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M. Bloznelis

Abstract

Let T denote a real function defined on random subsets of a given
family of finite sets. The random variable T is decomposed into the sum
of the linear, the quadratic, the cubic etc. parts which are mutually
uncorrelated. Applications of this decomposition to the asymptotics of
the probability distribution of 7' (as the sizes of random subsets and
of finite sets increase) are discussed.

1 Introduction

Let X, = {zr1,...,2knN,}, kK = 1,...,h, be non-intersecting finite sets.
Given an integer 0 < ng < N, let X denote a random subset of X, of size ny,
which is uniformly distributed over the class of ng-subsets of X;. That is, for
arbitrary subset Ay C X} of size |Ag| = np we have P{X} = A} = (g}’:)_l
We assume that random subsets X1, ..., X} are independent. Given a real
function ¢ defined on h-tuples (A, ..., Ap) of subsets, introduce the random
variable

T =t(Xy,...,Xp). (1)

The main object of the present study is the orthogonal decomposition of 1"
we represent 17" by the sum of the linear, the quadratic, the cubic etc. parts
which are mutually uncorrelated,

T=ET+L+Q+.... (2)

Here

L= L, Li=)_ gl
k

fBGXk

denotes the linear part of 7" and @ = >, -, Qk,, denotes the quadratic part
of T, -

Qkr= Y Y gerlwy) for k<r, and Qrr= Y  ger(z,y).

Xy, yEXy {z,y} Xy,

The summands Ly, Qi are uncorrelated. The real functions g; and gy, ,
as well as those defining higher order nonlinear parts of the decomposition
(2) are specified in (4) below.

The orthogonal decomposition provides a useful tool for the analysis of
distributional properties of T and its asymptotics asn =ni+...+np — 0.
Orthogonal decomposition of statistics which are functions of independent



random variables were studied and applied in a number of papers (Hoeffd-
ing [11], Rubin and Vitale [17], Efron and Stein [8], van Zwet [19], Bentkus,
Gotze and van Zwet [2], etc.) In a combinatorial context this type of de-
composition was used by Janson and Nowicki [14], Janson [13], de Jong
[7].

In the present paper we construct orthogonal decomposition in the case
where the underlying random variables (=elements of random subsets) are
dependent. Zhao and Chen [20] and Bloznelis and Gotze [4] used orthog-
onal decomposition in their studies of the normal approximation and its
refinements for various statistics 7' = ¢(X;). However neither of these two
papers provide a proof of the orthogonality property, see identity (9) below,
which plays a crucial role for the decomposition. We give a combinatorial
proof of this identity in a more general situation of several random subsets
X1,...,X},. In the case where h = 1 the random variable T' defined by (1)
reduces to that considered by Zhao and Chen [20] and Bloznelis and Gotze
[4]. In the case where n; = ... = nj, = 1 the underlying random variables
are independent, and we are in the situation considered by Hoeffding [11].

The model (1) has numerous applications. In statistics, see, e.g., Cochran
[6], Sérndal, Swensson and Wretman [18], it is called the ”stratified sampling
without replacement” model. It is assumed there that a population X is bro-
ken up into non-overlapping subpopulations (strata) A7, ..., X, and a statis-
tic T, based on stratified sample drawn without replacement (Xy,...,X}),
is used to estimate some parameter of the population X

Another example is a subgraph count statistic, see, e.g., Barbour, Ka-
ronski and Rucinski [1], Janson [12]. Given an integer k let E denote the
set of edges of the complete graph K} based on k vertices and let E be a
random subset of E of size |E| = n which is uniformly distributed among
all n-subsets of E. We paint E edges blue thus obtaining the random graph
G(k,n), see Bollobas [5]. The number of blue triangles ' = T'(E) is a random
variable of the form (1), where h = 1. Allowing several (independent) colors
we obtain random variable (1) with A > 1.

Let us outline the content of the paper. In Section 2 we consider two ex-
amples. In Section 3 we introduce the orthogonal decomposition and discuss
its main properties. Here we show the variance decomposition formula and
construct bounds for the remainders of the approximation of T" by the first
few (say two or three) terms of the decomposition. Proofs are postponed
into Section 4.

Acknowledgement. I thank anonymous referee for valuable comments
and remarks.



2 Examples

For two subgraph count statistics we construct orthogonal decompositions
and evaluate variances. Consider the complete graph based on k& > 3 ver-
tices. Let X = {x1,...,2n} denote the set of edges. Here N = (S)

Ezample 1. Let X = {X;,..., X} C & be a random n-subset uniformly
distributed over the class of n-subsets of X. Here n < N. We paint edges
X1,...,X,, blue. The number of blue triangles

N = Z Ax, x;x,
1<i<j<k<n
is a U- statistic of degree three based on the random variables Xi,..., X,
taking values in X. Here A;,, = 1 if the edges z,y, 2 make up a triangle

and Ay, = 0 otherwise.
By symmetry, the mean value

n k—2
EN = <3>EAX1X2X3, where EAX1X2X3 = W
2
The orthogonal decomposition formula (3) gives N' = EN + Q + K, where
Q= > X, X;) respectively K= Y  gs(Xi, X;,Xp)
1<i<j<n 1<i<j<k<n

denotes the quadratic, respectively, the cubic part. Note that the linear part
L of the decomposition vanishes, cf (2). Here

n—2 k—2
92(x7y) = m(lxy - EleXz)v ElX1X2 = Qma
1
g3(£17, Y, Z) = Amyz - EAX1X2X3 - m(lmy + lyz + lxz - 3EZX1X2)
Here for z,y € X we write I, = 1 if = is adjacent to y and [, =

