AN EDGEWORTH EXPANSION FOR
STUDENTIZED FINITE POPULATION STATISTICS

M. BLOZNELIS

Abstract. We show the validity of the one-term Edgeworth expansion for Studen-
tized asymptotically linear statistics based on samples drawn without replacement
from finite populations. Replacing the moments defining the expansion by their
estimators we obtain an empirical Edgeworth expansion. We show the validity of
the empirical Edgeworth expansion in probability.

1. INTRODUCTION AND RESULTS

1. Let T'=t(Xy,...,X,) be a real valued statistic based on sample X;,..., X,
drawn without replacement from a finite population X = {x1,...,zx}. Write

p=n/N, g=1-—p, n, = min{n, N —n}.

Let 02 denote the variance of T' and let

n+1 n+1
2 o2 . ==\ 2 o 1
§?=5"T)=q) (Ty~-T)", T= 7> Tu
j=1 J=1
denote the jackknife estimator of variance based on sample Xi,..., X,11 (of
size n + 1) drawn without replacement form X'. Here T(;) = t(X1,..., X; 1,

Xj_|_1, e ,Xn_|_1).

In the simplest case of a linear statistic L = g(X1)+---+¢(X,,) (here g : X — R)
the asymptotic normality as n, — oo of (L —E L)/S(L) follows from the central
limit theorem combined with the law of large numbers. Edgeworth expansions
were shown by Babu and Singh [1], see also [13].

Many important statistics are asymptotically linear as n increases. Consequently,
their Studentized versions (T' — ET')/S are asymptotically standard normal. In
order to treat general asymptotically linear statistics we use linearization by means
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of the orthogonal decomposition. This kind of decomposition of statistics, was
first used by Hoeffding [9] in the case of independent and identically distributed
observations. Orthogonal decomposition of symmetric statistics based on samples
drawn without replacement was studied by Bloznelis and Gétze [6], see also [14].
We shall assume in what follows that T is symmetric. That is, the kernel ¢ is
invariant under permutations of its arguments, i.e., t(y1,...,Yn) = t(Yx1)s --->
Yr(n)), for any permutation 7 of indices 1,2,...,n. Note that the sample mean,
the sample variance, sample quantiles, U-statistics, L-statistics, and many others
are symmetric. Given a symmetric statistic 7' is decomposed into the sum of
centered and uncorrelated U —statistics of increasing order,

(1.1) T=ET+ Z gl(Xi)—f- Z gg(Xi,Xj)'i‘....

1<i<n 1<i<j<n

The first sum

(12) L= aX), a(X)= “LE(T-ETIX,),

N—n
1<i<n

is called the linear part of T. The second sum Q =), _ ;92 (Xi, X;) is called the
quadratic part. Here, for ¢ # j,

(1.3) ga(Xi, Xj) = (N—Q

ot (v (M= BT|X, X)) — 0u(X0) — 91(X))).
The random variables g;(X}) and g2(X;, X;) are centered and uncorrelated for
arbitrary 1 <1, 7,k <n, i # j. For a detailed description of the decomposition we
refer to [6].

We shall assume that the linear part does not vanish, that is, 02 > 0, where
02 = Var g;(X1). Note that the variance of the linear part

Var L = 7205 N/(N — 1), where 7 = Npq.

Furthermore, n, /2 < 72 < n,.

If, for large n, the linear part dominates the statistic, we call T" asymptotically
linear. In this case Bloznelis and Gotze [6] showed that the one-term Edgeworth
expansion

G(x) = B(z) — T7DIEI ()42 1)

approximates the distribution function F(x) = P{T —ET < opz} up to the error

o(n*_l/Z). The moments

(1.4) a=o0;"E g (X1), k=07 °T°E g2(X1, X2)91(X1)g1(X2)
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refer to the linear and the quadratic part of the decomposition.
We shall show in Theorem 2 below that the one-term Edgeworth expansion

(q—p+(q+ 1)$2)O‘ + 3(532 + Dk (I)/(ZC)

(1.5) H(z) = () + -

approximates the distribution function of the Studentized statistic
Fs(x)=P{T —ET < S(T)z}

—1/2
up to the error o(n, ' 7).

