EDGEWORTH EXPANSIONS FOR STUDENTIZED VERSIONS
OF SYMMETRIC FINITE POPULATION STATISTICS

M. BLOZNELIS

Abstract. We show the validity of the one-term Edgeworth expansion for Studen-
tized asymptotically linear statistics based on samples drawn without replacement
from finite populations. Replacing the moments defining the expansion by their
estimators, we obtain an empirical Edgeworth expansion. We show the validity of
the empirical Edgeworth expansion in probability.

1. INTRODUCTION AND RESULTS

Here we give complete proofs of the results announced in the First Baltic-Nordic
conference on survey sampling and presented in [5].

1. Let T =t(Xy,...,X,,) be a real-valued statistic based on the sample X;, ...,
X, drawn without replacement from a finite population X = {z1,...,zx}. Write

p=n/N, g=1-—p, n, = min{n, N —n}.

Let 02 denote the variance of T' and let

n+1 n+1
2 a2 . ==\ 2 o 1
§?=5"T)=q) (Ty~-T)", T= 7> Tu
j=1 J=1
denote the jackknife estimator of variance based on sample Xi,..., X, ;1 (of
size n + 1) drawn without replacement from X. Here T(;) = t(X1,..., X;_1,

Xj+1, . ;Xn+1)-

In the simplest case of a linear statistic L = g(X;1)+---+g(X,) (here g : X — R),
the asymptotic normality as n. — oo of (L — E L)/S(L) follows from the central
limit theorem combined with the law of large numbers. Edgeworth expansions
were constructed by Babu and Singh [1], see also Sugden, Smith and Jones [15].
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Many important statistics are asymptotically linear as n increases. Consequently,
their Studentized versions (T'—ET)/S are asymptotically standard normal. In or-
der to treat general asymptotically linear statistics, we use linearization by means
of the orthogonal decomposition. This kind of the decomposition of statistics was
first used by Hoeffding [10] in the case of independent and identically distributed
observations. The orthogonal decomposition of symmetric statistics based on sam-
ples drawn without replacement was studied by Bloznelis and Géotze [7], see also
Zhao and Chen [16].

We shall assume, in what follows, that T is symmetric. That is, the kernel
t is invariant under permutations of its arguments, i.e., t(y1,...,¥n) = t(Yx(1),

.-y Yn(n)) for any permutation m of indices 1,2,...,n. Note that the sample
mean, sample variance, sample quantiles, U-statistics, L-statistics, and many other
statistics are symmetric. Given a symmetric statistic 7', it is decomposed into the
sum of centered and uncorrelated U—statistics of increasing order

(1.1) T=ET+ Y aX)+ Y  0X,X)+. ...

1<i<n 1<i<j<n

The first sum

(1.2) L=Y aX), aX)= ~"E(T-ET|X),

N —n
1<i<n

is called the linear part of T. The second sum Q =), _ ;92 (Xi, X;) is called the
quadratic part. Here, for ¢ # j,

(13) (X0, X;) = 5t (5=

N-—n—1 - E(T_ET{X“X]')_gl(Xi)_gl(Xj)>-

N —n
The random variables g;(X}) and g2(X;, X;) are centered and uncorrelated for
arbitrary 1 < 4,7,k <n, i # j. For a detailed description of the decomposition we
refer to [7].

We shall assume that the linear part does not vanish, i.e., 07 > 0, where 07 =
Var g1 (X1). Note that the variance of the linear part equals

Var L = %02 N/(N — 1), where % = Npq.

Furthermore, n, /2 < 72 < n,.

If, for large n, the linear part dominates the statistic, we call T' asymptotically
linear. In this case, Bloznelis and Gotze [8] showed that the one-term Edgeworth
expansion

(1.4) G(x) = B(z) — T7DIE ()42 1)
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approximates the distribution function F(z) = P{T —ET < opx} up to the error
o(n*_l/Q). The moments

(1.5) a =0 Eg}(X1), k=07 7E g2(X1, X2)g1(X1)g1(X2)

refer to the linear and the quadratic part of the decomposition.
We shall show in Theorem 2 below that the one-term Edgeworth expansion

(g—p+ (¢+1Dz?)a+3(z? + 1)k &' ()

(1.6) H(z) = &(z) + .

approximates the distribution function of the Studentized statistic
Fs(x)=P{T —ET < S(T)z}

up to the error o(n;1/2).

Note that in order to write expansion (1.6), one does not need to evaluate all
terms of decomposition (1.1), but the moments (1.5) only. Furthermore, these
moments can be estimated.

Let us define the jackknife estimators. In what follows, {X1,..., X,,}, for m =
n,n + 1,n + 2, denote simple random samples drawn without replacement from
X. It is convenient to represent the sample { X1, ..., X,,} by the set of the first m
variables of the random permutation (X, ..., Xy) of the ordered set (z1,...,xx).
For 1 <k<n+1,1<i,j,r<n+2,1#j, denote

Vie =T — Ty, V, =T =T, Wij =T =Ty =Ty + T gy,

— 1 ~ 1
Tey= 7773 Yo Tey,  T= Yo Ty

1<j<n+2, j#£r 2 1<i<j<n+2
Here T; ;) denotes the value of ¢ at the sample {X1,..., X2} \ { Xy, X;}. Write
n+1

. N 2 Y
(1.7) by = \C{; ZV,?, k=q ;éﬁ Z Wi; ViV,
k=1

I 1<icj<nt2

where 6% = Zii V2.