0 otherwise. The random variables go(X;,, X;,) and g3(Xj,, Xj,, Xj,) are
uncorrelated for arbitrary indices i1 < io and j; < jo < js.
Using (10) and (11), see below, we evaluate the variance

VarN = VarQ + VarKk,
n\ (N—n n\ (N—n
VarQ: (2)]\(]_% )0_3’ Vark — (3)]\(]_3 ) 2
("27) ("57)
where 02 = Eg3(X1, X3) and a§ = Egg(Xl, X9, X3). A simple calculation
shows

n—2
o3 = (N_4)2p1(1—p1),
6 1 6
of = po(l—Po)—N_4p0(1—p1)+m(3—m)?l(l—pl)-



Here we denote, for brevity, p1 = Elx, x, and po = EAx, x,x;-
Using the asymptotic relation N ~ k2/2, as k — 0o, we obtain

ny2d 2, 8

EAX1X2X3 ~ 8/k37 U% ~ (N) L g3 ~ ﬁ

Here and below we write ay, ~ by if a; /by — 1 as k — oco. Denoting p = n/N
and ¢ =1 — p, we have as k — oo

Var(@) ~ 2_1p4q2k3, VarK ~ 6_1p3q3k3,
EN ~ 67 1p%k3, VarN ~ 6_1p3q?’k3(312 +1).
q

Ezample 2. Given integers ni,ng,n3 < N, let X; = {X;1,..., X, } be
random subsets of X', i = 1,2, 3. We assume that, for every ¢, X; is uniformly
distributed over the class of n;-subsets of X and the random subsets X;, X,
X3 are independent. We paint edges X; yellow, Xy green and X3 red. The
number of triangles having all edges of different colors

ny n2 n3

N = Z Z Z AXl,iX2,jX3,k

i=1 j=1 k=1

is a U-statistic of degree three. Here A, , . = 1 if the edges z, y, z make up a
triangle and A, , . = 0 otherwise. Note that in this model two vertices can
be joined by at most three edges of different colors. Therefore, given three
vertices there can be at most six differently colored triangles based on these
vertices.

By symmetry, the mean value

EN = ninonsEAx,  x,,x,,, where EAy, x, x,, =2(k—2)/N?=:4.

Before to write the orthogonal decomposition of A/ we introduce some
more notation. Introduce the function Iy, : X x X — {0,1}, where I, =1
if x # y and  and y are adjacent, otherwise put [, = 0. Denote ni3 := ns,
n13 := no and ngg 1= nq. Write

v; =ni(N—n;)/(N—=1), pi=ni/N, q=1-—pi, pij=ns/N.
The orthogonal decomposition formula (3) shows N' = EN + Q + K.
Here the quadratic part Q = Q12 + Q13 + Q23, where

ng 1y

Qij = Z Z 9i5(Xirs Xjk)s 9ij(z,y) = nijN_l(lmy - EZX1,1X2,1)a
r=1 k=1



where Elx, ,x,, = 2(k —2)/N. The cubic part

ny n2 N3

K= Z Z Z hX14, X2, X3k),

i=1 j=1 k=1

where h(z,y,2) = Agys — N7 (lyy + Loz + lyz) + 20.

The random variables gi2 (leil s X2,j1)7 gi3 (X1712’ X3,k1)7 ga23 (Xg’jz s X37k2)
and h(X1 ,, X2 j,, X3.k,) are uncorrelated for every 1 < iy,i9,i3 < ny, 1 <
I1, 92,73 < ng and 1 < kq, ko, k3 < n3. Furthermore, a calculation shows

o5 = Eg(Xi1. Xj1) = piNo(L — No),

0ty = Eh*(X11,X21,X31) = (1 —3/N)5 + 262

To show the variance we write (using (10), see below)
VarN = >, . VarQ;; +VarK. Denoting p = pipaps and § = q19243
we obtain from (11), see below, that

Var) = g VarQ;; = E vivjaizj
1<i<j<3 1<i<j<3

_ b3
= 2 paP B2 ByNsa - No),
(N — 1)2pq((J1 ) Q3) ( )

VarK = Ul’UQ’UgO'%zg = mﬁq((l — 3/N)5 + 2(52)

Using the asymptotic relation N ~ k2/2 as k — oo, we obtain

Var() ~ k:%a(% + % + %), VarK ~ k35,

EN ~ Pk, VarN ~ E3pg2t + 22 £ B3 ),
q1 q2 q3

3 Orthogonal decomposition

We can assume without loss of generality that ET = 0.

3.1 Notation

Given k = 1,...,h, let &Y = (Xp1,..., Xk n,) be a random permutation
of the ordered set (4 1,...,2knN,). We assume that random permutations
X[, ..., &7 are independent. Note that the group {Xj1,..., Xgn,} of the
first my values of the permutation &7 represents the random subset X;. In



what follows we use the representation X, = {Xp1,..., Xy, }, for 1 <k <
h, and write

T=t{X11, - Xt A X1y, Xmp })-

Here we assume that ¢ is invariant under permutations within every group
{Xk1, .., Xin,} of its arguments (the invariance property agrees with the
formula (1) where ¢ is considered as a function defined on subsets.

For r =1,2,..., denote 0, = {1,...,7}. Write nj = min{ny, N — ni}
and n* =n}+...+n}. Bya=(a1,...,ay) and b= (by,...,b,) we denote
h-dimensional vectors with non-negative integer coordinates and write b < @
if b, < ay, for every k = 1,..., h. Furthermore, write b < @ if b < @ and
b # a. Clearly, n* <m, where 7 = (ny,...,ny) and n* = (n},... ,ny). By
er = (0,...,0,1,0,...,0) we denote the k-th coordinate vector and write
0=(0,...,0). Furthermore, write |a| = a1 + ...+ ap.

