1. INTRODUCTION AND RESULTS

Let X, X7, X5,... be independent and identically distributed centered random
variables with EX? < oo. By the central limit theorem, the distributions F}, of the
normalized sums S,, = n~'/2(X; +--- + X,,) converge to the normal distribution
N(0,0?), where 02 = EX%. Assume that the distribution of X has an absolutely
continuous component (with respect to Lebesgue’s measure A). Then the distri-
bution Fj, has an absolute continuous component too. Moreover, this component
becomes dominant as n — oo, and it’s density p,, converges to the density g of the
limiting normal distribution N(0,02) in L; metric

“+oo
(1.1) / ipn(z) — g(x)|dz — 0.

— 00

This version of the local limit theorem is due to Prokhorov (1952), see also Ibrag-
imov and Linnik (1971). Prokhorov’s local limit theorem extends to random vec-
tors with values in a finite-dimensional Euclidean space, see Mamatov and Halikov
(1964).

Note that (1.1) ensures the normal approximation of the probabilities
P{S,, € B} uniformly over the class of all Borel sets:

(1.2) sup{|P{S,, € B} — G(B)| : B is a Borel set} — 0.

Here G denotes the limiting normal distribution. Furthermore, it is easy to see
that (1.1) and (1.2) are equivalent. Sazonov and Ulyanov (1979), Senatov (1980),
Sazonov (1981) provide bounds for the convergence rate in (1.2) in the central
limit theorem in RF.

In the present paper we study the validity of (1.2) in the case of infinite-
dimensional central limit theorem (CLT). Let E be a separable Banach space
with the norm || - ||. Given a signed measure p, defined on the class of Borel sets
B(FE) of E, let |u] denote the total variation

|ul = sup{|u(B)| : B € B(E)}.

Let X', X?,... be independent random variables with values in F and with the

common distribution F. Assume that the distributions F,, of S,, = n—/ 2(xt+

-+ X"™) converge weakly to a Gaussian distribution G. We are interested in what

extra condition on F' would ensure the validity of (1.2). Yu. A. Davydov (1989)

poses the question whether the infinite-dimensional analogue of Prokhorov’s local

limit theorem with A\ replaced by G holds: does the assumption that F has a
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component which is absolutely continuous with respect to G implies |F,, — G| — 0.
In the present paper we give the negative answer by constructing an example of [5-
valued random vector which satisfies CLT. Although its distribution F' is absolutely
continuous with respect to the limiting distribution G, the total variation |F,, — G|
is bounded from below by a positive constant for some sequence ni — oo, see
Theorem below.

Our result is negative. There are also positive results related to (1.2) for the
infinite-dimensional CLT. Rachev and Yukich (1989) showed the bound |F,, — G| <
273/2n71/2 subject to the condition v5(F,G) < 14 2(3/2)3/2, where v(F,G) =
sup{|h|*|(F — G) * Gy| : h € R}. Here p * s denotes the convolution of signed
measures p and s, and G, (B) := G(h™'B), for B € B(E). Clearly, the above
mentioned result provides a sufficient condition for (1.2) to hold. However the
relation between infinite-dimensional distributions F' and G imposed by this con-
dition is rather complex, see, e.g., Bloznelis (1989). Note that this is not the case
for finite-dimensional F' and G because in this case the quantity v;(F,G) can be
easily handled using the differentiability of the density function (with respect to
Lebesgue’s measure) of the Gaussian distribution Gy,. In particular, v; is compa-
rable with Zolotarev’s ; metric, for E = RF, see Rachev and Yukich (1989).

Let Y be a centered Gaussian random variable with values in the space o (= the
space of real sequences x = (1,22, ...) such that ||z||*> = > 27 < 00). We assume
that the distribution G of Y is infinite-dimensional, that is, P{Y € L} = 0 for
every finite-dimensional subspace L C 5.

Theorem. For every infinite-dimensional Gaussian random variable Y with val-
ues in ly there exists a random variable X' with values in ly such that

(1.3) EX' =0, covX'=covY, E|X|" <oco, forevery r >0,

the distribution F of X' is absolutely continuous with respect to the distribution
G and

(1.4) limsup |F,, — G| > 0.