Bloznelis [4] showed that &, &, and S?(T) (= q6%) are consistent estimators of
@, k, and 0% as n — oo. Using this fact, we show in Theorem 3 below that the
empirical Edgeworth expansion

(1.8) ﬁ(l’) _ (I)(IE)—F (q_p"i‘(q—l-l)zj)d—i-?)(;c?—l—l)l% q),(x)
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approximates Fs(x) up to the error o(nll/ 2) in probability.

One-term Edgeworth expansions for Studentized U-statistics based on indepen-
dent and identically distributed observations were constructed by Helmers [9]. Ex-
pansions for Studentized versions of general symmetric statistics were obtained
by Putter and van Zwet [14], see also Putter [13], Bentkus, Go6tze and van Zwet
[3]. Empirical Edgeworth expansions that use jackknife estimators were studied
by Beran [3]. Putter and van Zwet [14] constructed such expansions for general
symmetric statistics and their Studentized versions.

One-term Edgeworth expansion for U-statistics of degree two based on samples
drawn without replacement was constructed by Kokic and Weber [12]. Bloznelis
and Gotze [8] established the validity of the one-term Edgeworth expansion for
general symmetric finite population statistics. The corresponding empirical Edge-
worth expansions were constructed by Bloznelis [4]. Since often the variance of
the underlying statistic (estimator) is unknown, it is important, for practical pur-
poses, to have such approximations for Studentized versions of statistics too. This
question is addressed in the present paper.

2. Results. In order to formulate asymptotic results for finite population

statistics, we introduce a sequence of populations X, = {z,1....,2,n,}, Vv =
1, 2,..., and a sequence of symmetric statistics T, = t,(X,1,...,X,n,). Here
{X,1,...,X,n, } denotes a sample drawn without replacement from X,. The

orthogonal decomposition expands 7, into the sum of uncorellated centered U-
statistics (see [7])

(1.9 T, =BT, +Up1++Upn,.s Ue= > ge(Xpi, .. Xus).

1<i < <ip<ny,

Here n, , = min{N, —n,, n,}. Let L, = U, 1 and @, = U, 2 denote the linear and
the quadratic part, respectively. Furthermore, let us denote 02, = Var g2, (X, 1),

(1.10) Bvs=0,1E 190 1(X0 1), *y,,s:U;fTESE|gV2(X,,1,X,,2)\S,

where s > 0 and 7, = Nyp,qy, pp = n,/Ny, ¢ = 1 —p,. Let ay, k,, and
&y, ky, denote the moments defined by (1.5) and their jackknife estimators (1.7),
respectively. Furthermore, let S2 = S2(T,) denote the jackknife estimator of the
variance o2 . of T,,. Write W, (t) = E exp{ito,19,1(X,1)}.

We shall assume that n, , tends to infinity as ¥ — oo and construct bounds for

A

A, =sup|F, s(x) — H,(x)| and A, = sup |F, s(x) — H,(x)].

Here F, g(z) = P{(T, —ET,)/S,(T,) < z}. The functions H,(z) and H,(x) are
defined by (1.6) and (1.8), but with «,, x, and &,, K, instead of «, « etc.
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Firstly, we consider a special case of U-statistics. We write T,, = U,,, where

(1.11) U= Y. h(Xi, X))

1<i<i<n,

In this case, decomposition (1.9) reduces to U, = EU, + L, + Q,. The kernels
defining the linear and quadratic parts are obtained from (1.2) and (1.3):

Ny, —1
g1 (@) = (0, = ) =5 B (h(Xo1, Xo2) = Bl (X1, X2)|[ X1 = 7))

gv2(7,y) = ho(z,y) —Eh, (X, 1, X, 2) — (n, — 1)_1(gu1($) +901(y))-

Theorem 1. Let T, be a U-statistic of the form (1.11). Assume that n, . — oo
as v — oo. Assume that there exist absolute constants s > 6, C'; > 0, a positive
continuous function ¢ on (0,+00), and sequences {€,} T oo and {n,} T oo such
that forv=1,2,...,

(1.12) Bus <C1,  ms <O,
(1.13) () <1—o(t]),  for 0<[t|<ny,
(1.14) n, < N, — & N2/3,

Then there exists a sequence {1, } | 0 depending only on C1, ¢, {{,}, and {n,}
such that, for every v =1,2...,

(1.15) A, <t
(1.16) P{A, > ¢,7,'} <.

Remark 1. Under the moment condition (1.12), the nonlattice condition (1.13)
and (1.14), inequality (1.15) (respectively, (1.16)) establishes the bound as n,. —
00

(1.17) A, = o(n;*l/z) (respectively, A, = 0p(n;*1/2)).

The latter bound holds in probability. Here n,, plays the same role as the sample
size does in the i.i.d. situation, see [8].

Remark 2. Let us note that the nonlattice condition (1.13) is the weakest possible
smoothness condition. Condition (1.14) is very mild. The moment condition (1.12)
is far from the optimal one. Here one would expect the uniform integrability of 5, 3
and 7, 5/3, for v = 1,2,..., instead of (1.12). In the proof, no effort was made to
obtain result (1.17) under the optimal moment conditions. A modification of our
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proof involving truncation would probably reduce the moment condition (1.12) to
Bus < Ciand v, < Cq, for s >3 and t > 2, cf. [6].
Let us consider a general symmetric statistic 7,,. Using (1.9), we write

(1.18) T, =U, + R,

where U, = ET, + L, + @, is a finite population U-statistic of degree two and
where the remainder R, = ) j>3 Uy j. For a typical standardized asymptotically

linear statistic O'V_%Ty admitting one-term expansion we have as n,, — oo

(1.19) o, R, = 0p(n;*1/2) and S, (T,)/S,(U,) =1+ 0p(n;*1/2)

in probability. Consequently, one-term expansions for (7,— ET,)/S,(T,) and
(U, —EU,)/S,(U,) are, in fact, the same.

