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Polygonal line

Usual polygonal line process

ξn(t) = S[nt] + (nt − [nt])X[nt]+1, t ∈ [0, 1],

where

Sk = X1 + X2 + . . .+ Xk , k = 1, 2, . . .
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Donsker-Prokhorov theorem

n−1/2ξn
D
−→ W in the spaceC [0, 1] ⇔ EX 2

1 <∞,

where W (t) - Wiener process or Brownian motion.

W0 = 0.

Wt ∼ N(0, t).

EWtWs = t ∧ s.
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Hölder spaces

Hρ([0, 1]d ,R) – space of continuous functions x : [0, 1]d → R,
satisfying wρ(x , 1) <∞, where

wρ(x , δ) = sup
t,s∈[0,1]d ,|t−s |<δ

|x(t) − x(s)|

ρ(|t − s |)
.

Ho
ρ ([0, 1]d ,R) subset of Hρ([0, 1]d ,R) of functions satisfying

lim
δ→0

wρ(x , δ) = 0

Norm

‖x‖ρ := ‖x‖∞ + wρ(x , 1)
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Generalisation of D-P

n−1/2ξn
D

−−−→
n→∞

W , in the space Ho
ρ ([0, 1]), ρ(h) = hα

Lamperti (1962) proved sufficient condition:

E |X1|
p <∞,

wherre p > 1/(1/2 − α) and 0 < α < 1/2.
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Generalisation of D-P

n−1/2ξn
D

−−−→
n→∞

W , in the space Ho
ρ ([0, 1]), ρ(h) = hα

Lamperti (1962) proved sufficient condition:

E |X1|
p <∞,

wherre p > 1/(1/2 − α) and 0 < α < 1/2.

Račkauskas and Suquet (2001) proved necessary and sufficient
condition:

lim
t→∞

tp
P(|X1| ≥ t) = 0 with p =

1

1/2 − α
.
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Multi-dimensional case

(Xj , j ∈ N
d) – zero mean independent real random variables.

n = (n1, . . . , nd ), A - Borel subset of [0, 1]d

ξn(A) =
∑

j≤n

|Rn,j |
−1|Rn,j ∩ A|Xj ,

where

Rn,j := [(j1 − 1)/n1, j1/ni1] × · · · × [(jd − 1)/nd , jd/nd ].
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Two dimensional case A = [0, t1] × [0, t2]
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Two dimensional case A = [0, t1] × [0, t2]
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Functional central limit theorem

Conditions for

(n1 · · · nd )−1/2ξn
D
−→ W , when m(n) → ∞.

to take place in apropriate space. m(n) := n1 ∧ . . . ∧ nd .

W – Wiener sheet. W (A) – Gaussian with EW (A) = 0 and
EW (A)W (B) = |A ∩ B |, for Borels A,B ⊂ [0, 1]d .
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Continuous function space

Bass (1985), Alexander, Pyke (1986), sufficient conditions
EX 2

1 <∞ and

∫ 1

0

√

log(NI (ε,A, δ))dε <∞

where NI (ε,A, δ) - metric entropy with inclusion.
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Hölder space

Erickson (1981). Let E |X1|
p <∞, r1(A) ≤ r , and

q := p/2 − r > 0.
Then FCLT in Hρ(A,R), with norm ‖x‖f , ρ = o(f ) holds for
ρ(h)p = hq| log h|| log log h|β, for each β > 1.
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Hölder space

Erickson (1981). Let E |X1|
p <∞, r1(A) ≤ r , and

q := p/2 − r > 0.
Then FCLT in Hρ(A,R), with norm ‖x‖f , ρ = o(f ) holds for
ρ(h)p = hq| log h|| log log h|β, for each β > 1.

For A := {[0, t1]× · · · × [0, td ]}, FCLT holds in space Ho
α([0, 1]d ) if

E |X |q <∞, for q > d
1/2−α , 0 < α < 1/2.
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Main result

(n1n2)
−1/2ξn

D
−−−−−−→
n1∧n2→∞

W in the space Ho
α

(

[0, 1]2
)

,

if and only if

n1n2P
(

|X1| > n
1/p
1 n

1/2
2

)

→ 0, when n1 ∧ n2 → ∞,

where p = 1/(1/2 − α).

Functional limit theorem for double-indexed summation processes p. 15 of 29



Remarks

Erickson’s condition: E |X1|
q <∞, when q > 2/(1/2 − α).