Note that in order to write the expansion (1.5) one does not need to evaluate
all terms of the decomposition (1.1), but the moments (1.4) of the linear and the
quadratic part only. Furthermore, these moments can be estimated.

Let us define the jackknife estimators. In what follows {X;,..., X,,}, for m =
n,n + 1,n + 2, denote simple random samples drawn without replacement from
X. It is convenient to represent the sample { X1, ..., X,,} by the set of the first m
variables of the random permutation (X7, ..., Xx) of the ordered set (z1,...,2x).
For1<k<n+1,1<14,j5,r<n+2,i+# j, denote

Vi =T — Ty, Vo =T =T, Wij =T =Ty =Ty + T gy,

= 1 -~ 1
Ty = 1 Yo Teyy T=—m Y, Tuj:

1<j<n+2, j#r 2 1<i<j<n+2

Here T}; ;) denotes the value of ¢ at the sample {X1,..., X412} \ {X;, X;}. Write

A vn 3 A 2y/n ~
(1.6) Gy = 33 VP k=g > o WL,
k=1 1<i<j<n+2
where 62 = S V2.

Bloznelis [4] showed that &, # and S?(T) (= ¢6%) are consistent estimators of
o,  and 0% as n — oo. Using this fact we show in Theorem 3 below that the
empirical Edgeworth expansion

(1.7) H(x) = ®(z) + (q—p+(q+1)zj)d+3(g;2+1)ﬁ; &' ()

approximates Fs(x) up to the error o(n, Y ?) in probability.



One-term Edgeworth expansions for Studentized U-statistics based on indepen-
dent and identically distributed observations were constructed by Helmers [8]. Ex-
pansions for Studentized versions of general symmetric statistics were shown by
Putter and van Zwet [12], see also [2], [11]. Empirical Edgeworth expansions that
use jackknife estimators were studied by Beran [3]. Putter and van Zwet [12] con-
structed such expansions for general symmetric statistics and their Studentized
versions.

One-term Edgeworth expansion for U-statistics of degree two based on samples
drawn without replacement was constructed by Kokic and Weber [10]. Bloznelis
and Gotze [6] established the validity of the one-term Edgeworth expansion for
general symmetric finite population statistics. Corresponding empirical Edgeworth
expansions were constructed by Bloznelis [4]. Since often the variance of the un-
derlying statistic (estimator) is unknown, it is important, for practical purposes, to
have such approximations for Studentized versions of statistics too. This question
is addressed in the present paper. The one-term Edgeworth expansion for Studen-
tized finite population statistics (1.5) and the corresponding empirical Edgeworth
expansion (1.7) seem to be new and not known in the literature before.

2. Results. In order to formulate asymptotic results for finite population

statistics we introduce a sequence of populations X, = {z,1....,2,n,}, Vv =
1, 2,..., and a sequence of symmetric statistics T, = t,(X,1,...,X,n,). Here
{X,1,...,X,n,} denotes a sample drawn without replacement from X,,. Orthog-

onal decomposition expands 7T, into the sum of uncorellated centered U-statistics

(18) Tu:ETu+Uu1+"'+Uunya Uyk: Z guk(Xz/ila---Xl/ik)-

1<i1 <<t <n,

Let L, = U, and Q, = U, 5 denote the linear and the quadratic part respectively.
Furthermore, denote n, . = min{N, —n,, n,} and 02, = Var g2 ,(X,1),

ﬁus - O-V_fE |gV1(XV 1)‘87 Yvs = O-y_fTBSE ‘QVQ(Xul,XVQ)’S7

where s > 0 and where 7, = N,p,q,, pp = ny /Ny, ¢ =1 —p,. Let v, K, and
&y, Ky, denote the moments defined by (1.4) and their jackknife estimators (1.6)
respectively. Furthermore, let S2 = S%(T,) denote the jackknife estimator of the
variance o2 . of T,. Write ¥, (t) = E exp{ito, 19, 1(X,1)}.