Note that (1.3) is sufficient for the CLT (the weak convergence F,, = G).
Remark. Theorem extends to random variables with values in an arbitrary
(infinite-dimensional) separable Banach space.

2. ProoF

Before the proof we introduce necessary notation. Let R>° denote the linear space
of real sequences y = (y1,y2,...) and 7, : R* — R denote the k-th coordinate
projection, so that 7 (y) = yx. The space R* is a measurable space with respect to
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the o-algebra B generated by the cylindric sets 7, ' (By) N7y ' (Ba) M-+ Ny ' (By),
where, By, ..., By, k=1,2,... denote Borel subsets of R. By e!,e?,... we denote
the coordinate vectors of R™ so that m(e’) = 0 for k # i and 7;(e’) = 1. For
y € R we also write y = Y. y;e".

Let n1,7m2,... be independent standard normal random variables. The sequence
n = (n1,m2,...) is a random vector with values in R*>°. Let N denote its distribu-
tion (a cylindric probability distribution on R*°).

Proof. The proof consists of three steps. The first step provides a construction of
a probability distribution F on R*> which is absolutely continuous with respect to
N (N-absolutely continuous for short) and satisfies (2.5) and (2.6). In the second
step we show (1.4) for sums of R°°- valued random variables with the distribution
F. In the third step using the canonical representation of an [y-valued Gaussian
random variable we construct a linear operator R* — [5. The image of F provides
the principal component of the distribution of the random variable X! from the
theorem.

Step 1. In order to keep the presentation simple we prove a variant of the theo-
rem for a distribution F which has an N -absolutely continuous component only.
Obvious changes that lead to N -absolutely continuous distribution are indicated
at the end of the proof.

Introduce the probability distribution on R*>

i>1

point z;e’ (respectively —xz;e’). Furthermore, A4 denotes the restriction of A/ on
the set A

Here, for x; > 0, we denote by d,, (respectively d_,.) the unit mass placed at the

A={x e R : |mi(z)| <a;,i=1,2,...},

that is, Na(B) := N(ANB), for any B C B. Here a; = 4/In(i + 2) for i > 2 and
we choose 0 < a1 < 1 such that N'(A) = 1/2. To see that such a choice is possible
write N (A) = Pi(a1)Ps, where Pi(a) = P{|m| < a} and

P=][P{lnl <a} =1 =) P{im| > a;}

i>2 i>2

and note that P;(1) > 0.59 and P, > 0.99.
Introduce the sequence

o? =Efl{n € A} = N(AE(|? <a?), i>1

Clearly, 02 — N(A) = 0.5 as i — oco. From the fact that the function z —
E(n?|n? < x?)is increasing for x > 0, we conclude that the sequence {02} increases
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together with the sequence {a;} for i = 1,2,.... Moreover, a simple calculation
shows that o3 > 1/3. Therefore

(2.2) 02<05, for i>1, and o2 >1/3, for i>2.

We complete the description of the probability distribution (2.1) by specifying the
numbers p;, z; > 0. Denote N = 2¥*! and introduce the sequence {n;}, where
n1 = 1 and ng = 245 for k > 2. Write

I ={i: nk <i<ngyi}, k=1,2,...,
and put, for ¢ € Iy,

b :xi_2<1 _01‘2)5

where the numbers A; > 0 are specified in what follows. The function
2

1—o0;
f(Ank.a v 7Ank+1*1) - Z 16Nka$(1 + A;)2

i€l

is continuous and decreasing with respect to each of it’s arguments and satisfies

1/2 1/2
F0,...,0) > 1> f(n/2, ... /7).

The first inequality follows from the inequality 1 —o? > 1/2, see (2.2). The second

inequality is obvious. Therefore, one can find 0 < A; < nifl, 1 € Iy, such that

Fmpse s Ay 1) = 1.

We use these values of A; to define x; by means of (2.4). From (2.3) and (2.4) we
obtain

Zpi = Nk;_lf<Ank7 oo 7Ank+1—1> - Nk;_l

=
This implies ), p; = 1/2 and, therefore, the formula (2.1) defines indeed a prob-
ability distribution on R*°.