New condition: t1t2P
(

|X1| > t
1/p
1 t

1/2
2

)

→ 0, when t1 ∧ t2 → ∞.

The result of Erickson is improved for two-dimensional case.
You “need” twice as less moments.

lim
t→∞

tp
P(|X1| ≥ t) = 0.

If path is fixed: n = (n, n) you need less moments than in one
dimensional case

lim
t→∞

t
2

1−α P(|X1| ≥ t) = 0.
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The simulation with one moment
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The simulation with two moments
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The simulation with three moments
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The simulation with all moments
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Details of the proof

(ξn ,n ∈ N
2) is a net with directed set N

2 and relation
j ≤ n ⇔ ji ≤ ni , i = 1, . . . , d .
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Details of the proof

(ξn ,n ∈ N
2) is a net with directed set N

2 and relation
j ≤ n ⇔ ji ≤ ni , i = 1, . . . , d .

The finite dimensional distributions of process
(n1n2)

−1/2ξn(t) converge to those of Wiener sheet, when
n1 ∧ n2 → ∞. (Erickson (1981))
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Convergence criteria

Let {ζn ,n ∈ N
2} be net of Ho

α

(

[0, 1]2
)

random elements satisfying:

1 Finite-dimensional distributions of ζn converges weakly to
some Ho

α

(

[0, 1]d
)

random element ζ finite-dimensional
distributions, when n1 ∧ n2 → ∞.

2 lima→∞ supn P(supt∈T |ζn(t)| > a) = 0

3 For each ε > 0

lim
J→∞

lim sup
n→∞

P(sup
j≥J

2αj max
v∈Vj

|λj ,v (ζn)| > ε) = 0.
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Definitions

For each x ∈ Ho
α([0, 1]d ):

λ0,v (x) = x(v ), v ∈ V0,

λj ,v (x) = x(v ) −
1

2
(x(v−) + x(v+)), v ∈ Vj , j ≥ 1,

where Vj = Wj\Wj−1, Wj = {k2−j ; 0 ≤ k ≤ 2j}2.

v±
i =

{

vi ± 2j , for noneven ki ;

vi , for even ki .
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Prokhorov theorem

Let (Xα, α ∈ I ) be a net of separable space random elements. If
(Xα) is asymptoticaly tight, i.e. for each ε > 0 there exists a
compact Kε such that

lim inf
α

P(Xα ∈ Kε) > 1 − ε,

then net (Xα) is relatively compact, (1.3.9 theorem, p. 21 psl. van
der Vaart ir Wellner (1996))
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Arzela-Ascoli theorem

The subset A of Ho
α is relatively compact if and only if

sup
x∈A

sup
t∈T

|x(t)| <∞

and

lim
J→∞

sup
x∈A

sup
j≥J

max
v∈Vj

2αj |λj ,v(x)| = 0.
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Necessity

We have

Xk = (S(k1 ,k2) − S(k1−1,k2)) − (S(k1,k2−1) − S(k1−1,k2−1)),

thus

P(n
−1/p
1 n

−1/2
2 max

1≤k≤n
|Xk | > t)

≤ P
(

2(n1n2)
1/2 max

| k−l
n

|=| 1

n
|

|Sk − Sl |

|(k − l )/n|α
> t

)

≤ P(wα((n1n2)
1/2ξn , δ) > t/2)
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Sufficiency

Because of the symmetry it suffices to check that for every ε > 0

lim
J→∞

lim sup
n→∞

P

(

sup
j≥J

2αj (n1n2)
−1/2 max

0≤k≤2j−1

0≤`≤2j

∆n(tk+1, tk ; s`) > ε

)

= 0,

where tk = k2−j and s` = `2−j .
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Sufficiency

For difference ∆n(t, t ′; s) = |ξ(n1 ,n2)(t
′, s) − ξ(n1,n2)(t, s)|, we have

sup
s∈[0,1]

∆n(t, t ′; s) ≤ 3χ{t ′ − t ≥ 1/n1}ψn(t ′, t)

+ 6 min
{

1, n1(t
′ − t)

}

ζn1,n2
,

where

ψn(t ′, t) = max
1≤k≤n2

∣

∣

∣

[n1t′]
∑

i=[n1t]+1

S
(1)
(i , k)

∣

∣

∣
,

ζn1,n2
= max

1≤i≤n1

max
1≤k≤n2

|S
(1)
(i , k)|.
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