In what follows @ will be used to mark the sizes of sets of a h-tuple
(A1,..., Ap), where A C Xy, for 1 < k < h, so that |Ag| = ag, for every k.
Similarly, (A1, ...,Ay) will denote a h-tuple of sets Ay = {Xj,, ... 7kaiak}
of random variables, 1 < k < h. Note that Ay represents a random subset
of X}, of size ay, which is uniformly distributed over the class of aj-subsets
of Xk

Given a real random variable G, we denote by E(G|Aq,...,A) the con-
ditional expectation of G given the random variables {Xj; : X; € Ay,
k =1,...,h}. Furthermore, given @ and a h-tuple (Aj,...,Ap) of subsets
A = {2k, - 7$kajak} C Xy, 1<k <h, denote

wa(Ar, ..., Ap) =ET | Xp1 = rjys -0 Xkyap = Tk

Note that,
Pa(Ar, ..., Ap) = E(T[A1, ..., Ap).

Finally, by E; we shall denote the conditional expectation given all the
random variables but A’.
3.2 Decomposition

The orthogonal decomposition

expands T into the sum of mutually uncorrelated U statistics

U@= Y .. S galAr,. .. Ag).

|A1]=a1,A1CX1 |An|=an, ALCXp

Here ) ;. denotes the sum over all vectors @ = (ai,...,ap) such that
0<ap<ng, fork=1,... h.



Given @, the real function gz is defined on h-tuples (Ayj,...,.As) of sub-
sets Ay, C X, of sizes |Ag| = ag, k = 1,..., h. We define functions ¢z, a < 7,
using induction on increasing values of ap = 0,1,...,ng, 1 < k < h. To this
aim we introduce auxiliary functions vz, @ < 7, which differ from gz by
multiplicative constants,

gn = VYm and g5 = C(m,b)yy, for b <. (4)
The constants C(7, b) are specified in (7) below.
Define 15 = 0 and, for 1 < k < h, put
Ve, ({z}) = pe,({2}) = B(T [Xp1 = 2), z € X
Given @ <1 we assume that the functions ¢, b < @ are already defined and
put
¢a(¢41, . ,.Ah) = 905(./41, . ,.Ah)

—ZC(@,B) Z Z %(Bl,...,Bh).

b<a |B1|=b1, B1CA1 |Bp|=bp, BhCAp
(5)

We choose the numbers C(@, b) so that almost surely

E(¢z(Aq, ..., Ay) |By,...,By) =0, (6)
for every h-tuple (B1,...,By) satisfying |Bj| < a, for some k. Here B; =
{Xj k-, Xjk, } denotes a collection of random variables of the permuta-

J

tion A7, 1 <j <h.

The fact that its is possible to choose such numbers C(@, b) is not obvious.
We show in Lemmas 4.2 and 4.3 below that (6) holds with the (unique choice
of) constants

h
C(@,b) = [ Vilar, be). (7)
k=1

Here, for ay + by < Nj, we put
(™5,.")
(M5.")

Vi(ak, by) =

For aj + by, > Ny we put Vi (ag, br) = 0 with one exception in the case where
Ny is odd (write Ny = 2r, + 1) and ay = by = ri + 1. In this case we put
Vie(ag, ar) = 1.

The identity (3.3) applied to @ = 7 gives (3). Indeed, for arbitrary
h-tuple (Ay,...,Ap) of subsets A, C AXj with |Ax| = ni we obtain from
(3.3)

t(Ar, . Ap) = or(Ar, .. Ap)

= Z Z Z 95(B1, ..., Br),

b<m |Bi|=b1,B1CA; |Br|=bn, BLCAp



3.3 Properties of kernels gz

Remark. For those b <@, which fail to satisfy b < =*, we have g;=0.

To prove the remark fix such b. We have n; < by < ng, for some k.
Therefore, Ny, — ny < bg. In the case where by = ng we have 2by, > Ny and,
by Lemma 4.3, we obtain ¢y = 0. In view of (4) this implies g; = 0. In the
case where by, < ny we have b <n. The inequality Ny — ng < by, < ny imply
C(m,b) = 0. In view of (4) we obtain gz = 0, thus completing the proof of
the remark.

It follows from the remark that U(a) = 0 for those @ which fail to satisfy
a < m*. Therefore, the sum (3) reduces to the sum

T :72 U(a).

Furthermore, one can represent 1" by the sum of uncorrelated U-statistics

Us of increasing order s = 1,2,...,n%,

T=U1+Us+...+Up, U= > U (8)

[a|=s,a<m*

Here U is called the linear part, Us is called the quadratic part etc. (in (2)
we denote L = Uy, Q = Us).

The fact that Us and Uy are uncorrelated for s # t and U(a) and U(b)
are uncorrelated for @ # b follows from the identity

E%(Al,...,Ah)gg(Bl,...,Bh) =0 for 6755

Here A, By are arbitrary collections of random variables of the random
permutation X} such that |[Ag| = ay and |By| = by, 1 < k < h. This identity
is a consequence of the orthogonality property:

E(gﬁ(Al,...,Ah)‘Bl,...,Eh) =0 a.s., (9)

whenever |Ag| > |Bg| for some 1 < k < h. Note that (9) follows from (6).
Choosing B; =0, ..., B, = () we obtain from (9)

Ega(A1,...,Ap) =0, for a#0.

