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Abstract. For symmetric asymptotically linear statistics based on simple ran-
dom samples, we construct the one-term empirical Edgeworth expansion, where the
moments defining the true Edgeworth expansion are replaced by their jackknife es-
timators. In order to establish the validity of the empirical Edgeworth expansion
(in probability), we prove the consistency of the jackknife estimators.

1. INTRODUCTION

Given a set X = {x1,...,zn}, let X = {X;,..., X,,} denote a simple random
sample of size n < N drawn without replacement from X. That is, for every n-
subset B C X, we have P{ X = B} = (];])_1. Let ¢ be a real function defined on
n-subsets of X. We write ¢(X1,...,X,) to denote the value of ¢ at a (random)
subset X. The random variable T' = ¢(X1,...,X,,) is called a symmetric finite
population statistic. “Symmetric” refers to the fact that T is invariant under
permutations of the sample.

Bloznelis and Gotze [10], [11] constructed the one-term Edgeworth expansion

for the distribution function
F(z)=P{T - ET < zor}, o3 = VarT.

Here
7> =Npg, p=n/N, q=1-p.
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The moments
CVZO'l_SEg%(Xl) and /Q:0'1_37'2Eg2(X1,Xg)gl(Xl)gl(Xz) (11)

refer to the linear part ), g1(X;) and the quadratic part )
effding’s decomposition

gg(Xi,Xj) Of HO—

1<J
1<i<n 1<i<j<n
Here we assume that the linear part does not vanish, that is,
o >0, where o? =E g} (X,). (1.3)

For basic facts about Hoeffding’s decomposition of finite population statistics,
we refer to [10]. Functions ¢g; and g2 can be expressed by linear combinations of
the conditional expectations hy(z) = E (T’| X; = ) and ho(z,y) = E (T| X; =
x, Xo = y), where 7" =T - ET,

N -1

g1(x1) = ——ha(1), (1.4)
N —2 N -3 N -1
gg(l'l,xg): N—n N—n_1 (hg(xlyl'g)— N _o (hl(l'l)—f-hl(xg))
Expressions for higher order symmetric kernels gi, k = 3,4, ... ,n, are determined
in [10].

Note that, in order to write a one-term Edgeworth expansion, one does not need
to evaluate all terms of Hoeffding’s decomposition, but the moments of the linear
and quadratic parts only. Even this problem can be difficult to solve. In such
cases, one can use the empirical Edgeworth expansion

Gla) = @(x) - LR 0 (@),
where the true moments « and k are replaced by their estimators. In the present
paper, we consider the jackknife estimators & and #; see (1.5) below.

In order to define the jackknife estimators we need few additional observations.
In what follows, {X1,..., X}, m =n,n+1,n+2, denote simple random samples
drawn without replacement from AX. It is convenient to represent the sample
X1,..., X, by the set of first m variables of the random permutation (X1, ..., Xy)
of the ordered set (z1,...,2N).

For1<k<n+1,1<r<n+2,and 1 <i# j <n+ 2, denote

Vi=T-Tg, Ve=T-T¢), Wiy=T-Tu Ty + Ty,
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where
1 w 1
T= 173 > T Toy= 77 Yo Tuy
k=1 1< <n+2, j#r

~
I

e > Ty,

2 1<i<j<n+2

and where Tz = ©(X1,..., Xk—1, Xps1,..., Xy, Xpny1) denotes the value of ¢ at
the n-set of observations {Xi,..., Xp11} \ {Xx} and T}, ;) denotes the value of ¢
at the n-set of observations {X1,..., Xp4+1, Xnyo} \ {Xi, X;}.

Write

N
+

1 n+1

~92 2 ~ \/ﬁ 3
07 = Vkv oy = &3 E:Vk7
k=1 T k=1
. 2+/n ~ ~
Rj = —73 Z WZ]VZVJ

9

1<i<j<n+2
We show in Lemmas 2.1, 2.2, and 2.3 below that

&= ay, 62 = q62, and &= qhy (1.5)
are consistent estimators of a, J%, and k.

There is a rich literature devoted to jackknife variance estimators of statistics
based on independent observations; see, e.g., [26] and references therein. It is
well known that the classical Quenouille-Tukey jackknife estimator of variance 63
is asymptotically consistent provided that the underlying statistic is sufficiently
“smooth”; see, e.g., [19], [20], and [27].