Let £ = (&1,&2,...) be a random element with values in R* and with the distri-

bution F. Note that (2.3) implies

(2.5) E¢ =0l +aoipi=1, i>1
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Since the distribution F is symmetric, we have

Step 2. Let &',€2,... be independent random variables with values in R> and
with the common distribution F. Write SF = &' + .. 4+ £7. We shall show that

(2.7) limsup (N (T)) — P{Sx, € VN, Ti}) > (1 —e™1)/2,

k—o0

for cylindric sets Ty, = Nicr,m; '([—ai, ai]). Let L(y) = > icr, mi(y)e' denote the
projection of R on the linear subspace Ry generated by the coordinate vectors
e!,i € Iy. The Borel o-algebra of Ry is denoted by B(Ry). By H we denote
the probability distribution of the random vector Z = L(§) = >_,c; &€ which
takes values in Ry. Let Z1, Z5,... be independent random vectors in R with the
common distribution H. By H" we denote the r-fold convolution of H. That is,
P{Zi+---+Z, € B} = H"(B), for B C B(Ry). In particular, the probability in
(2.7) equals

(2.8) P{Sy € VNT,} = HY(V), for V =+VNL(T}).

Here and below we write N = N}, for brevity. In order to prove (2.7) we shall
show that

(2.9) HYV)<(1+0-N"1HNMy)2.

Indeed, this inequality together with limy_,oo N (7)) = 1 implies (2.7).
Let us prove (2.9). Split H = Hy + Hj, where

Hy, = Z pz<5a:1 + 67x1)/27
i€l
and where Hy = H — H; is a positive measure with the support set L(Ax) = L(T}).
Note that, for i = 1,2, the total variation |H;| = sup{H;(B) : B € B(Ry)} satisfy
|H1|:Zpi:N_17 |H2|:1_|H1|:].—N—1

iEIk

Let us write the probability of (2.8) in the following form

Jj=1

(210)  BY(V) = (H, + )V (V) = BY (V) + S (]JV ) HIHY (V)



where H;H; denotes the convolution H; * H;. That is, for B € B(Ry),

k

Note that the first summand in the right of (2.10) does not exceed
Hy' (V) < |Hy'| = [Ho|Y = (1 - N"HY.

Now consider the measure H { H. 2N ~7 in the case where j is odd. Clearly, H f (B) =0,
for every Borel set B € B(Ry) such that BN By = ), where

(2.11) By = {Z rixie’ o r; € {0,£1,42,...}, r; # 0 for some i € Ik} C Rg.
i€l

Furthermore, the support (N — j)L(T}) of the measure H 7 is a subset of
N L(Ty). Since By does not contain the zero vector 0 € Ry and, by (2.4),
x; > 4Na; we conclude that the sets By + N L(T})) and V' do not intersect. There-
fore,

(2.12) HIHY (V) =o0.

Now consider the measure HfHéV_j for even j. Split H{ = Q+ R, where Q(B) =
HJ(0 N B), for B € B(Ry). Arguing as in the proof of (2.12) we conclude that
HIHY (V) = QHY7(V). Furthermore, the identity |Q| = H?(0) and the
inequality (which is proved at the end of this step)

. . ,] . 1 .] .
(2.13) HI(0) < |H{](j/2)2 = L (j/Q)z j
implies
210) Y V) = QY ) < QUAY T = (1,)27 5 00— 3

This inequality in combination with (2.12) and (2.10) yields

HN(V) < (1- %)N + ; <J2\i>(;])21(1 — %)N—% (2;>2—2i.

Since (J.;Z)Q_j < 27! the right sum is less than

S () ra- oy ssu-a- M
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We arrive at (2.9).
Let us prove (2.13). Given an even number j, let s, ... 37 be independent

random vectors with values in Ry and with the common distribution P{s! €
B} = |H1|_1H1(B), for B € B(Rk) Write

L =L.ica, M = {x': i € I} C Ry.