3.4 Dual representation

An interesting consequence of (9) is the duality property of the U-statistic
U(a). Introduce the sets X) = & \ X. For @ < 7* the identity (9) implies
that almost surely U(a) = U’(a), where

U@= > .. S delhr, A, gh=(-1)ga

|A1|=a1,A1CX] |An|=an, AnCX]},

8



Recall that |a] = a1 + ...+ ap. Furthermore, denoting
U= ), Ul
a<m*:|a|=s
we obtain almost surely Us = U]. From (8), we have

T=Ui+...4+Up=Uj +...+U,..

Therefore, T can be considered as a statistic of the ”dual sample” X7, ..., Xj.

3.5 Variance decomposition

As a consequence of (3), (8) and the fact that the contributing U-statistics
are uncorrelated we obtain the identity

VarT = ZVarUS = Z VarU (a). (10)

s=1 a<n*

A calculation shows

o o GO
VarlU (@) = 02C(a), C(a) =[] GOR (11)

k=1 ag

Here we denote a% =0 and write for @ > 0

o2 = Egi(Ar, ..., Ap).

Note that, by symmetry, the expectation in the right hand side is the same
for arbitrary (Aq,...,Ay), satisfying |Ax| = ar, 1 < k < h. The proof of
(11) is given in the Appendix below. Combining (10) and (11) we obtain
the variance decomposition

Varl = 21: zh: C(a)o2 = Z C(a)oz
a1=1 ap=1 a<n*

3.6 Bounds for remainders
The partial sums
U =U1+ ...+ Us, s <n®, n*=nl+...+n;

often provide satisfactory approximations to 7. In order to control the
remainder Ry =T — U, » we construct an upper bound for

ER}= >  C()o.

a<m*,|a|>s

9



A motivation for such approximations comes from mathematical statis-
tics. A number of important statistics 7' are asymptotically linear, that is,
for large n the linear part dominates the statistic 7. This implies the asymp-
totic normality of T', see Hoeffding [11], Hajek [10], Lehmann [16], Koroljuk
and Borovskikh [15] for results in the case of independent observations. Fur-
thermore, the approximation by the linear and the quadratic part is used to
obtain a higher order asymptotic results (one-term Edgeworth expansion),
see Bentkus, Gotze and van Zwet [2].

In the model (1) of the present paper the sample sizes ny,...,n, are
bounded (ny < Ng, 1 < k < h). In order to speak of the asymptotic distri-
bution of T" we introduce a sequence of collections of sets {Xl(r), e X,E:)},
r=1,2,...,and a sequence of collections of random subsets {Xgr), e X;Z;)},
r =1,2,.... Denote |X,(;)] = n,(cr), 1<k<h.,r=12,.... We assume

that X,(!) is a random subset of X]gr) of size n,(:)

the random subsets Xgr), . ,XS;) are independent. Furthermore, we assume

and suppose that given r,

that n(") = ngr) +...+ ng;) — oo and h, is bounded as r — oco. We are
interested in the asymptotic distribution of 70 = ¢ (XY), . ,X;LTT)). In
what follows we skip the superscript (7).

In the simplest case of a linear statistic 7' = Uy «, the asymptotic nor-
mality was proved by Erdds and Rény [9] and Bickel and Freedman [3]
under very mild Lindeberg type condition. For asymptotically linear statis-
tic (T' = Ui ), by the central limit theorem, for large n, the distribution
of T' can be approximated by the normal distribution. Furthermore, using
the approximation T' ~ Uj , one can construct asymptotic expansions to the
distribution of 7". Bloznelis and Gotze [4] showed the validity of one-term
asymptotic expansion in the case where h = 1.

Let us construct an upper bound for the remainder Ry of the approxi-
mation 7" = Us 4 + Rs. For this purpose we use moments of finite differences
of T'. Given k=1,...,hand j =1,...,n; define the first order difference

S T = (X1, X)) — (X1, o, X1, XD, X1+, Xa),

where we denote Xi = (Xp \ {Xk;}) U{Xkn,+;}- The difference operation

dk|; can be applied to every function of random variables such that Xy ; is

among its arguments and Xy p, +; is not. In particular, given i € Q,: \ {5}

an application of the difference dy); to the statistic dy; 7 results in random

variable dy;05;1" called the second order difference. For i € 1,: write

Akﬁ = 5k|i6k|i—1 e 5k|1 and given @ < 7* denote Ag = Ah\ah e A1|a1'
Given @ < n* introduce the random variable T, (a) = 3 ;g5 U(D).
Theorem 3.1 For a <™ we have

ET2(a) < ng2 " E(A:T)?, (12)

10



where ng = (n})™ ... (n;)*. For s=1,...,n* — 1 we have

ER< > na2 WE(A:T). (13)
a: [al=s+1

Informally one can consider U, , as s-th order polynomial in variables
Xk Thus, it seems natural to formulate results about the error of the
approximation 7' ~ U, in terms of finite differences, like AgT, where
|a| = s + 1. Similar differences were introduced and used by van Zwet [19],
Bentkus, Gotze and van Zwet [2] in the case of independent observations.
Often it is much easier to estimate moments E(Az7)? than to construct a
bound for ER? directly, cf. Bloznelis and Gétze [4], where the case h = 1 is
considered.