In order to obtain a consistent variance estimator in the case of samples drawn
without replacement, one needs a finite population correction; see (1.5).

Beran [5] and Putter and van Zwet [23] used jackknife estimators of moments
(corresponding to a and k) to define empirical Edgeworth expansions for statistics
based on independent and identically distributed observations. Putter and van
Zwet [23] proved the consistency of the estimator & ;. However, their estimator of
K

Ay =2vnoyt Y WY,

1<i<j<n+2

involves an unspecified quantity V,, 2. Replacement of V; and V; by V; and f/j in
A results in the estimator # J, which is a symmetric statistic of the observations
X1,...,Xnt2. The consistency of 4 in the i.i.d. case can be proved by using the
argument of Lemma 5.2 of [23].
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In order to obtain a consistent estimator of x in the case of samples drawn without
replacement, we introduce a finite population correction; see (1.5).

The moments a and x are related to the linear and quadratic parts only. In
order to establish the consistency of & and & we impose appropriate smoothness
conditions which control higher order nonlinear terms of the decomposition (1.2).
The smoothness conditions are formulated in terms of second moments of finite
differences. We write n, = min{n, N —n} and define

DT = o(X1,..., Xn) —o(X1, .., Xjo1, Xja1, oo X, X)), X = Xy

Higher order difference operations are defined recursively:
DIviz T — iz (Dle), DJrdzadsp — Dis (Djz (Dle)), L
They are symmetric, i.e., D7172T = D321 T etc. Given k < n,, we write
5; =6,(T) =B (nY"VD,7)°, DT =D">T, 1<j<k  (L6)

The paper is organized as follows. In Section 2, we formulate our results. Proofs
are given in Section 3. Some more technical calculations are postponed to Section
4. In Section 5, we collect moment inequalities for different parts of the decom-
position (1.2). In Appendix 6, we estimate the convergence rate in probablity of
finite population sample means.

Sections 4 - 6 will appear in the second part of this paper “Empirical Edgeworth
expansion for finite population statistics. II,” which will be published in another
issue of this journal.

2. RESuULTS

To make the presentation mathematically rigorous we introduce the following
model. Let X, = {x1,,...,2n,.,}, v =1,2,..., be a sequence of populations,
and let T, = ¢, (X1,,...,X,, ) be a sequence of symmetric statistics. Here
X1y, Xn, ., denote a sample of size n,, < N, drawn without replacement from
X,. Write

7—3 = Nupuqu, bv = nl//Nl/7 9@ =1-py, O-%’z/ = VarT,,

and let o, £, and o7 |, denote the moments defined by (1.1) and (1.3) with respect
to the Hoeffding decomposition

Tl/ — ETI/ + Z gl,u(Xi,V) + Z g2,1/(Xi,Z/a Xj,u) + ...

1<i<n, 1<i<i<n,
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Given v, by 62, &,, and &, we denote jackknife estimators of 0’%,}, a,, and Kk,
defined by (1.5). Furthermore, write &, = aiiglvy(Xl,V) and denote

U(t) = |E exp{it, }, Bs =E&[°, Ben(€) = EL& I g, jser2,

Ys,v = 01_7131733 E |92,I/(X1,V’ X2W)|87 5k,y = 5k<Tu>7 Cl/ =017y

We assume that there exist absolute constants 0 < (7 < Cy < oo such that
C1<0},<Cy, v=12,.... (2.1)

Furthermore, we assume that min{n,; N, — n,} — oo as v — oo. In particular,
we have 72 — oo and N,, — oco.
2.1 Edgeworth expansions.

Theorem 2.1 below provides the one-term Edgeworth expansion

G, (x) = B(z) — AP I gy
for the distribution function F,(x) = P{T, —ET, < zor,}.
For particular classes of statistics that are smooth functions of finite population
sample means, Edgeworth expansions were constructed by Babu and Singh [1]
and Babu and Bai [2]. Theorem 2.1 below provides a uniform analogue of the
corresponding result proved in [10].

