t − s|)α

.

Ho
α([0, 1]d , R) subset of Hα([0, 1]d , R) of functions satisfying

lim
δ→0

wα(x , δ) = 0

Norm

‖x‖α := ‖x‖∞ + wα(x , 1)
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Generalisation of D-P

n−1/2ξn
D−−−→

n→∞
W , in the space Ho

α([0, 1]).

Lamperti (1962) proved sufficient condition:

E |X1|p < ∞,

wherre p > 1/(1/2− α) and 0 < α < 1/2.

Račkauskas and Suquet (2001) proved necessary and sufficient
condition:

lim
t→∞

tpP(|X1| ≥ t) = 0 with p =
1

1/2− α
.
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Multi-dimensional case

(Xj , j ∈ Nd) – zero mean independent real random variables.

n = (n1, . . . , nd),

ξn(t) =
∑
j≤n

|Rn,j |−1|Rn,j ∩ [0, t]|Xj ,

where

Rn,j := [(j1 − 1)/n1, j1/n1]× · · · × [(jd − 1)/nd , jd/nd ].
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Alternative definitions

Alexander and Pyke (1986)

Zn(A) =
∑

j

|(nA) ∩ (j − 1, j ]|

Erickson (1981)

ζn(A) =
∑
j≤n

|Rn,j |−1|Rn,j ∩ A|Xj ,

Khoshnevisan (2002)

Sn(t) =

∫
[0,nt]

Ξ(ds)

where

Ξ(s) = |[[s], s]|X[s]+1
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Functional central limit theorem

Weak convergence of {π(n)−1/2ξn(t), n ∈ Nd}, when
m(n) →∞, where m(n) := n1 ∧ . . . ∧ nd , π(n) =

∏
ni .

Weak convergence of {n−d/2Zn(A), n ∈ N}, when n →∞.

Weak convergence of {π(n)−1/2ζn(A), n ∈ Nd}, when
m(n) →∞
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Limiting process – Wiener sheet

For t ∈ [0, 1]d :

Definition
W (t) – Gaussian with EW (t) = 0 and
EW (t)W (s) = (t1 ∧ s1) . . . (td ∧ sd).

For A - Borel subset of [0, 1]d :

Definition
W (A) – Gaussian with EW (A) = 0 and EW (A)W (B) = |A ∩ B|,
for Borels A, B ⊂ [0, 1]d .
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Previous results

Bass (1985), Alexander, Pyke (1986), continuous function
space. Sufficient conditions: EX 2

1 < ∞ and metric entropy
condition on collection of sets.
Erickson (1981), Hölder function space. Relationship of
moment, metric entropy and Hölder smoothness conditions.
For collection Qd = {[0, t], t ∈ [0, 1]d}, the FCLT holds in
Hα([0, 1]d), if E |X1|q < ∞, for q > d/(1/2− α).
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π(n)−1/2ξn
D−−−−−−→

m(n)→∞
W in the space Ho

α

(
[0, 1]d

)
,

if and only if

n1 . . . ndP
(
|X1| > n1/p

1 n1/2
2 . . . n1/2

d
)
→ 0, when m(n) →∞,

where p = 1/(1/2− α).
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Conditions

n1 . . . ndP
(
|X1| > n1/p

1 n1/2
2 . . . n1/2

d
)
→ 0, when m(n) →∞.

and

sup
t>0

tpP(|X1| > t) < ∞

when d > 1 are equivalent.
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Remarks

Erickson’s condition: E |X1|q < ∞, when q > d/(1/2− α).
New condition:
n1 . . . ndP

(
|X1| > n1/p

1 n1/2
2 . . . n1/2

2
)
→ 0, when m(n) →∞.

The result of Erickson is improved for collection
Qd = {[0, t], t ∈ [0, 1]2}. You “need” d moments less.

sup
t>0

tpP(|X1| ≥ t) < ∞.

If path is fixed: n = (n, . . . , n) you need less moments than in
one dimensional case

lim
t→∞

t
d

d/2−α P(|X1| ≥ t) = 0.
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