Proof of Theorem 3.1. The inequality (13) follows from (12) and the
inequality

ER}= Y EU(@< >  ET(a).
a<m*:|a|>s+1 a<m*:|al=s+1
Let us prove (12). The simplest case, h = 1, is considered in Bloznelis
and Gotze [4]. For convenience we recall some argument of the proof given
ibidem. Write for brevity @ = a, n1 = n, n] = n* and X;; = X, for
1 <j<n. Wehave Rs =T,(s + 1),

n*

Ue=» Ula), Re= Y Ua), U= >  guXi,.... X;,)
a=0 a=s+1 1<i1<..<ig<n
By (11), ER? = 31" ., 02C(a).
For s = 0, we have ER2 = 3."_ | 62C(a) = VarT and
AT = 22:1 U(a), where
U(1) = g1(X1) = g1(Xns1), U2) = (g2(X1, X)) = g2(Xns1, X)), - -
j=2

Clearly, E(AT)? = ZZ; 02C4(a), for some constants C; (a) > 0. In order

to prove ER? < (n*/2)E(A;T)? we show C(a) < (n*/2)Ci(a), for a =
1,...,n*
Similarly, in order to prove
ER? < (n*/2) ' E(A, 1 T)? (14)

we evaluate the constants Csy1(a) of the expression

n*

BAnT)? = Y 02Conla)
a=s+1

11



and show the inequalities C'(a) < (n*/2)°t'Cy41(a). Detailed calculation is
given in Bloznelis and Gotze [4].
Let us prove (12) for h > 1. Introduce random variables

Vk:AMak"'Al\alTu(a)v k=1,...,h,

and put Vp = Ty, (@). Since (12) is valid for h = 1 we can apply this inequality
to the statistic Vj_1 conditionally given all the random variables but A7.
Recall that Ej denotes the conditional expectation given all the random
variables, but &}". We obtain from (14)

EpVil ) < (n/2)"Bi(Ayja, Vie1)” = (n/2) B Vi,

Taking expected value we replace conditional expectations by the uncondi-
tional ones. Thus, we have

EVZ, < (n}/2) EV2.
Choosing k =1, ..., h we obtain a chain of inequalities which implies
ET, (@)% < (n}/2)" ... (n}/2)" EVZ.

Finally, since V}, = AgT,(a) and the random variables ATy (a) and AgT
coincide we obtain the inequality (12).

4 Appendix

We can assume without loss of generality that ET" = 0. Otherwise the
argument below applies to the statistic T'— ET'. Furthermore, with a set
Ay ={Xpj,... ,X;w-ak} of random elements of the permutation &} we asso-
ciate the corresponding index set Ay = {j1,...,Ja, } C Qn,. The conditional
expectation E(...|A;,...,Ay) will be denoted by E(...|A1,..., Ap).

4.1 Proof of (6).
In the proof we use the following identity, see, e.g., Zhao and Chen [20],

min{s,k}

> (O -6

where the integers s,t,u > 0 and u > max{s; k}.

Given @ < @ let fz denote a real function defined on h-tuples of sets
(A1,..., Ap) such that Ay, C Xy and |Ag| = ag, kK = 1,...,h. Given
1 <i<hand B; C Qp, let E;(fz(A1,...,A)|B;) denote the conditional
expectation

E(fa(Al, ... ,Ah) ‘QNN ... ,QNFl,BZ‘,QNHl, .. .,QNh).

12



Lemma 4.1. Let j € {1,...,h}.
i) Given a number b; < a; assume that

E;(fa(A1,...,Ap)|B;) =0 (16)

for every Bj C Aj such that |Bj| = bj. Then (16) holds for every B; C Qy;
satisfying |B;| = b;.

ii) Assume that (16) holds for every B; C A; such that |Bj| < aj. Then
(16) holds for every B; C Sy, satisfying |B;| < aj. Furthermore, for any
D; C Qn; and w € A;j \ D; we have

Ej(fE(Alv s aAh) |DJ)

-1

= E; EA,...,A% ,A D).
N AU 1 2 BilfalAr . A5(). - An) D))
yeD;\A;

(17)

Here we assume that A; \ Dj is nonempty and denote A}k(y) = AjU {y},
where A} = {Xj;: i € Aj} and A} = A; \ {w} .

Proof of Lemma 4.1. Let us prove (i) in the case where j = 1. Given
a set By C Qu, with |B1| = by let W, denote the class of subsets D C Qx;,
of size a; such that |B; \ D| = t. In particular, Wy consists of sets D of size
ay such that By C D. By W} we denote the class of subsets D of size a;
such that |B; \ D| <t. That is, W = Wy U...UW;. We show that if W
is nonempty for some ¢ > 0 then

(A): for every D € Wy the conditional expectation

El(fE(Da AQ? o aAh) | Bl)
1 a linear combination of conditional expectations
Ei1(fa(Dj, Az, ..., Ap) | B1)

where D; € W[ ;.

Here D = {Xl,i7 1€ D} and Dj = {Xl,ia S Dj}

Note that if the statement (A) is true then the validity of the identity (16)
(with j = 1) for every A; € W} ; implies the validity of (16) for arbitrary
Ay € W;. Using the fact that (16) is valid for every A; € Wy (this, in
fact, is the condition of the lemma) we derive the identity (16) for arbitrary
Ay € W, using induction over increasing values of t = 1,2,.... Hence, we
obtain (i).

In order to prove the statement (A) fix D € W; and subset B* C D
of size by such that Byt N D = By N B*. Let K1 denote the class of subsets
V C Qu, \B* of size a; —b1; K2 denote the class of subsets V' C Qn, \(B*UBy)
of size a; —by. Clearly, Ko C k1. Denote K3 = K\ K2. That is, K3 consists
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of those V' C Qn, \ B* of size a; — by which satisfy V. N (B \ B*) # (. In
particular every union B* UV, V € K3, is an element of W;" ;. Denote

Si= Y fa(Avup- As,. o Ay),  i=1,2,3.
Ver;

Here Ay p+ denotes the set of random variables {X; ;, j € VU B*} C A}.
Clearly, S7 — S2 = S3. We have

S .
m = El(fE(DvAQV"?Ah)’B )7
a1—by
Ss .
W:El(fﬁ(]D7A27---aAh)|BIUB )
a1—01

Denote the latter (conditional) expectation by £. Since, by our assumption
(16), S1 = 0, we obtain Sy = —S3. Now the identity

—1
(B

Ei(fz(D,Ag, ..., Ap)| B1) = Ei1(&]|By) = E,(S3|B1)

(in the last step we replaced Sz by —S3) completes the proof of the statement
(A). Indeed, S3 is a linear combination of fz(D;,As,...,Ay), where D; €
W . Hence, (i) is proved.