Theorem 2.1. Assume that 1, — oco. Suppose that there exist positive numbers
C1,C5,C3, and s > 3, t > 2, sequences ¢, | 0 and n, T oo, and a positive
decreasing function ¢ on (0,+00) such that (2.1) is satisfied,

53,1/ S EuTy_la
ﬁs,y S CB; Yt S 037
and
U()<1-6(t), Gt <ll<n (2.4)

forv=1,2,....
Then there exists a sequence 1, | 0 depending on C1, Ca, Cs, s, t, {e,}, {n.},
and ¢ only such that, forv=1,2,...,

sup |F, (z) — G, (x)] < ¥, 7,7t (2.5)

Our main result Theorem 2.2 establishes the validity (in probability) of the em-
pirical Edgeworth expansion

éy(x) — (I)(I) . (qv — pv)éw + 3Ry ‘I)W(I).

67,
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Theorem 2.2. Assume that 1, — oco. Suppose that there exist positive numbers
C1,C5,C3, and s > 3, t > 2, sequences €, | 0 and i, T oo, and a positive
decreasing function ¢ on (0, +00) such that (2.1), (2.3), and (2.4) are satisfied and

0o, <eyn V3 83, <eyr) (2.6)

forv=1,2,....
Then there exists a sequence 1, | 0, depending only on Cy, Cs, Cs, s, t, {e,},
{nv}, and ¢ such that, forv=1,2,...,

P{sup|F, (z) - Gy(@)| > 7, '} <1y (2.7)

Note that conditions (2.1), (2.3), (2.4), and (2.2) (respectively (2.6)) define the
(uniformity) classes of sequences {(&X,,¢,), v = 1,2,...}, for which the bound
(2.5) (respectively (2.7)) holds uniformly. This way of formulating results is conve-
nient for applications like sub-sampling (see [21], [3], and [8]), jackknife histogram
(see [28], [25], [13]), and finite population bootstrap (see [7], [14], [1], and [12]). All
of these resampling schemes deal with classes of sequences {(X,, ¢, ), v =1,2,... }.

Empirical Edgeworth expansions for distribution functions of symmetric statistic
based on ii.d. observations were studied by a number of authors: Beran [5],
Bhattacharya and Qumsiyeh [6], Helmers [16], Hall [15], and Putter and van Zwet
[23], etc. The most general result yielding an empirical Edgeworth expansion for
symmetric statistic of i.i.d. observations was obtained by Putter and van Zwet
[23]. Theorem 2.2 could be considered as an extension of their result to the simple
random sample model.

If n, /N, — 0, the simple random sample model approaches the i.i.d. situation.
In the i.i.d case, Theorem 2.2 remains valid, with ¢, (respectively p,) replaced by
1 (respectively 0), and with 7, replaced by y/n,. In the definition of §;(T,) (see
(1.6)), one should also replace n, by n,. Note that, even in this case, Theorem
2.2 differs from the corresponding i.i.d. result of [23], where the smoothness con-
ditions are formulated in terms of variances of higher order parts of Hoeffding’s
decomposition of statistics. In particular, in order to verify such conditions one
should be able to estimate the variances of cubic and higher order parts of the de-
composition. Although our smoothness conditions (2.6) do not refer to Hoeffding’s
decomposition, they, in fact, control the higher order parts of the decomposition
as well. An advantage of our conditions is that they are much simpler and easier
to handle.

The moments dj are estimated in [10] for general U-statistics and smooth func-
tions of sample means. In particular, for U-statistics, we typically have 65, =
O(7,72) and, for smooth functions of sample means, we have 5, = O(n;*1).
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In the case where lim sup, n, N1 <1 —§ for some 0 < § < 1, we have that, for
large v, 72 < n,, < 672, In view of (3.16), condition (2.6) follows from

03, < El,Ty_l and Yo < C3 forsome t>2 and C3>0.
2.2. Consistency of jackknife estimator of variance.
Lemma 2.1. Assume that (2.1) holds. Suppose that 2, = o(1), 17, — 0o, and
Ve > 0, B3, (e) = o(1) as v — 00. (2.8)
Then
Vo >0, P{|52 - U%V| >0} =o(1) as v — 0. (2.9)
Remark 2.1. Assume that (2.1) holds. Suppose that there exists a positive se-
quence €, | 0 such that d2 , <¢e, and
B3, (ev) < e, v=1,2,.... (2.10)