Bloznelis and Gé&tze [7] introduced simple conditions that ensure the validity of
approximations like (1.19). These conditions are formulated in terms of moments
of differences. Recall that (X, 1,...,X, n,) denotes a random permutation of the
ordered population (x,1,...,2,n,). For j < n, ., define

DjTl/ - tl/(Xuly e 7Xvn) - tU<XIJ17 cee 7X1/j—17 Xl/j+17 s 7Xun7 Xun+j)~

Higher order differences are defined recursively: DYT, = DJ (DiTu)a for i # j;
DikT, = Dk (DJ‘(DZATV))7 fori# 75 #k; .... Write

5l/j — 6VJ(TV) — E (nl(/j;_l)DjTl,)z, D]Ty — D12“'jTy.

Let us note that for U-statistics, and statistics which are smooth functions of
sample means, the moments §, ; can be easily estimated, see [7]. In particular, for
a typical asymptotically standard normal statistic one can expect 6, ; = O(n;!),
1 < j <k, for some k > 2.

Theorem 2. The statement (1.15) holds true for a sequence of general symmetric
statistics {T,,} if, in addition to (1.12), (1.13), and (1.14), we assume that

(120) 5y3 S Svn;f/SO—ZTa

for some decreasing sequence {¢,} | 0 as v — oo.

Theorem 3. The statement (1.16) holds true for a sequence of general symmetric
statistics {T,,} if, in addition to (1.12), (1.13), and (1.14), we assume that

—1/3 2 —2/3 2
61/2 Seuny / 0,1, 51/3 ngnl/* 0,1,

for some decreasing sequence {¢,} | 0 as v — 0.

Theorems 2 and 3 establish bounds (1.17) for general symmetric statistics.
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2. PROOFS

This section is organized as follows. Firstly, we prove Theorem 1. Then we prove
Theorem 2. Theorem 3 is a simple consequence of Theorem 2 and the consistency
results for S2(T,), &,, and &, established in Lemmas 2.1-2.3 (see [4]) Bloznelis
(2001). Auxiliary results (Lemmas 1-5) are formulated at the end of the section.

In the proofs we shall use the variance decomposition (see formula (2.6) [7])

Ty Ny Ny —ny

(2.1) VarT, = ZVar Uk, VarU,, = —* -k o2,
k=1

N, —k
k

Here we denote ng =Var g, (Xp1,..., Xok)-
A sequence of random variables {M,,, v = 1,2, ...} is said to satisfy the condition
(2.2) if, for v =1,2,...,

(2.2) P{|M,| > b7, '} < b1t

for some nonrandom sequence {1, } | 0 which depends only on C; and {£,} in the
proof of Theorem 1 (respectively, C1, {{,}, and {e,} in the proof of Theorem 2).
In order to simplify the notation, we shall write o(n?,) to denote the sequence
@/;Vni*, where {1/;,,} 1 0 is a sequence depending only on the constant C7, the
function ¢, and the sequences {&,} and {7, } (and also the sequence {¢,} in the
proof of Theorem 2). Furthermore, we shall drop the subscript v whenever this
does not cause an ambiguity. By ¢ we denote a constant which depends only on
Cl. Write, for brevity, Ym' = g,jl(Xm') and Ym’j = 3gu2 (Xm‘, X,/j).

Proof of Theorem 1. Let us denote 02;; = Var U, and assume without loss of
generality that EU, =0 and VarU, =1 forv=1,2,....

Note that (1.16) follows from (1.15) and the following consistency results estab-
lished in Lemmas 2.1-3 of [4]: as v — oo

|S§ — O'ZUl =op(l), |&, —a,]=0p(1), and |k, —k,| =o0p(1).

Let us mention that Lemma 2.2 (ibidem), which establishes the consistency result
for &, assumes, in addition, that d2(U,) = 0(71;1/3). For U statistics of degree
two (and such that Var U = 1) this relation is implied by the second inequality of
(1.12), see Lemma 4.

Let us prove (1.15). It follows from (2.1) that o%,¢ = Var L + Var Q,

n N-n n N-—-n
(23) Var L = %O’%, VarQ: %0’%
1 2
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By assumption that o = 1, we have Var L < 1. Therefore, (2.3) implies o7

772, Invoking Holder’s inequality v, < vé/ 3, we obtain from (1.12)
(2.4) o2 =yoir 1 < 011/3057'_4 < er S,

The identities 0% = 1 and (2.3) combined with (2.4) show that

(2.5) l—cr?<VarL<1 and 2> >72 —cr 4

We split the remaining part of the proof into three parts.
Step 1. In this step, we show that, for every v =1,2,...,

ny,+1
(2.6) S2=1+Ls+M,  Ls= Y f(Xn),
j=1

L (V2 = 02)) + 2qum, -

—1
f(Xui) =q(1— —— N, —2

Here the sequence of random variables {M, } satisfies (2.2).
To show (2.6) and (2.2), fix k and split Vy = U — Uy = Zi, + Wy, where

1 2
Zi=3 Y(Iymmy — 1) Wi= > Yy(lprepsn — o7 )-

j=1 1<i<j<n+1

and write

(2.7) S (=) =q> VP=q> Zi+20)> ZWi+q)> Wi
k k k k

A calculation shows

n+1
1 2
2. H=0- )X Wy ) WY
k k=1 1<i<j<n+1
S ZWi= > (Y4 Y)Yy — Hi,
k 1<i<j<n+1

2 _ 2 8 2 4 2
>wi=2 Y Y+ 2Hs — o HE o H
k 1<i<j<n+1

Here Hl = 21§k§n+1 Yk and H2 = Zl§i<j§n+1 )/;]7 and

Hy= Y Y YiYalpiggan-

1<i<n41  1<j<k<n+1

<

E (YVJYVZj ’Xuz)
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Finally, from (2.7) we obtain (2.6) with M, = my + q(ma + - - - +mg). Here