Let us prove (ii). In order to prove (4.3), fix D; and w € A; \ D;. We
have

E;j(fa(A1,...,Ay) |Dj) = Ej(E]|Dy),  &:=E;j(fa(A1,...,Ay) [D; U AJ).

(18)
Clearly,
1 *
SZW Z fE(Alw"aAj(y)w"aAh)' (19)
yeX\(D;UAY)
Write & = E;(fa(A1, ..., Ap) | A7). By (16), &1 = 0. Therefore,
(N; =AD& = > falAr.. AS(Y)...., Ap) = 0. (20)

YEXI\A]

Combining (19) and (20) we obtain

EZW Z Ja(Ar, o A(Y), - Ap).
yeD;\A;

Substitution of this expression of £ in (18) yields (4.3).
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Let us prove (16) for B; such that |B;| < a; and t = |B;\ A;| is a positive
number. For ¢ = 1 the result follows from (4.3) applied to D; = B;. For
t > 1 an application of the identity (4.3) reduces the problem to the case of
t — 1. The desired result follows after ¢ iterations of application of (4.3).

Lemma 4.2. Given a satisfying

2a;, < Ni + 1, 1<k <h, 21)

assume that (6) holds for every ¢y with b < @. Then the coefficients C(a,b)
of (3.8) satisfy (7).

Proof of Lemma 4.2. We prove the lemma in the case where h = 2.
The proof for h = 3,4, ... is much the same.

Fix b = (b1, bg) such that b < @. Let By, D1 C Qy, and Bg, Dy C 0y, be
such that |By| = |D1| = b1 and |Ba| = |Da| = ba. Denote r = |B; \ D;| and
s = |Bz \ D3|. Write ¢ = ¢ for short. We start with an auxiliary identity

—~

—1)¢
E(y(Dy,D2) [ Bi, B2) = Kb 7 Kp, s¥0(B1,B2),  Kuz = ((Nl_)u) (22)
t
Write 51 = E1 (¢(]D)1,]D)2)|Bl) and 52 = E2(¢(B1,D2)’Bg) If we had shown
that
& = Ky, ¥(B1,D2), & = Ky, s¢(B1, By) (23)
then (22) would follow from the identities

E(¢(Dq,D2)|B1,B2) = E(&1|Bi1, B2) = Ky, » E(¢(B1,D2)|B1, Ba)
= Ky, ,E(&|B1, B2) = Ky, v Kb, s ¥(B1,B2).

Therefore, in order to prove (22) it suffices to show (23). We shall prove the
first identity of (23) only. Note that for » = 0 this identity is obvious. In
what follows we consider the case where r > 0.

A subset of Qu, of size b; is said to belong to the class W; if it has
exactly by —t common elements with the set B;. We claim that if H belongs
to Wy, t > 1, then

t

-1 .
Ei(¢y(H,Dy) | By) = E @) Dy) | B 24
1(y(H, D2) | By) Nl—bl—t+1iz; 1((V, Do) | By), (24)
where V), ..., V® are distinct elements of W;_;. Here we denote H =

{X1;, j€ Hy and VO = {X; ;, j € V. Indeed, (24) follows from (4.3).

Starting with H = D; we iterate (24) until obtain a sum of conditional
expectations Ej(1(By,D9)|B1) = ¢(B1,Ds) in the right hand side. There-
fore, after r iteration steps we have, for some number K, E; (¢)(D1,D2)|B;) =

K ¢(B1,D2). A straightforward calculation shows that
r—1 .

r—i (=1)"

K = —1 r = =5 K .

(=1) E)N1—b1—7"+1+i (Nlr_bl) b
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Now we derive (7). Fix (A;, A2) and (B, Bg) such that By C A, C Qp,
for k = 1,2 and the (size) vectors @ and b satisfy b < @. By (3.3), the
conditional expectation E(1z(A1, Ag) | By, Ba) equals

ep(B1,B2) = > Y Y C(a d)E(y(D1,Dy) | By, Bo). (25)
d<a |D1]=d1 |D2|=d

Since E(¢3(Dq,D2) | By, B2) = 0 for any d < @ which fails to satisfy d < b
we can write (25) as follows

op(B1,B2) =S, S = Z Z Z C(a,d)E(¢z(D1,Dy) | By, B).

d<b |D1|=d1 |D2|=d2

Here and above Z| Dyl =ds denotes the sum over all subsets D), C A of

size dj,. Let us collect the terms ¢5(By,By) in (25). Clearly, for d < b the
conditional expectation E(i5(Dy,D2) | By, B2) has no such a term, cf. (3.3).
Split § = 51 + Sy, where the sum S7 includes the summands of S with
indices d satisfying d < b. Furthermore,

Z Z Y3(D1, Do) | By, Ba).

|D1]=b1 |D2|=b2

By (22), Sy = C(a,b) V ¢(B1, Bs), where

V=VV, V= > Ky, Bo\py» k=12.  (26)
| Dy |=bg,Dr CAg

In particular, V' = 1 for by = ay. For by < aj an application of the identity
(15) gives V¥ =V~ (ak,bk) Hence, the coefficient of ¢3(B1,B2) in (25) is
1-C(a,b)V with V = Vi(a1,b1)Va(az, b2). In order to ensure (6) we make
this coefficient zero, that is, choose C(a@, b) = V1. We arrive to (7).