Then there exists a positive sequence v, | 0 depending on C7,C5, and {¢,} only
such that
P{6) 07, >} <th, v=12.... (2.11)

Remark 2.2. Condition (2.10) is satisfied if, for some s > 2 and C5 > 0, we have
Bs < Csforall v =1,2,.... Indeed, the inequalities

B5,,() < (17e)' %8s, < (re)'~/7Cy
imply (2.10) with &, = C2/*7, 2T/,

2.3 Consistency of jackknife estimators of o and k.

Lemma 2.2. Assume that (2.1) holds. Suppose that T, — oo and a3, = o(n;l/s),

and, for every € > 0,
B5.,(e)=0(1), B3, =0()
as v — 00. Then
Vo >0, P{la, —a,| >} =0(1) as v — 00. (2.12)
Remark 2.3. Assume that (2.1) holds. Suppose that there exist an absolute
constant C3 > 0 and a sequence ¢, | 0 such that d2 , < e, n, SY3 and
53,1/(511) < ey, and B3, < C3 (2.13)

for v = 1,2,.... Then there exists a positive sequence 1, | 0 depending on
C4,Cs,C3, and {¢,} only such that

P{la, — ay| >} < ¢y, v=1,2,....
Remark 2.4. Condition (2.13) is satisfied if, for some s > 3 and C5 > 0, we have
Bsy < Cs for v =1,2,.... Indeed, the inequalities (3, < 53/ 7

Bi0(6) < () < () Ch
imply (2.13) with ¢, = 03/8 ~2+6/s

and



8 M. BLOZNELIS

Lemma 2.3. Assume that (2.1) holds and 1, — oo as v — oo. Suppose that
(2.3) is satisfied with some s > 3 and t > 2. Assume that, for some ¢, | 0,

03 < ey, v=1,2,....

Then there exists a sequence 1), | 0 depending on Cy,Cs,Cs, and {¢,} only such
that

P{|k, — ku| > Yo} <y, v=12,.... (2.14)

3. PROOFS

In order to simplify the notation we drop the subscript v whenever this does not
cause an ambiguity. By ¢ we shall denote positive absolute constants.
For k =1,2,... and = € R, write

Q. =A{1,...,k}, ]y =2x(x—1)...(x —k+1), [x]o = 1.

By A; we shall always denote a subset of Qy of cardinality |A4;| = j.
Given a function f : X — [0, 400), subset A = {i1,...,ix} C Qn, and j € Qn\ A4,
the following inequality holds:

E(f(X)| X Xi) = o > fX) < o BAX). (31
keQn\A

We shall often use the inequality, which is an immediate consequence of (3.1),
B f(Xi)f(X;) < N(N = 1) /(B f(X,))* < 2(E f(X3))*.

Since Hoeffding’s decomposition and its properties play the central role in our
proofs, we collect basic facts about the decomposition in a separate Subsection 3.1.
Proofs of these facts can be found in [10]. In Subsection 3.2, we prove Theorems
2.1 and 2.2. Lemmas 2.1-3 and Remarks 2.1 and 2.3 are proved in Subsection 3.3.

3.1. Let U; denote the j-th sum in (1.2),

Uj: Z gj(Xila---aXij)'

1<i1 << <n

Given 1 < j < n, the kernel g, satisfies E g;(X;,,...,X;,) =0 and

vy

E (9;(Xiy, -, X)) | Xiysoo s Xk, ) =0 ass. (3.2)

™
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for every 1 <i; <--- <i; <nandevery 1 <k; <--- <k, <n such that r < j.
In particular, we have
Egj(X1'17~--aXij)gr(Xkla---kar) =0 (33)

By (3.3), the random variables U; and U; with i # j are uncorrelated.
In the case where T is an U-statistic of arbitrary fixed degree k, that is,

(1, .., Tp) = Z hziy, .- x4,)
1< << <n

for some symmetric kernel h, we have U; = 0 almost surely for every j > k.
In the case where n > N/2, we have U; = 0 almost surely for j > N — n.
For evey 7 < n,, the following identity holds almost surely:

U; = (—1)YU}, Uj = > 9i( Xy, X)), (3.4)
Ny 1<iy < <i; <N
Therefore, by (1.2), we have almost surely (see (2.7) and (2.8) in [10])

T-ET=Ui+--+U,, =(-1)Uj +---+ (-1)™U,,_. (3.5)
Furthermore, since U; and U; are uncorrelated, we have
o7 =EU{ +---+EU... (3.6)
Conditioning on X7 = y1, ..., X;, = Yn, we obtain from (3.5) that

So(ylu---7yn):ET+Z Z gk(yiw"’ayik) (37)

k=1 1<i;<-<ip<n
for every {y1,...,yn} C {x1,..., 2N}
Given A = {i1,...,%;} C Qn, with 1 < j < n, write Ty = g;(X;
denote T; = ¢1(X;) and Tj; = g2(X;, X;).
Given a class H of subsets A C Qu with cardinality |A| < n., introduce the
random variable S = 4, T'a. Split

S=ULS)++Un(S), Ui(S)= Y T,

., X;;) and

19

AjeH
By (3.3), ES? =EU?(S) +--- + EUZ_(S). In particular, given k < n,, we have
E (DyT)? = EUZ(DyT) + -+ + EU,, (D,T)>. (3.8)

For A, B C Q) with |A| = |B| = j < n and |A N B| = m, write
07 =ET%,  Sjm=ETaTg.
It is easy to derive from (3.2) (see Lemma 1 of [10]) that

. N\ !
Sjm = (—1)77™ (j B ﬂi) O'JQ-, 0<m<j<n. (3.9)
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Lemma 3.1A. (Lemma 2 of [10]). For 1 < i < j < n,, the following identities
hold:

n N-—-n
EUf:—%ﬁ%fﬁ, (3.10)
j
EU2 =2 'h JEUX(D;T), mJ:[ﬁmfjfh, (3.11)
EU? +--+EU2 <n; Vs, (3.12)
An application of (3.10) with j = 1 to the statistic 71 + - - - + T}, gives
E(Ty+ -4+ T.)? =k(N - k)(N —-1)"to?. (3.13)
3.2. We need the following lemma, which is proved in Section 4 below.
Lemma 3.1. Assume that (2.1) holds. Then
(? < Cy, (3.14)
0<02 —C*<8+(N-1)"1Cy, (3.15)
6o < 2°Con;tye +271n 105, (3.16)

Proof of Theorem 2.2. The theorem follows from Theorem 2.1, Remark 2.4, and
Lemma 2.3.

Proof of Theorem 2.1. Write A, = sup,, [P{Uy,, < (.} — G, (x)|, where
Uy = D, gwXi)+ D g2u(Xin, X0)
1<i<n, 1<i<j<n,

Theorem 1 of [9] provides the bound A, = o(7,!) as v — oo. Analysis of their
proof shows that, under conditions (2.1), (2.3), and (2.4), one can specify the
dependence of the bound on the parameters C7,Cs, C3, s,t, and the function ¢ in
the following way. There exists a sequence v, | 0 depending only on C, C5, Cs, s, t,
and ¢ such that

A, <7 v=12.... (3.17)

Write T, —ET, = U,y + Ry,y. Then
F(z) = P{Ugy < (2 —viz —vg)}, vy =1— Qy_laT,V, Vg = CV_IR{Z,}.
A Slutzky’s type argument yields, for every b > 0,
Sup [Fy(x) — Gu(z)| < Ay + I + I,

L= sup |Gy(z)—Gy(z—uviz—r)], I, = P{|vs| > b}.

z€R,|r|=b
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In view of (3.17), it suffices to construct a similar bound for I; + I5.
By C* we shall denote a constant depending on C1, Cs, Cs, s,t, and the sequence
{e,} only. It follows from (2.1), (2.2), and (2.3) via (3.16) and (3.15) that

07, — ¢l <C*r> and (0 >0 —CFr (3.18)

Combining Hélder’s inequality and (3.1), we infer from (2.3) that |a, | < C* and
|ky| < C*. Since the function ®(z) and its derivatives decay exponentially as z —
00, from these bounds we obtain the inequality I; < C*|vy| + C*b. Furthermore,
by (3.18), we have |v;| < C*7,;2. Therefore, I; < C*(r,;2 + b). Finally, by
Chebyshev’s inequality, (3.12), and (3.18),

I, <b?Evs < b 2(, 21,263, < C*b 21,263,

We obtain
Il + Ig S C'*(T_2 —|— b + b_zTy_z(ng,/).

v

Choosing b~ = Tl,s,l/?’, we obtain I; + Iy < 9,7, ! with some 1, | 0, thus,
completing the proof of the theorem.