_ 2 _ 2 v
ml_nqo-l_]-a m2__n+1 Z Y;Y}7
1<i<j<n+1
4
mg=— HH,, my =2(H — Ly),
where
N-—-1
H= Y (Yi+Y)Y; and Ly= ) n 5 B (YY1 X0,
1<i<j<n+1 1<i<n+1
and
ms = 2 Z Y5, me = 2Hs, T == M e T e e

1<i<j<n+1

In order to prove that { M, } satisfies (2.2) we show that

EH? <2, EHZ < cr?, |E H3| < cq %772,
(2.8) Imy| < er ™2, |Emy| < 772 Ems < cq 2172,
Var my < en™2, Var ms < cq~ 2779,
(2.9) Var (H — Ly) < cr™ 4, Var Hs < cq 2774

It is easy to show that bounds (2.8) and (2.9) imply (2.2), provided that ¢, 7, — o0
as v — oo. The latter condition is equivalent to (1.14).

The bounds for expectations (2.8) are simple consequences of (2.1), (2.3), (2.4),
and (2.5). In order to bound variances (2.9), we decompose the random variables
mg, ms, H — Ly (which are U-statistics of degree two), and Hj3 (which is a U-
statistic of degree three) by means of (1.9) and use identity (2.1), see Lemma 5
below.

Step 2. Set Lg = >, f(X;) and write S? = 1+ Lg for Lg > —1. Put §2 = 2
for Ly < —1. Let us denote A = sup, A(x), where A(z) = |P{U/S < z} — H(z)|.
Using Chebyshev’s inequality, we obtain

P{|S —1| > 1/2} <P{|Lg| > 1/2} < 4E L%
=47°N(N —1)7'E f3(Xy)
(2.10) <ecn;t

In particular, we have S2 > 0 with probability 1 — o(n*_l/Q). Now, (2.6) and the
identity o7 = 1 imply

(2.11) 8018 = \J1+ (M + f(X011))/S2 = 1+ I,
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By the Lagrange mean-value theorem, from (2.10) and the fact that {]M, } satisfies
(2.2) we obtain that {M, } satisfies (2.2). Since xH’'(x) is bounded, this implies

%}~ H(z)| < A+o(ns'/?).

A:sup\P{% <z-Z

In what follows, we construct the bound A = o(nll/ %).

The bound sup{A(z) : |z| > logn.} = o(n;1/2) is a consequence of the following
result (see Theorem 2 of [7], or Theorem 2.1 of [4])

(2.12) sup | P{ < o} = G(a)| = o(n:?)

and the fact that |G(z)| and |H (z)| decay exponentially as |z| — oo. Here we also
use o =1 and (2.10).

Let |z| < logn,. For |Lg| < 4/5 we use the inequalities A < (1 + Lg)'/? < B,
where A = 14 Lg/2—L%/4 and B = 1+ Lg/2. Since, by (2.10), P{|Lg| > 4/5} =

o(n*_l/Q), we obtain A(z) < max{A4, Ag} + o(n*_l/Q), where
Ay= swp [P{U<As)—H(), Ap= suwp [P{U<Ba}— H(x)|.
|| <log n. 2| <log n.

Using Chebyshev’s inequality one can show, see Lemma 2 below, that
(2.13) P{|A— B| > n; """} < en 8.

Since xH'(x) is bounded, (2.13) implies Ay < Ap + o(n*_l/Q).

Step 3. Here we show that Ag = o(n;1/2). Write P{U < Bz} = P{U, < z},
where U, = U — 2 'z Lg is a U-statistic. We are going to apply (2.12) to U,.
Decompose U, by means of (1.9), U, = L, + @, where

i=1
is the linear part and Q, = ZlSKan Y;; is the quadratic part. By means of
(2.1), we decompose the variance o2 := Var U, as follows:

02 =VarL, + VarQ, = o5 + (Var L, — Var L)

(032;1 - ‘7%)~

_ 2
(2.14) =1+7"

Here L denotes the linear part of U and o2, := E ¢?(X;). We have

(2.15) o2, — 0o} = —zEY;f(X;) + 4 '2°E f*(X;) = —qoiazxr — 20}kx + R.

x 1
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Using (1.12), (2.5), and the inequality |x| < logn., we bound the remainder
R = o(n;?’/z). This bound, in combination with (2.14) and (2.5), yields

(2.16) 02 =1—7"Y(qasz +2r)z + o(n*_l/Q)
uniformly in |z| < logn..

Let oy, Ky, and Bs 5, vs,» denote moments (1.5) and (1.10) corresponding to the
statistic U,. Let G, denote expansion (1.4) of U, (replace «, k by a, Kk, in (1.4)).
It follows from (1.12) and (2.15) that a, = a + o(1) and k; = Kk + o(1) uniformly
in |z| < logn. as n, — oco. This yields

(2.17) sup  sup |Gy (y) — G(y)| = o(ni /?).

|z|<logn. yeER

Furthermore, Theorem 2.1 of [4] shows that

(2.18) sup [P{U, < yo.} — G.(y)| = o(n: /%)
YeER

uniformly in |z| < logn., provided that for some § and vy > 0:

(i) the moments (345, and Y245, are uniformly bounded for |z| < logn, and
v > 1p;

(i) for some sequence {7, } T oo and positive continuous function ¢ on (0, 400),
the characteristic function ¥, (t) = E exp{ito 1 p(X;)} satisfies |¥,(t)| < 1—¢(|t])
for 0 < |t| <7, and |z| < logn, for every v > .