We shall assume that n, , tends to infinity as ¥ — oo and construct bounds for

A, =supl|F,s(x) — H,(x)| and A, =sup|F, g(z) — H,(z)|.

Here F, g(z) = P{(T, —ET,)/S,(T,) < z}. The functions H,(z) and H,(x) are
defined by (1.5) and (1.7), but using o, k, and &,, ~,.
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Firstly, we consider a special case of U-statistics. We write T,, = U,,, where

(1.9) U= Y h(Xi, X))

1<i<j<n,

In this case the decomposition (1.8) reduces to U, = EU, + L, + Q.. The kernels
defining the linear and the quadratic part are obtained from (1.2) and (1.3)

N, —1
gul(x) - (nu - 1) N, —9 E <h'1/(XulaX1/2) _Eh'l/(XUl)Xl/2)‘XV1 :.13),

gv2(7,y) = ho(z,y) —Eh, (X, 1, X0p2) — (n, — 1)_1(gu1(37) +901(y))-

Theorem 1. Let T, be a U-statistic of the form (1.9). Assume that n, , — 00
as v — oo. Assume that there exist absolute constants s > 6, Cy > 0, a positive
continuous function ¢ on (0,+00), and sequences {¢,} 1 oo and {n,} T oo such
that forv =1,2,...,

(110) 61/8 S Cl, Yvs S Cl»
(1.11) W) <1—=o(t]), for 0O<[t|<m,
(1.12) n, < N, — &,N2/3.

Then there exists a sequence {1, } | 0 depending only on C1, ¢, {{,}, and {n,}
such that, for every v =1,2...,

(1.13) A, <1t
(1.14) P{A, > ¢,7,'} <,

Remark 1. Under the moment condition (1.10), the non-lattice condition (1.11)
and (1.12) the results (1.13) respectively (1.14) establish the bounds as n,. — oo

(1.15) A, = o(n;*1/2) respectively A, = 0p(n;*1/2)

(in probability). Here n,. plays the same role as the sample size does in the i.i.d.
situation, see [7].

Remark 2. Let us note that the non-lattice condition (1.11) is the weakest possible
smoothness condition. The condition (1.12) is very mild. The moment condition
(1.10) is far from the optimal one. Here one would expect the uniform integrability
of 8,3 and v, 5/3, for v =1,2,..., instead of (1.10). In the proof no effort was made
to obtain the result (1.15) under the optimal moment conditions. A modification
of our proof involving truncation would probably reduce the moment condition
(1.10) up to B, s < Cy and 7, < Cq, for s > 3 and t > 2, cf. [5].



Let us consider a general symmetric statistic 7,,. Using (1.8) we write
T,=U, + Rua

where U, = ET, + L, + ), is a finite population U-statistic of degree two and
where the remainder R, = > j>3Upj. Fora typical standardized asymptotically

linear statistic U;%T » admitting one-term expansion we have as n,, — 00

(1.16) o R, =op(nya’®)  and  S,(T})/S,(U,) =1+ op(ny’?)

in probability. Consequently, one-term expansions for (7,— ET,)/S,(1,) and
(U, —EU,)/S,(U,) are, in fact, the same.

Bloznelis and Gé&tze [6] introduced simple conditions that ensure the validity of
approximations like (1.16). These conditions are formulated in terms of moments
of differences. Recall that (X, 1,..., X, n,) denotes a random permutation of the
ordered population (x,1,...,2,n,). For j < n,, define

DjTl/ - tl/(Xuly e 7Xvn) - tu(Xyb .. -;Xuj—ly Xl/j+17 s 7Xun7 Xun+j)~

Higher order differences are defined recursively: DT, = DJ (DiTu)a for i # j;
Dk, — Dk (Dj(DiTy)), fori#j#k;.... Write

51/]- — 6VJ(TV) — E (nl(/J;k_l)DjTl,)Z, DJTI/ = D12“'jTy.