3.3. Proof of Remarks 2.1 and 2.3. Let us prove Remark 2.1. Note that (2.9)
is equivalent to the following statement: there exists a sequence 1, | 0 such that
(2.11) holds. Analysis of the proof of Lemma 2.1 (see below) shows that one can
choose the sequence {1, } so that it depends on C7,C5, and {e,} only.

Remark 2.3 is obtained from Lemma 2.2 in a similar way.

Proof of Lemma 2.1. Using representation (3.7), we obtain

Vi =wv; + 1, 1<i<n+1, (3.19)
M %
1 .
V; = Z (]Iz'eAl - m)TAN Ty = Z Z (HieAj - %H)TAJ--
A1CQn41 Jj=2 A;CQni1

Therefore, we can write 62 = V2 + R, where

n+1 n+1 n+1
V2:va, R=2W; + W3, W1:Z7“ivi, W22:§ ri.
i=1 i=1 =1

By (3.15), 0% — (? = o(1). Therefore, in order to prove (2.9) it suffices to show
that

1qV? — (| = op(1) and qR =op(1). (3.20)
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To prove the first part of (3.20), write

n+1 n+1
V=27 -Y?/(n+1), Z=) T}, Y=)T.
i=1 i=1

We have, by Lemma 6.1, ¢Z — (? = op(1). Furthermore, Y?2/(n + 1) = op(1),
since, by (3.13) and (3.14), EY?/(n + 1) < (?/n < Cy/n.

In order to prove the second part of (3.20) it suffices to show that ¢gE W2 = o(1).
Indeed, by Cauchy—Schwarz,

qE [W1| < gEV W, < (qEVHY2(¢EWZ)'/2,
where ¢gE V? = E U < (5. Finally, by symmetry and (4.1),

qEW3 =q(n+1Eri = (7 + ¢Er] < & = o(1).

Proof of Lemma 2.2. Write & = WQ, where Q = (3673. Since the bound (33 =
O(1) implies (2.8), from (3.15) and Lemma 2.1 we obtain that @ — 1 = op(1). In
order to prove (2.12) it remains to show that

n+1
W —a=op(1), where W:n_lzvj?’afs.
j=1
By (3.19), W — a = Ry + 3R; + 3Ry + R3, where

n+1 n+1
. -1 3 -3 _ 1 2 -3
Ry=w—a, w=n E vjoy Ri=n E virjoy
Jj=1 Jj=1

n+1 n+1
Ry =n"" E Ujr?af?’, Ry=n""! E r;’af?’.
Jj=1 Jj=1

We shall show that R; = op(1) for 0 <1 < 3.

Write
Uj:Tj—’I“, T:(n+1)71(T1+"'+Tn+1).
We have
3 n+1 Tk
R0253—352L+351%—L+1%—04, Sk:n_lz Zk
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By (3.13), ES? < n~! and Er20;? < n~'. Therefore, S; = op(1) and r/o; =
op(1). Furthermore, Lemma 6.1 gives S5 —a = op(1) and S2 —1 = op(1). Hence,
we obtain Ry = op(1).

Let us prove that R; = op(1) for ¢ = 1,2,3. By Hoélder’s inequality,

Ry <w®PRY?, Ry <w'PRI?.

Note that w = Ry + « is stochastically bounded as v — oo. Therefore, it suffices
to show that Rs = op(1). Given ¢ > 0, we have, by Chebyshev’s inequality,

P{|R3| > e} < e ?BE|Rs|*3 < e 2Bn 1o 2n/35, = o(1).

Here we use the inequality (>, |r;|®)%/® < 3. 72, the bound (4.1), and the fact

that n.o? > (? = 02 +0(1) is bounded away from zero by (3.15) and (2.1). Lemma
is proved.