Note that condition (i), for 6 = (s —6)/2 > 0, is implied by (1.12).

In order to verify (ii) for some {7, } (with 7, < n,), we show that

(2.19) sup  |W,(t) — V()| < c\t\nllm log ..
|z|<log n.

This inequality and (1.13) imply (ii). To show (2.19), write |V, (¢)— V()| < A+ B,

A =E|exp{ito,¢(X1)} — explitoy 'o(X1)} < [t|]og 1 — o7 | Elp(X1)],
B = E |exp{ito; '¢(X1)} — exp{itoy 'V1}| < [tloy "E [p(X1) - Y.

Using the inequality E |p(X1)| < 0,1 and (2.15), we obtain
A< 1 = op1 /o] < clt|(|z] + o(1))ni 2 < cltins /* log ns.

Invoking the simple bound E |¢o(X1) —Y;| = 27 2|E | f(X1)| < c|z|n; !, we obtain
B < c\t|n;1/2 log n, thus completing the proof of (2.19).
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Finally, using (2.16) we expand

() + @/ (@)x( - = 1) +o(n:/?)

2

() + o(ni /%)

G
= Ga) + '(a) £ S o)

H
G(z/oy) — H(z)| = o(ni*?).

This bound, in combination with (2.17) and (2.18), shows that Ap = o(n*_l/Q).

The following chain of inequalities completes the proof of Theorem 1

uniformly in [z| < logn.. Therefore, sup,i<iogn.

(2:20) A <A+omn:?) < Ap+on'?) =o(n:'?).

Theorem 1 is proved.

Proof of Theorem 2. We assume, without loss of generality, that ET, = 0 and
E U2 = 1, where U, denotes the U-statistic from decomposition (1.18).

The proof is similar to that of Theorem 1. The only difference occurs in the
first step of the proof. Here, using (1.18), we replace the probability distribution
function Fg(x) by Fs(z) := P{U, < S,(T,)z} and then replace S,(T,) by S. In
particular, we show that

(2.21) sup |Fs(z) — H(z)| < sup |Fs(z) — H(z)| + o(ny */?).
TER TxER

This bound in combination with the bound

(2.22) sup |Fs(z) — H(z)| = o(ny /?).

proves the theorem.
In order to prove (2.22) we show that

(2.23) S2(T,) =1+ Ls+ M, + M,

where the random variables Lg, M, are defined by (2.6). The random variable
M), is defined in (2.30) below. In order to derive (2.22) from (2.23), we show in
Lemma 1 below that {M]} satisfies (2.2). Using this fact and proceeding as in the
proof of (2.11), we obtain from (2.23) that

(2.24) S(T,)/S =1+ M,,
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where {M,} satisfies (2.2). Therefore, the same argument as that used in Step 2
of the proof of Theorem 1 shows that sup,, |Fs(z)—H ()| < A—i—o(n;lm). Finally,
invoking the bound (see (2.20)) A = o(n;1/2), we obtain (2.22).

It remains to prove (2.21) and (2.23). It follows from (1.18), by the orthogonality,
that 02, = EU2 + E R2. In view of the identity E U? = 1, we obtain

(2.25) 1=EU2 <o’ =1+ER.

Invoking the bound, see Theorem 1 of [7], E R2 < n,!§,3, we obtain from (1.20)
that

(2.26) ER2 <enyt/20% ;.
In particular, for a sufficiently large integer vy (depending only on the sequence

{e,} | 0) we have ER?2 < 02,/2 for v > vp. In what follows, we assume that
v > vy. Then (2.25) and (2.26) imply

(2.27) 1< 02, <2, ER? = o(n;*5/3), and ER?/o? = o(n;f/?’).
Write Qi = {1,2,...,k} for £k = 1,2,.... By A; we shall denote subsets of
Qn of size |A;| = j. Furthermore, given A; = {iy,...,i;} C Qn, denote Ty, =

95(Xs,,..., X;,). Recall that (Xi,...,Xx) denotes a random permutation of the
ordered population X. Decomposition (1.9) can be written in the form

(2.28) T:ET+§: > Ta,,

j=1A,CQ,

where the second sum is taken over all j—subsets A; of €2,,.
Let us prove (2.23). Using (2.28) we can decompose

VkZT—T(k)ZZk—f—Wk-‘rRk,

where Z;, and W}, are defined in Step 1 of the proof of Theorem 1 and where

(2.29) Re=> sy 2= Y, Ta(Lea,y— ni o)
Jj=3 AjCQpq1

Then
V2 =7+ W2+ R: + 22, Wy, + 2Zp Ry, 4+ 2WRy..
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This identity, in combination with (2.7) and (2.6), shows (2.23) with

n+1 n+1 n+1
(2.30) M, =q) Ry+2¢> ZpRi+2q) Wik =:q(Ju1 +2Jo2 + 2J,3).
k=1 k=1 k=1

Let us prove (2.21). Write Fg(x) = P{U,S;Y(T,) + Q, < z}, where Q, =
R,S;Y(T,). Since H'(zx) is bounded, inequality (2.21) would follow if we show
that P{|Q,| > 47'1,_8/7} = o(7;!). This bound is a consequence of the bounds

P{|S,(T,) — 1| > 3/4} = o(7, 1), and  P{|R,| > 7,3} =o(r;}).

v

The first bound follows from (2.10) and (2.24). The second bound follows from
(2.27) via Chebyshev’s inequality. Theorem 2 is proved.

Lemma 1. Under conditions of Theorem 2, the sequence {M),} defined in (2.30)
satisfies (2.2).