Lemma 4.3. Let a < 7. The function g defined by (3.3) satisfies (6).
If 2ay, > Ny, for some k then 1z = 0 almost surely.

Proof of Lemma 4.3. We shall prove the lemma in the case where
h = 2. The proof for h = 3,4, ... is almost the same. We split the proof in
two steps.

Step 1. Here we prove (6) for a satisfying (21). The proof uses induction
over increasing values of a1,as. For @ = (0,1) and @ = (1,0), the identity
(6) follows from ET = 0. Given a with a; +a2 > 1 we assume that (6) holds
for every 15 with b < @ (induction hypothesis) and derive (6) for 5.

It suffices to show that for every numbers b1, by such that b; < a; and
by < ap and arbitrary sets By, Ay C Qu, with |[Ag| = ak, |Bg| = bk, k=1, 2,
we have almost surely

Ei(va(A1,A2) | B1) =0, (27)
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Es(¢a(A1, A2) [ B2) = 0.
We prove (27) only.
Given h = (hy1, hg) and Hy, C Qu, with |Hg| = hy, k = 1,2 we write, for
d < h,

Uty iy (d) = C(hyd) Y > Ea(¢g(Dy,Dy) | By), (28)

|D1|=d1 |D2|=d>

where the sum Zle|:dk is taken over all subsets Dy C Hy, of size |Dy| = dj.

In view of Lemma 4.1 it suffices to prove (27) for By satisfying By C A;.
Denote @ = (b1, az). Since, by induction hypothesis, E1(¢7(D1,D2) | B1) =0
for d < @ with d; > by, we obtain from (3.3) that

El(%(AhA?) | Bl) = @U(BhA?) -5, S= Z UA1,A2 (d)7 (29)
d<u

Split S = S1 + S, where S1 = Uy, a,(u) and Sy = ZE<H UAI’AQ(E). The
identity (23) combined with (15) gives Sy = Vi (a1, b1)C(a@,@)¢a(By, Ag),
cf (26). Note that, by induction hypothesis, (6) holds for every d < @ and,
therefore, it holds for every d < w (since u < @). Hence, conditions of
Lemma 4.2 are satisfied for d < u and we are allowed to use (23) here.)
Since V; *(a1,b1)C (@, @) = 1, we obtain S; = (B, Az). Note that in
order to prove (27) it suffices to show that

So = pu(B1, Az) — ¢Yu(B1, Ag). (30)

Let us prove (30). It follows from (3.3) (applied to i) that (30) is
equivalent to the identity Sy = Y 5__Up, ,(d), since

Ug,.a,(d) = C(1, d) > > Y7(D1, Dy).

|Di|=d1,D1CB1  |D2|=d2,D2CAs

Therefore, in order to prove (30) it suffices to show that for every d < u

Uay,a,(d) = Up, 4, (d). (31)

Firstly we prove (31) for d such that d; = b; and d2 < az. The identity (23)
combined with (15) (cf. (26)) gives

Ua,y,4,(d) = C(@,d) > Vi a1, by)pa(Br,D2) = Us, 4, (d).
D2CAz,|D2|=d>

In the last step we applied the identity V; (a1, b1)C(@, d) = C(a, d).
Let us prove (31) for d such that d; < b;. Given Dy C Ay denote

U= > E1(¢3(Dy,Dy)[By), U = > Y3(D1, D2).

|D1|=d1,D1CA1 |D1|=d1,D1CB1
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In order to prove (31) we show that
C@a,d)U = C(u,d)U*. (32)

Given an integer t > 0 let (); denote the class of subsets D; C Ay such
that |D1| = dy and |D; \ Bi| = t. Clearly, 0 < t < tp = min{dy,a; — b1 }.
Split

U=Uo+...+ Uy, U= Y Ei(¢z(D1,Dy)|By). (33)
D1e@:
We shall show below that, for t =0,1,...,to,

() (") (= 1)
(")

Uy =

U (34)

Collecting these expressions in (33) and then using (15) we obtain (32).

It remains to prove (34). For ¢ = 0 (34) is obvious. Let ¢t > 0. Given
Dy C Q; write Dy = KUL, where L = DyN By and K = Dy \ B;. Write for
convenience K = {ki,...,k;}. Furthermore, given a subset {wy,...,ws} C
B; \ D denote

Dy (wy,...,ws) = LU{wl,...,ws}U{kS+1,...,kt},
]D)l(wl,...,ws) = {lej:jeDl(wl,...,ws)}.

An application of (4.3) (with w = k1) gives

Ei(¢3(Dy, Do) | By) = ;Tl Z E1(¢g(Dy(w1), Do) | By),
w1€Bl\D1

where mog = Ny — |By U Dy| + 1. Iterated applications of (4.3) (with w =
k1, ka, ...,k respectively) yields

t *

E(15(D1,D2) | B1) = [ | > Ei (gD (wr, ..., wy), Do) | By), (35)

where ms = Ny — |By U Dy (w1, ..., ws)| + 1 and where > denotes the sum

wleBl\Dl szBl\Dl(wl) thBl\D1(w1,...,wt_1)

Clearly, Dy (w1, ...,w;) C By. Therefore,

E1(¢3(D1 (w1, ..., we), Do) | Br) = ¢g(Di(wr, ..., we),Da).