Proof of Lemma 2.3. For brevity, we shall prove the bound # — k = op(1) only.
Going along the line of the proof, one can easily see that the bound depends on
C, Cy, Cs, s, t, and {e,} only, i.e., that (2.14) holds.

Note that (2.3) implies kK = O(1) as v — oo. Indeed, by Cauchy—Schwarz and

(3.1),
k<o (BT2TE) 278/ < (NJ(N = 1)) 8,78 2.

Throughout the proof by 3" we denote the sum di<ic j<nio- Write
/ /
S = Z szv;‘/] and S = Zwijﬁiﬁj,

where we denote

wij =Ty — (n+ 1)~ HT; + Tj), (3.21)
1 n+2
~ n
b= (-1, To= ZlTj.
]:

3

Invoking the identity 2¢gn'/ 26;3 = 2¢*>76 73, we obtain

h—k=0632¢*1S — k) + (673¢ — )r.
By (2.1), (3.15), and Lemma 2.1, we have 672 < 0;3/2 + o(1) and 673¢3 —

1 = op(1). Therefore, in order to prove K — k = op(1) it suffices to show that
2¢°7S — (3k = op(1). We shall prove this bound in two steps by showing that

¢*7(S — s) = op(1), (3.22)
2¢*1s — *k = op(1). (3.23)
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Proof of (3.22). Firstly, we shall show that, for every i € Q,, 1o, and {7,j} C Q,,42,

Vi=1v; +7; and Wi = Wij + Tij, (3.24)

where E7? and E r?j satisfy

2 2
=2 1, -1 2 q0 q0 93
E7 <27 'n_ 0q, Erijgcn—; —{—CTQ —I—an : (3.25)

Using representation (3.7) for T(; jy, {7,j} C Q,42, we obtain

~ e n —k
T=Y ims X T

kzl AkCQnJ'_Q
T«
— n+1-—k
To=2 " 2 TeaTa
k=1 A CQnyo

Furthermore, invoking the identity I;¢ 4, =1 — L;c4,, we get
e - ~ n+l—k k
Vi=T-Tw=> Vi, Vik= Y W(LGAIC— m)ﬂxk-
k=1 ArCQpyo2
Note that f/i’l = v;. Therefore, the first identity of (3.24) holds with
P = f/z',Z S {717n*, (3.26)

In order to prove the second identity of (3.24), we write W;; in the following form
(cf. [22], pp. 74-75):

Wij =21+ -+ Zn., (3.27)
[k +1] k
Ly = Z < [n+2]z - (]IiGAk. —f—]ljeA,c) w1 + Lica, ]IjGAk)TAk~
ApCQn2

Denoting Ry = Z3 + --- + Z,,,, we obtain W;; = Z; + Z3 + Ry. Furthermore,
Z1+ Zy = w;j + Ri + Ry + R3 + Ry,

2 6
Ry = (n+1)(n+2) Z Tay, Ry = (n+ 1)(n+2) Z Tas
A1CQp 42 A2CQny2

2 2
Ry = ——— > | Ty Ry=——"+ > | Ty
EeQn2\{7} k€Qni2\{s}
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Finally, we obtain
Wij = wij +rij,  with ;= Ro+ -+ + Ry, (3.28)

The bounds (3.25) are proved in Lemma 4.2 below.
Using representation (3.24), we can write

S—s=R;+Ry+ Rs+ Ry + Rs,
Ry = z/:wij(ﬁifj +70;),  Ro= Z/:rij(ﬁm + 705),
Ry = z/:wijﬁ;fj, Ry = z/:rijfﬁj, Rs = z/:njﬁi@j.
Now (3.22) follows from the bounds, which are proved in Lemma 4.1 below,
¢*TR; =op(1), 1<i<5. (3.29)

Proof of (3.23). Write

!
S* = Z wijTiTj

and note that E¢?7|s*| = O(1) as v — oo. In particular, ¢?°7s* = Op(1) as
v — 0. Indeed, by symmetry and (4.4) we have

E ¢*7|s*| < ¢*127 [n + 2)9E |w1, Th T, | = O(1).