Proof of Lemma 1. In view of (2.30), it suffices to show (2.2) for the sequences
{¢Joi,v=1,2,...},i=1,223
In order to verify (2.2) for the sequence {q.J,1}, we show that
(2.31) E |gJ,1| = o(r, 1%/3).
By symmetry,
(2.32) Ji=n+1)ER2,,.
It follows from (2.29), by the orthogonality, that
(2.33) ER:,  =Esx’ s+ +Esx2 .
Proceeding as in the proof of the inequality (4.33) of [4], we obtain
Ex ., ; <2b;d;EU?,

where b; = j/(n+ 1) and d; = (N —j +1)/(N — n). Invoking the identity (see
(3.11) of [4])

EU? =27%hg ;EU;(DsT),  hs; = [n]s[N —n]s/[j]s[N —j + 1]s,
(here [z]3 := (x —1)(z —2)) and using the simple bound b;d;h3 ; < n?, we obtain

(2.34) Esx ., <T'EU(DsT).
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Here U;(D3T") denotes the j-th summand of the orthogonal decomposition (1.9)
for D3T'. In particular, we have (see (3.8) in [4])

E (DsT)? = E (Us(DsT))’ + -+ + E (U, (DsT))".

*

This identity, in combination with (2.33) and (2.34), shows that ER2,, <
7 E (D3T)?%. Since E (D37T)% = n 44,3, we have, under condition (1.20) and in
view of (2.27),

(2.35) ER? , <e,1, 103

This bound in combination with (2.32) implies (2.31).
In order to verify (2.2) for the sequence {qJ,2}, we split

n+1 n+1
Jua = Ja1 — J22, Jo1 = Z Yy Ry, Jo2 = 72 Ry,
k=1 k=1

where we denote Y = (Y; + -+ + Y, 41)/(n + 1). We shall show that
(2.36) E|Jap| < 26)/%7, 8%, Elqha|*? < cel/*r, 52

These bounds imply (2.2) for {¢J,2} via Chebyshev’s inequality.
Let us prove the first bound. By symmetry and Cauchy-Schwarz,

E|Jos| = (n+ DE[YRust| < (n+ D(EY)V2(ERE, )V
The first bound of (2.36) follows from (2.35) and the simple bound

—2_ N—-n—-1 2 T2 2 1
EY = (n+1)(N—-1) EYy < n(n+ 1) EYS < n(n+1)

(use (2.5) in the last step).

Let us prove the second bound of (2.36). Put s = 3/2. Holder’s inequality applied
to a sequence of positive numbers aq,...,ax shows that (3 a;)® < k571> as.
Using this inequality and the symmetry, we obtain

E[/]* < (n+ 1) Y [YaRel* = (n+ 1)°E Vi1 R .
: _ _16/3 __1p2 .
Letting K1 = 7,Y, 41 and Ky = 7, ' "¢, " R |, we obtain

E|Jo|* = (n+ 1), 57,53 B |k, K, ).
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Finally, (2.36) follows from the bound E ]Klel/ ’|* < ¢. This bound follows
from (1.12) and (2.35) via the inequality ab < a* 4 b" (here a,b,u,v > 0 and

u~! + v~ =1). We apply this inequality to a = |K1|*, b = |K28/2], and v = 4/3.
In order to verify (2.2) for the sequence {qJ,3}, we write, by Cauchy-Schwarz,

Q|']y3’ S (quS)l/Q(qJ 1/27 1/3 — ZWk7

and show that {qJ,3} satisfies (2.2). In view of (2.31) this implies (2.2) for {q.J,3}.
Using the identity Jy3 = ms +mg +m7 +mg and the fact that gmy; satisfies (2.2)
for j = 5,6,7,8, see Step 1 of the proof of Theorem 1, we conclude that {le,g}
satisfies (2.2). Lemma 1 is proved

Lemma 2. Assume that (1.12) holds and o = 1. Then there exists a constant
¢ depending only on Cy such that (2.13) holds for every v =1,2,. ...

Proof. Write L = Y, f(X;). Tt follows from E f(X;) = 0 that Lg =
- Z,i\’:nﬂ f(Xy) and, therefore, the distributions of |Lg| and |L| are the same.
Split L = Ly + Lo, where L; =" fi(X;), for j = 1,2, and where

N —

AX) =g - —5)V2-0D), (X)) =2am

E (Y;Y35]X3).
We have, by Chebyshev’s inequality,

P{|A - B| > n ¥}y = P{|L| > 2n. """}

< P{|Li| > ni ¥ + P{|Ls| > ni "}
9/10E|L |3 38/75E|L2’12/5.

We complete the proof of (2.13) by showing the bounds

(2.37) E|LiP<eni®?  E|L|'¥5 < cni%”.

For this purpose we replace the sums L; and Ly by the corresponding sums of i.i.d.
random variables using Theorem 4 of Hoeffding [11] and then apply Rosenthal’s
inequality. Given ¢ = 1,2, let z1,...,2,, be independent copies of f;(X1). By
Theorem 4 of [11], for every t > 1 we have E |L;|' < E|z1+---+2,,|". Rosenthal’s
inequality shows

(2.38) Elz 4+ zne [ < nnBfi(X0)] + c(n.E £2(X1))"?
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For i = 1 we choose t = 3 and obtain the first bound of (2.37) using the first
condition of (1.12). For i = 2 we choose ¢t = 12/5 and obtain the second bound of
(2.37). In this case the application of (1.12) is not straightforward. We have

E (X)) < enlE|Y;Y|" < en'E a'b?,
* ]+t *

where a = |0 'Y1| and b = |0} '72Y15|. The inequality a’b* = (b*)*/4(a®)1 /4 <
bt +a® combined with (1.12) shows E a'b? < 2C}, thus proving E | fo(X;)|t < ent.
The bound E f3(X;) < en;? is simpler. Substitution to (2.38) shows the second

bound of (2.37), thus proving (2.13).