Theorem 2. The statement (1.13) holds true for a sequence of general symmetric
statistic {T,,} if in addition to (1.10), (1.11) and (1.12) we assume that

—-2/3 9
5y3§5un1/* (2% o8

for some decreasing sequence {e,} | 0 as v — oo.

Theorem 3. The statement (1.14) holds true for a sequence of general symmetric
statistic {T,, } if in addition to (1.10), (1.11) and (1.12) we assume that

~-1/3 2 -2/3 2
51/2 < Evn,, / %) 61/3 < LNy« 0,1,

for some decreasing sequence {¢,} | 0 as v — oo.

Theorems 2 and 3 establish the bounds (1.15) for general symmetric statistic.
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2. PROOFS

We shall prove only Theorem 1. The proof of Theorems 2 and 3 is almost the same.
The extension of the argument of the proof of Theorem 1 to general symmetric
statistics needs only a minor modification, see [4] and [12]. In the proof we shall
use the variance decomposition, see formula (2.6) of [6],

(2.1) VarT, = ZVar Uk, VarU,, = Magk.
k=1

Here 02, = Var g,x(X,1,..., Xy k), and Var U,y = 0, for k > n,..

Proof of Theorem 1. We assume without loss of generality that EU, = 0 and
VarU, =1, forv=1,2,....

Denote, for brevity, 02, = VarU,, S2= S2(U,), Y,i = g.1(X.:), and V,;; =
gv2(Xvi, Xvj). In order to simplify the notation we shall write o(nf,) to denote
the sequence z;,,n,/*, where {1;,,} | 0 is a sequence depending only on the constants
(', the function ¢ and the sequences {£,} and {7, }. Furthermore, we shall drop
the subscript v whenever this does not cause an ambiguity. By ¢ we denote a
constant which depends only on C}.

Note that (1.14) follows from (1.13) and the consistency results established in

Lemmas 2.1-3 in [4]: as v — o0

S

7 —opul =o0p(1), |6w—a|=0p(1), |k —ky|=op().

Let us mention that Lemma 2.2 in [4], which establishes the consistency result
for &, assumes, in addition, that d2(U,) = o(n;l/?’). For U statistics of degree
two (and such that Var U = 1) this condition can be replaced by the condition
formulated in the second inequality of (1.10).

Let us prove (1.13). It follows from (2.1) that o = Var L + Var Q,

n N-—-n n N-—-n

(2.2) VarL = 11— o7, VarQ = 22— o5.

—2
1 2

By the assumption o0 = 1, we have Var L < 1. Therefore, 07 < 72, Invoking
Holder’s inequality o < ’yé/ % we obtain from (1.10)

(2.3) 03 = Yot < 011/3057'_4 <er O,
The identities 67 = 1 and (2.2) combined with (2.3) show

(2.4) l—cr?<VarL<1 and T2 >0 > 7% et
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The remaining part of the proof splits in two steps. B
Step 1. In this step we show that that there exists a sequence {¢,} | 0 (which
depends only on C7) such that for every v = 1,2, ...

ny,+1
(2.5) S2=oly+Ls+M,  Lg= Y f(Xu),
j=1

1 N, —1
1 )(Yfi—agl)—I—Qq,,nyh

f(Xvi) = q(1 - E (Y Y0i5] Xvi)-
Here the sequence of random variables { M, } satisfies

(2.6) P{|M,| = ¢y7, '} < ot

To show (2.5) and (2.6) fix k and split Vi, = U — Uy = Z + Wy, where

n+1

1 2
Zr=) Yi(lyeey = 507 ) We= > Yii(lgewan = 57 )
j=1 1<i<j<n+1
and write
(2.7) SQZqZV,f:qZZ;§+2qZZka+QZW,§.
k k k k