It is easy to see that (3.23) is a consequence of the following bounds:

q T(S—n (n+1)7%s") = op(1), (3.30)
¢*m(s* —Es*) = op(1), (3.31)
A :=2¢*mn%[n + 2];'Es* — (k= o(1). (3.32)

The bounds (3.30) and (3.32) are proved in Lemma 4.1.

Let us prove (3.31). In what follows, C\ denotes a positive constant which depends
on C1,Cs,Cs, s,t, and {e,} only.

The random variable

/

s —Es =) s(Xi,X;),  s(Xi,X;) =wiT,T; — Bw; T,
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is an U-statistic of degree two of the observations Xi,..., X, y2. Hoeffding’s
decomposition (1.2) represents it by the sum of the linear and quadratic parts
s* —Es* =L+ (Q, where

/
L= Z gik(Xi)7 Q:Zgg(XivXj)v
1<i<n+2
and where, by (1.4),

91(X5) = (n+ D7 (Xy),  g3(Xi, Xj) = s(X;, X;) — t7(X;) — 17 (Xj),
t(X;) = (N —1)(N —2)7'E (s(X;, X;)| X;).

In order to prove (3.31) we shall show that

7¢°L = op(1), (3.33)
7¢°Q = op(1). (3.34)

Let us prove (3.33). Since E [t*(X1)|%/® < CLE |wy,, T1T,|%/%, from (4.4) we obtain
the bound

E|gi(X1)|%° = (n+ 1)°E|t*(X1)|5/° = O(n/°77F). (3.35)

Let XT,..., X, denote a sample drawn with replacement from X. By Theorem
4 of Hoeffding (1963),

EIL<E| Y gixn)|”. (3.36)

1
1<i<n+2

Furthermore, by the Marcinkievicz—Zygmund inequality,

E| Y g <c 3 Elgi(X)% = Cln+ 2)E|g;(X1)[°.

1<i<n+2 1<i<n+2
In combination with (3.36) and (3.35), this inequality yields
E|[L|%/% = O(n!/577).
Therefore, we obtain E|7¢>L|%/® = O(772/%), and now (3.33) follows.

Let us prove (3.34). In view of (3.4), we can further assume without loss of
generality that n < N/2. In particular, n < 272.
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We first replace g5(X;, X;) by the truncated random variables
B(Xo X)LL,  L=Lpc, =71 Y%
Write M = 3" g5(X;, X;)L,I;. By symmetry and Chebyshev’s inequality
P{Q £ M} < P{ max [T >n} < (n+2)P{Ti] > 1}

< (n4+ 2 PE|T1)? < Cor /435 = O(r /4.

Therefore, it suffices to prove (3.34) with @ replaced by M. For this purpose, we
shall show that
7¢*(M —E M) = op(1) (3.37)

and 7¢>E M = o(1). The last bound follows from the bound (which is proved in
Lemma 4.1 below)

E g5 (Xi, X;)L1; = O(r/47°), (3.38)
Indeed, by symmetry and (3.38) we have

TPEM = 7¢*27 n + 2], g5 (Xi, X;)LI; = O(r~3/%).

Let us prove (3.37). Using (1.2), we decompose the statistic

/
M-EM=) mX;X;), m(X;,X;)=g5(X;, X;))LL — E g5(X;, X;)L1;,

into the sum of the linear and quadratic parts M — E M = L + Q, where

L= Y aX), Y 50X.X).

1<i<n+2
Here, by (1.4),
BX) = (n+ DX, §al(Xe, Xj) = m(Xe, X;) — E(X) — E(X,),
HX) = (N = (N = 2)7'E (m(X;, X;)| X,).
Clearly, (3.37) follows from the bounds
7¢*L = op(1) and 7¢°Q = op(1).
The proof of the first bound is similar to that of (3.33). In order to prove the

second bound we show that 72¢*E Q2 = o(1). An application of (3.10) with j = 2

gives
n+2 N-—-n-—2

EQ’= —2 5> —Eg(X1, Xz) < 2r'E §5(X1, Xa).
2
In the last step, we used the inequality n?¢? < 7%. Finally, the bound (which is
proved in Lemma 4.1)
E§5(X1,X2) =O(777) (3.39)

completes the proof of the lemma.
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