Lemma 3. There exists an absolute constant ¢y such that for every n and N we
have

(2.39) E( Y V) <cnlEY,
1<i<j<n,

(2.40) E( Y Yjuu)' <cn’EYh.
1<j<n,

Proof of Lemma 3. For random variables X and Y, write X Y if EX =EY.
Let H=73"_; ic, Yijand y= EY}}. For two real numbers A and B we write
A < B if |A| < ¢1|B|. Here ¢; is a sufficiently large absolute constant.

The bound (2.39) follows from the identities

" «— 2 «— 2
H42(7;>Y12H3, Y12H32H1+2(n ] )Hz—f—(n 5 >H37

Hy =Y34H?, Hy=YpYi3H?, Hz=YYsH?,

and the bounds E H; < n2y, E H, < n,y, and E H3 < v.
Let us show that E H; < n?y. Write, by symmetry,

Ny — 2 Ny — 2
Hl ~ Y132H —+ 2( 1 )Y122Y13H+ ( 9 )Y122Y34H,
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where
YiRH o~ Yy +2 (n*l— 2) YV + (n*; 2) Y15 Va4,
Y5YisH =~ Y5Y13 + Y5Y 5 + Yi3Yi3Yas
+ (n* 1_ 3) <Y122Y13Y14 + Y3Y13Yas + Y122Y13Y34>

TL* - 3
+ ( 5 >Y122Y13Y45,

YA YauH ~ Y3 Y3y + YAV
+ Y3 Y3,Y13 + Y5 Y3, Y1y + Y3 Y34Yo3 + V33, Yoy

N, — 4 n,. — 4 Ny — 4
+ 2( 1 >Y122Y34Y15 + 2( ] )Y122Y34Y35 + ( 5 )Y122Y34Y56-

In a product like [] = Y12Y3Y24Y56Y,5 we call the indices 1 and 5 free (respective
factors Y7o and Y56 have the power 1 and these indices are not present in other
multipliers). Using the identity E (Y12]|X2) = 0, we write

1
E(Y12|X27X37'--7X6>: N—5 Z YYjQ
JEQN\{2,...,6}
1 1 :
= v > Y- ~N_35 PR
jeQn\{2} j=3

6
1
=55 2V
j=3

Therefore, the expectation E p splits into a sum of expectations of similar products,
but with the additional factor —(N —5)~1 = O(N~1). In this way the "free” index
1 produces the factor O(N~!). We call this procedure "free index argument”.
Using this argument, we obtain

EY2 H <y, EYAYisH <y, EYSYsH <y.

Therefore, E H; < n2y.

The proof of Hy < n,y and E H3 < y is similar.

Let us prove (2.40). Write Y; ,41 = Z;, for 1 <i<n,,and S=21 4+ -+ Z,,.
By symmetry,

St ~n, 7,83, 718% = Z25% + (n. — 1)2,2,5%.
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In order to prove (2.40), we show that
(2.41) E Z75% < n.y, E 7,17,5% < .
Write, by symmetry,
728% ~ 73S + (n, — 1) 23 2,8
and
738 ~ 7 + (ny — 1) Z3 2, 732798 = Z37Z9(Z1 + Zo) + (e — 2) 22 72 Z3.

The ”free” index argument shows that E Z3S < y and E Z2Z,S < y. This implies
the first bound of (2.41).

To prove the second bound of (2.41), write, by symmetry,
21758 ~ Z2 7,8 + Z1 728 + (n. — 2) 2122 755.

We have already shown that the expectations of the first two terms < y. In order
to show that E Z; 2,735 < n_ 1y, we write, by symmetry,

212y Z3S ~ Z1 ZyZ3s(Zy + Zo + Z3) + (ny — 3)Z1Z2 232,
and invoke ”free” index argument. We obtain E Z;Z5S5? < y, thus showing the
second bound of (2.41). The lemma is proved.
Lemma 4. Assume that {U,} is a sequence of U statistics of degree two. Assume
that for some s > 3 and ¢y > 0 we have forv =1,2,...

VarU, =1 By s < cq, Y4 < C1.

Then there exists a sequence {1, } | 0 such that P{|&, — a,| > ¥,} < 1, as
Ny — O0.

Note that the condition (3, s < ¢; for some s > 3, can be reduced to the uniform
integrability condition for 3, 3, see condition (2.13) of [4].

Proof of Lemma 4. The proof if almost the same as that of Lemma 2.2 of [4]. The
only difference appears in the proof of the relation R3 = op(1) (in probability),
where

n+1
-1 3 -3 _ 2
fis =n 1; :Tkal ’ Tk = § (er{z’,j} T o+l )Yiy*
=1

1<i<j<n+1

Therefore, we shall only show that conditions of Lemma 4 imply E |R3| = o(1).
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By symmetry,
E|Rs| < (n+ 1)n 07 °E [y .

In view of the relation (which follows from VarU, = 1 and 7,4 < ¢;) 0} =
772 + O(77%), see (2.5), it suffices to show that E|r,.1|> = o(r73). For this
purpose, we show Er = o(r7%).