Clearly, I,...,I; are independent Bernoulli random variables with the success
probability P{I; = 1} = 1/2. The event {s! +--- + s/ = 0} is a particular case
of the event {1 + --- + ]I;' = j/2}. Therefore,

pr=Pld 4 =0} SP{L -+ 1= j/2) = (j%)”

This implies (2.13), since H (0) = |H, |/p*.

Step 3. Given ls-valued Gaussian random variable Y one can find a sequence
of orthonormal vectors {d'} C Iy such that almost surely Y = > s,;Y;d", where
Y1,Y5, ... is a sequence of independent standard normal random variables and
{si} is a sequence of square summable non-negative integers. Choose an integer
sequence 7 T 400 such that s,z < 1 for k = 1,2,.... We can assume that
N = Yy, . Define the random variable X = )", X,;d' with values in Iy, by putting
X; = s;Y; for i # {rp} and X; = ;& for i € {ry}. Clearly, the random variable
X satisfies (1.3) and (1.4).

In order to obtain a distribution which is absolutely continuous with respect to G
we replace the point masses d,, and d_,, by measures H,, and H_,, that concen-
trate around the points x;e’ and —z;e’ respectively and are absolutely continuous
with respect to N. In this way one obtains a distribution on R* which satisfies
(2.5) and (2.6). Further steps of the proof remains unchanged.

APPENDIX

Here we provide details of the proof in the case of G-absolutely continuous dis-
tribution F'. In Step 4. we construct a probability distribution F; on R* such
that: Fy is absolutely continuous with respect to N, the first and the second order
moments of F; and N coincide and

limsup |FN (VN Tn) — N(Ty)| > 0,
N

for a sequence of cylindric sets Ty C R*. This inequality is verified in Step 5.

Step 4. Let the sequences {ny}, { Ny} and sets I}, C N be the same as above. Let
a > 0 denote the solution of the equation E(nf|ni < a?) =1/2. For k = 1,2,...
introduce the sets A, C R>®

Ap=AnAL A= () 7' (~ad), Al= () = (-a;a).

1€1K41 JEN\ITp 1



Define positive measures G on R*°. For a Borel set B € B put

P{n? < af}

Gr(B) =m'N(4xnB),  where my= [] $5= 0

1€l 41

Clearly, |Gk‘ = Gk(Ak) = m,;l./\/'(Ak) = N(A) = 1/2.
Define the probability distribution on R>

Fl :NA+Z %(Hmz +H—$i)7

i>1
where for i € I} we put H,,(B) = Gi.(B—xz;e") (respectively H_,, = Gj(B+z;e')),
for B € B. The sequences of positive numbers {p;} and {x;} are determined below.
Since F is a probability distribution we have |Fy| = 1. This together with the
identities |[N4| = 1/2 and
| Ho, | = [H 0| = |Gk[=1/2, i€y, k=12,...

imply > . p; = 1. The last identity is satisfied provided that

(3.2) =27 k=12
We shall construct the sequence {p;} so that (3.2) holds.
Firstly, define p; and z; for ¢ € I;. Put
p]l =2(ny —nq), 1 <7< nsg.
This yields (3.2) for k = 1. Given i € I, we define z;. The function
gi(x) = N(AE((n; + 2)?|n} < af) — o}

is continuous, ¢;(0) = 0 and g;(x) — 400 as © — oo. Therefore, there exists
x; > 0 such that

(3.3) gi(zi) = p; ' (1 - 207).

Here we use the fact that 1 — 202 > 0, see (2.2).
Let us show that

(3.4) v? =1, where v} = /ydel(y).
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Here y; = m;(y) denotes the i-th coordinate of y = (y1,y2,...) € R*°. Denote

Sij = /y?dﬂxj (y) = /y?dej(y)

We have
(3.5) v? =02 + ijsij.
j=1

For i € I} and j # i we have s;; = 0. Therefore, the right sum in (3.5) equals
o2(1 — p;). From (3.5) we obtain

v} =07 + 07 (1 —pi) + pisii-

Finally, (3.4) follows from the identities (3.3) and s;; = g;(z;)+0?. For convenience
we include the proof of the last identity

511 = / (21 + y:)?dC1 ()