A calculation shows

n+1

2 _ 1 2 2 g
2. Zk=(- ) 2 W oy ), Y
k k=1 1<i<j<n+1
2
Y ZiWi= Y (Yi+Y))Vy— o HiHs,
k 1<i<j<n+1
2 _ 2 8 2 4 2
>wg=2 > Y+ 2Hs — o H 4 oy
k 1<i<j<n4+1

Here H1 =) 1 cpcpyy Yo and Ho =3 ;o0 Yij, and

Hy= Y Y YiYalpggan-

1<i<n41 1<j<k<n+1

Finally, from (2.7) we obtain (2.5) with M, = my + ¢(ma + - - - +msg). Here

2 2 2
mi=ngot—of,  mp=-—— 3 VY
1<i<j<n+1

1 H1H2, m4:2(H—LH),

m3z = —
n
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where
N -1
H= Y (Y+Y)Y; and Lg= Y no—E(YY,X),
1<i<j<n+1 1<i<n+1
and where
m5:2 Z Y2 m6:2H3 m7:—i 2 m8:L 2
EA ’ n+1 2 (n+1)2
1<i<j<n+1
In order to prove (2.6) we show that
EH} <2, EHj<ecr?  |[EH3 <cg?m72
(2.8) Imy| < er™?, |Emgy| < 772 Ems < cq 2172,
Var my < en™2, Var ms < cq~277°,
(2.9) Var (H — Ly) < cr™ 4, Var Hs < cq %774

It is easy to show that the bounds (2.8) and (2.9) imply (2.6), provided that
Gy T, — 00 as v — oo. The latter condition is equivalent to (1.12).

The bounds for expectations (2.8) are simple consequences of (2.1), (2.2), (2.3)
and (2.4). In order to bound the variances (2.9) we decompose the random vari-
ables ma, ms, H — Ly (which are U-statistics of degree two) and Hs (which is a
U-statistic of degree three) by means of (1.8) and use the identity (2.1).

Step 2. Denote Lg = S, f(X;) and write S2 =1+ Lg, for Lg > —1, and
put S? = 2, for Ly < —1. Denote A = sup, A(z), where A(z) = [P{U/S <
x} — H(x)|. Using Chebyshev’s inequality we obtain

(2.10) P{|S—1|>1/2) <P{|Lg|>1/2} <4EL% < ¢772

Using (2.5) and 07 = 1 we write

8/ =1+ (M + [(X,11))/82 =1+ M.

By Lagrange mean value theorem, we obtain form (2.6) and (2.10) that the remain-
der M satisfies (2.6). Since 2H’(z) is bounded, this implies A < A + o(ny 1/2) In
what follows we construct the bound A = o(n; 1/ %).

The bound sup{A(z) : |z| > logn,} = o(n, 1/2 ) follows from the result of Theo-
rem 2 of [6], see also Theorem 2.1 in [4],

(2.11) Sup|P{U/aU<m} G(z)| = o(ni*'?),
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and the fact that |G(x)| and |H(x)| decrease exponentially as |x| — co. Here we
also use 0% = 1 and (2.10).

Let |z| < logn.. For |Lg| < 4/5 we use the inequalities A < S < B, where A =
1+ Ls/2— L%/4 and B = 1+ Lg/2. Since, by (2.10), P{|Ls| > 4/5} = o(n:"/?),

we obtain A(z) < max{A4, Ag} + o(n*_l/z), where
Ay = sup |P{U < Az} — H(z)|, Ap = sup |P{U < Bz} — H(z)|.
|z|<log n. |z|<log n.

It is easy to show (for instance, by using Chebyshev’s inequality) that P{|A—B| >

nIS/l‘r’} = o(n*_l/2). Since xH'(x) is bounded this implies A4 < Ap + 0(n§1/2).

Finally, an application of (2.11) gives Ap = o(n*_l/Z)

of the bound A = o(n*_l/z).

thus completing the proof
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