Write
(2.42) Tpa1 =74 —2(n+1)"trp,
n
TA:Zan—H, rp = Z Yi;.
Jj=1 1<i<j<n+1

We shall show, for an absolute constant cq > 0,
(2.43) E % < cong *ya, Er} < cony v

If n = n,, these bounds follow from Lemma 3. For n > n, (i.e., n, = N —n) we
use E (Y;;|X,) =0 and EY;; = 0 to show that

N
A= — Z Yint1 and rg = Z Yij.

j=n-+2 n+2<i<j<N

Now (2.43) follows from Lemma 3 again. Finally, combining (2.42) and (2.43), we
obtain E 2 1 <eng 4~,, thus completing the proof.

Lemma 5. For random variables defined in Step 1 of the proof of Theorem 1, we
have

(2.44) Ep2= "L Nl L < 9Var L,
n N—n
(2.45) E H = ntl Non=2 yarQ < 3Var Q.

n—1 N—n

Assume that o3 = 1. Assume that (1.12) holds. Then there exists a constant
¢ > 0 depending only on C4 such that

(2.46) E H? <2, EHZ < cr72,

(2.47) Ems < cqg 2772 Var ms < cq~ 2779,
(2.48) IEmsy| <772, Varmy < cn” 2,

(2.49) E(H — Ly)* <cr ™,

(2.50) |E H3| < cq 2172, Var H3 < c¢q~ 2772
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Proof of Lemma 5. Note that (2.44), (2.45), and (2.46) are immediate conse-
quences of (2.1), (2.3), and (2.4). The first bound of (2.47) follows from (2.4).

Before proving the remaining inequalities, we introduce some notation. Given
a centered U-statistics W based on the sample Xi,..., X,,+1 drawn without re-
placement form the population X', we decompose by (1.9) W = Ly + Qw, where

(2.51) Lw= Y Wi, Qw= > W
1<i<n+1 1<i<j<n+1
denote the linear and quadratic parts. It follows from (2.1) and (2.3) that
(2.52) EW?=EL} +EQ¥Y < comr?EW?E + coT*E W3,
In order to prove the second bound of (2.47), write
ms = n(n+ 1)o2 + 2W, W = Z (Y2 — o2).
1<i<j<n+1

Clearly, Var ms = 4E W?2. A simple calculation shows that the summands of the
linear and quadratic parts, see (1.11) and (2.51), are

N —

oy
Wi N—2

SE(YZ-03X)), Wi =Y2— o8 — (Wi + Wj)/n.

It follows from (1.12) that EW? < en®7~'? and EW < ¢r~"'?. These bounds in
combination with (2.52) yield the second inequality of (2.47).
Let us prove (2.48). Write

2 n+1 2
m2:—n+1< 5 )EY1Y2— n+1W7 W = Z (Y;Y; — EY;Y;).

1<i<j<n+1
Here EW = 0. Using EY; = 0 we obtain for ¢ # j
E(V,Y|X) = —Y2/(N=1) and  EY,Y; = —02/(N - 1).
Furthermore, invoking (2.5) we get

Emy =oin/(N —1) and IEmy| <772

Y

thus proving the first bound of (2.48). To prove the second bound, we apply
(2.51) and (2.52). A simple calculations shows that the summands of the linear
and quadratic parts are
N n 2 2
WZ:TLNi_E(YY‘i‘ ‘X) N_Q(O-l_}/i%
Wij:Y;}[j—f—(N—l) al—n (WZ—FWJ)
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Using (1.12) we show that EW2 < er~* and EWE, < cr~%. Invoking (2.52) we
obtain E W?2 < ¢. This implies the second bound of (2.48).

Let us prove (2.49). Note that H— Ly is a centered U-statistic. Calculation shows
that the linear part of the statistic H — L vanishes. Its orthogonal decomposition
(1.9) contains only the quadratic part and, therefore, reduces to

H—Ly=Qu, Qu= Y,k Hy,
1<i<j<n+1

N -1
(E (Y;YiXi) + E (}Q-Yij\Xj)).

Hij =Yy(Yi+Y)) - v—

It follows from (1.12) that E H?; < e7~®. The second identity of (2.3) shows that

n+l N-n-—1

EQ%‘I = %EHZQJ S COT4E HZ2] S CT_4,

2

thus proving (2.49).
In order to prove (2.50), we write Hs in the form of U-statistic of degree three

Hs = Z Wik, Uik = YijYie + YiiYij + Y Y.
1<i<j<k<n+1

Calculation shows that EY132Yi3 = —03/(N — 2). We obtain, by symmetry, that
EU,;x = 3EY12Y13 = =303 /(N — 2). Therefore,

1 n+1
EHgZ(n;_ )E\I/123:—3 3 O'%.

N -2

This implies the first bound of (2.50). In order to prove the second bound, decom-
pose, by means of (1.9), H3 = E H3 + Uy + Us + Us, where

n\ - n—1)\-= ~
Ul = Z (2>‘I’i, Us = Z < 1 )‘I’zj, Us = Z Wiik-
1<i<n+1 1<i<j<n41 1<i<j<k<n+1

Here we write for r # 1 # j

- 3(N-1) 2 2 )
v, = (N —2)(N —3) <0'2 E(Ym|X1) )
~ 2 N —2 3
Vij=—-5_2 Y+ N_4E(Y7’iY”“j’X""Xj)+mU§
N -2 N-1 N1
T N_1 (3 (N —2)2 (E(Yi!XiHE(Y@’Xj))_6m0§>’

Uiip =V —B Uy — 0 — U, — Uy — Uy — Uy, — Ty
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Using (1.12) one can show that
EV2<crPN72  EBUL, <er!2 EUZ, <2
Finally, invoking (2.1) we obtain
EVarH; =EU} +EU; + EU}

2 2
. 1 . 3
< cr? (Z) E 2 + cr (n : ) E U2, + 7B ¥2,,

< en?78.

This proves (2.50).
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