G4y
T P{n? <a?}

= G1(ADE((n; +2:)* | n? < a?)
= gi(xi) + 07

E(ni + 2:)*Lp<q,

In the last step we use G1(4;) = N(A).
Let £ =2,3,.... For i € I, write

pi = 2riz; 2,

ri=1—202 4 217% (0% —471),
where the positive numbers A; are specified in what follows. The function
T

h(Bnys -5 Bagyy-1) = Z 16a2(1+ A)2N,

1€l

is continuous. Using the inequalities (which follow from (2.2)) 67127% < r; < 1,
it is easy to show that

h(nllgfla te 7n]1€f1) < ]- < h(O, e ,0)
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Therefore, there exist numbers 0 < A; < n,ifl, for ¢ € I, such that

(3.8) h(Ap, .., A )= 1.

ne4+1—1

We use these numbers A; to define x; in (3.7). It follows from (3.6), (3.7) and
(3.8) that (3.2) holds

2 2 _
ZPZ: mh(Ank,...,Ank+l_l) = Tk :2 k.

Let us show (3.4), for i € I;. To this aim, given i € Ij, we evaluate s;;, j € N.
We have

sij = 03, JENN\ I, J#1,
sij = Gr-1(Ax—1)E(7|n} < a®) =471, J € i1,
sii = Gr(A)E((ni + 2:)?| 0] < af) =07 + 27 /2.

Here we use the identities Gi(Ax) = N(A) = 1/2, for every k = 1,2,3,....
Collecting these expressions in (3.5) we obtain (3.4).

Step 5. Let Z = (Z1,Z5,...) be a random variable with values in R and with
the distribution F;. By the construction of the distribution F; we have EZ? = 1
and EZ; = 0 and EZ;Z; = 0, for j > ¢ > 1. The latter two identities follows from
the fact that Fi is symmetric.

Let Z',Z2,... be independent random variables with values in R> and with the
common distribution Fy. Write S¥ = Z! + --- + Z". We shall show that
(3.9) limsup(N (Ty) — P{Sy, € VN Ti}) > (1 —e1)/2.
k—o0

By H we denote the image L(Fy) of the distribution F;. We have H = H, + H,,
where

=Y B (L) + L(H-,,)
i€ T,
and Hy = L(F,) — H,. Here L(H,,) denotes the image of the measure H,,. Note
that for large ¢ we have a; > a. We assume that k is large enough so that the latter
inequality holds. Therefore, the support of the measure Hy is the set L(Ty) (=T
for brevity). The support of the measure L(H,,) is the set zje/ + T} Note that

=Y (|H,, )

iEIk

I
o 2  9k+1 T N
1€l

+H-,
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Therefore,
(3.10) |Hy| =1~ |Hy|=1— N, "

In order to prove (3.9) we proceed as in the proof of (2.7). That is, we shall show
(2.9). To this aim we prove that (2.12) and (2.14) holds in the present situation
as well.

In what follows B denotes a Borel set in R. To prove (2.12) note that, for j odd,
H{(B) = 0, provided that BNB} = (), where B} = By+jT}, and where By C Ry, is
defined by (2.11). Similarly, H3'~7(B) = 0, for every B such that BN(N —j)T; =
(. Therefore, H) HY ~7(B) = 0, provided that B N (Bf + (N —4)T;) = 0. Since
|z;| > 4Naj;, the sets B + (N — j)T and V = VN T} do not intersect. Thus,
(2.12) follows.

Let us prove (2.14). For even j we have HY (B) = 0, provided that BN(jTyUB}) =
0. Split H f = Q + R, where Q (respectively }N‘Z) denote the restriction of H f on
the set jT} (respectively BY). In particular, Q(B) = H](B N jT}). The same
argument as above shows RI:IéV —d (V) = 0. Therefore,

(3.11) H{Hy (V) = (Q+ R)Hy (V) = QHy (V).

Proceeding as in the proof of (2.13) we obtain |Q| < N—J (j;2)2_j. It follows from
this inequality, (3.11) and (3.10) that

- o~nr -~ o~ . ] 1 1 s
ALY () < QUL < (],)27 5 (= 50,

We arrive at (2.14), thus, completing the proof of (3.9).
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