A simple calculation shows that

> gDy (wy, ... wy), Dy) =t U (L),
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Ur(L)y= > tg(Daur,Dy),

MCBiI\L, |M|=t
where Dyur, = {X1,;: j € M UL}. Therefore, we obtain from (35)

(—1)!
(M)

) 0Ui (L) = U (L),

1m51

By (101, 2) | B) = ([ —

Finally, using this formula we derive (34):

U, = Z Z E:(¢Y3(Druk,D2)|By)

LCBl,‘lecll—t KCA1\31,|K‘:t

S A wn
LCBy,|Ll=d,—t (M)

(™"

In the last step we use the fact that given D C By of size d; there are ( ddl t)
different ways to write Dy = LU M, where |L| = d; —t and |M| =t. We
arrive to (34) thus completing the proof of (32).

Step 2. Here we prove (6) for 1)z where a fails to satisfy (21). Given
such a vector @ denote

(=1

={d:d<a and C(a,d)#0}.
By (3.3), we have
Ya(A1, Ag) = @z(A1, Ag) — Y C(@d) > > ¢g(Dy,Dy), (36)
deig |D1|=di | Da|=d2

where Z| Dy|=d, denotes the sum over all subsets Dy C Ay, of size | Dg| = dy.
We shall show that almost surely

Ya(A1,Ag) = 0. (37)

Clearly, (37) implies (6).

Since @ fails to satisfy (21) there exists a nonempty subset Zz C {1,2}
defined by k € Zz < 2a;, > N + 1. In order to prove (37) we show that
given k € Zz and arbitrary A; € Qy, with |A;| = a;, j = 1,2, we have
almost surely

Ei(Ya(A1,A2) | By) =0, (38)

for every set B, C Qn, of size |By| = N —ay. Indeed, write B, = Qp;, \ A.
Since Ej(1g(A1,A2)|By) = ¥a(A1, Az) we obtain from (38)

0 = Ex(¢a(A1,Ag) | By) = va(A1, Ag). (39)
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Note that in view of Lemma 4.1 (i) it suffices to prove (38) for By C Ay
(observe that the inequality 2ay > Ny + 1 implies ax > |Bg| = N — ag).

Firstly we prove (38) in the case where Zz has only one element, say
Zz = {1}. Since 2 ¢ Zz we have 2as < Ny + 1. Therefore, given a subset
By C A; of size by = Nj — a; the vector u = (b1, az) satisfies (21). In
particular, the argument used to prove (27) in Step I can be used to derive
(38) for k =1 in the case where B; C A;. Hence, (38) follows. We conclude
that (37) holds for @ satisfying | Zz| = 1.

Now assume that Zz = {1,2}. We prove (38) for k = 1 for arbitrary
By C Ay of size by = N1 — a;. Write U = (b1, a2) and note that Az = Ag.
From (36) we obtain

E; (Ya(A1, As) | Br) = ou(B1, Ag) — Y Ua, a,(d) (40)
deA,

Here we use the notation (28). Using (31) we can replace Ug, 4,(d) by
Up, .A,(d). After this replacement the right hand side of (40) coincides with
the expression (36) applied to ¥z(B1, Az). But ¢z(B1, Ag) = 0 almost surely,
by (37). Therefore, the right-hand side of (40) is zero almost surely. We
obtain (38). Note that the use of (37) is legitimate since |Zz| = 1 and we
have already proved the validity of (37) for this case.

Finally we complete the proof of the lemma by showing that almost
surely ¢z = 0, provided 2ag > N for some k. We have N — ap < ap. By
(6), (38) holds for every By, of size Ni, —ay. Given Ay, choose By, = Qp, \ Ag.
Now (39) provides desired result. The lemma is proved.

4.2 Proof of the variance decomposition formula (11).

Lemma 4.4. For every a < n* the identity (11) holds.

Proof of Lemma 4.4. For @ < n* denote M; = ngl Vil (ny, a;). Fix
a h-tuple (D1,...,Dp) where Dy C Q,, with |Dg| = a;, 1 < k < h, and
denote g, = ga(Dy,...,Dy).

We have, by symmetry,

EU?(a) = LEU(a) g.

Here L = Hk 1 ( ) denotes the number of different summands in U(a).
Since L M, = C(a ) we obtain (11) form the identity

EU(a) g« = 02 Mj,. (41)
Let us prove (41). Write Gy = U(a) g« and G, = Myo2. For j =
1,...,h — 1 introduce the random variables
Gj:Mj Z . Z E1 ]ga ]D)l,...,Dj,Aj_H,...,Ah)g*.
|Aj+1l=aj+1 |Arl=ar,
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Here the sum ZMM:% is taken over all subsets Ay, C Q,,, j+1 <k < h.
We shall show that

E;G;j_1 = Gy, for j=1,...,h. (42)
These identities imply (41). Indeed, we have
EGo=E...E1Go=E;.. ExG1 = ... = E;Gp_1 = Gy,

It remains to prove (42). For this purpose it suffices to show that given
Aj+17 RN Aha

Z Ejgg(]D)l,...,Dj_l,Aj,...,Ah)g* (43)

|4jl=a;
= Vj_l(nj, a;)Ejga(D1,...., D5, Ajpa, ..., Ap) g«
Proceeding as in proof of (23) we obtain, for every A; C Q,; with |4;| = a;
E;(ga(D1,...,Dj_1,A;,...,Ay)| Dj)
= Ko o\ 19a(D1s - Dy Ajra, ., An).

Therefore, the left-hand side of (43) equals

SEjga(Dl,...,ID)j,AjH,...,Ah)g*, where S = Z Kaj,|Dj\Aj\'
|Aj]=a;

Since there are ("j ;“j) (a% U) different possibilities to choose A; C €, of
J
size a;j such that |D; \ A;| = v, we have

In the last step we applied (15). We arrive to (43) thus completing the proof
of (42).
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