AN EDGEWORTH EXPANSION FOR
FINITE POPULATION U-STATISTICS

M. BrozneLis!  F. GOTzg!

Abstract. Suppose that U is a U-statistic of degree two based on N random ob-
servations drawn without replacement from a finite population. For the distribution
of a standardized version of U we construct an Edgeworth expansion with remain-
der O(N_l) provided that the linear part of the statistic satisfies a Cramér type

condition.
1. INTRODUCTION AND RESULTS
Let A = {aq, ..., a,} denote a population of size n and let H : A x A — R
denote symmetric function of its two arguments. By Xi,..., Xy, N < n, we
denote random variables with values in A such that X = {X;,..., Xy} represents

a random sample from A of size N drawn without replacement, i.e., P{X = B} =

(;\1,)_1 for any subset B C A of size N. We shall investigate the second-order

asymptotics of the distribution of the statistic

U= Y HX,X;).

1<i<j<N
We assume that the statistic is centered. Write
U=L+0Q, (1.1)

where

N
L = 291 (Xz) respectively Q= Z g2 (Xi, Xj)
=1

1<i<j<N
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is the linear, respectively the quadratic part of the statistic. Here

gi(@) = (N =1t(2),  Ha) = "= B(H(X1, Xz)| X1 = 2)
and
gg(.Tl, 5(32) = H(.Tl, .CCQ) — t(l‘l) — t(ﬂ?g)
Since

E(g2(X1, X2) | X1 =12) =0, for all x € A, (1.2)

the random variables g1(X;) and ¢g2(X;, Xx), 1 <i< N, 1<j<k <N, (and
thus the parts L and @) are uncorrelated.

If the linear part L dominates the statistic, for large N, the distribution of U
can be approximated by a Gaussian distribution using the Central Limit Theorem
(CLT).

The asymptotic normality of linear statistics based on samples drawn without
replacement from finite populations has been studied by a number of authors.
Erdés and Rényi (1959) proved the CLT under very mild conditions. The rate of
convergence in the CLT was first studied by Bikelis (1969). Berry—Esseen bounds
of order O(N~'/2) were obtained by Héglund (1978). Robinson (1978) proved the
validity of an Edgeworth expansion with a remainder of order O(N~3/2), see also
Bickel and van Zwet (1978).

Nandi and Sen (1963) studied the asymptotic behavior of finite population U-
statistics and showed that under proper regularity conditions the sequence of dis-
tributions of normalized U-statistics converges to the standard normal distribu-
tion. The rate of this convergence was investigated by Zhao and Chen (1987, 1990),
Kokic and Weber (1990, 1991) and, as a particular case of the rate of convergence
of general multivariate sampling statistics, by Bolthausen and Gotze (1993). In
the case of independent and identically distributed observations the second order
asymptotic theory has been developed for U-statistics, see Bickel (1974), Gotze
(1979), Callaert, Janssen and Veraverbeke (1980), Bickel, Gotze and van Zwet
(1986), and for more general asymptotically normal symmetric statistics, see Ben-
tkus, Go6tze and van Zwet (1997) ([BGZ] for short). In contrast to the independent
case, there are only a few results concerned with higher order asymptotics of non-
linear finite population statistics. Babu and Singh (1985) proved the validity of an
Edgeworth expansion with a remainder o( N ~'/2) for finite population multivariate
sample mean and applied this result to establish expansions for statistics that can
be represented as smooth functions of multivariate sample means, e.g. Student’s
t.  Kokic and Weber (1990) established one term Edgeworth expansion with the
remainder o(N~1/?) for finite population U-statistics of degree 2.

In comparison to the results described above we shall provide an explicit re-
mainder term of order O(N 1) for finite population U-statistics which is optimal
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assuming a Cramér condition on the linear term only. The proof is based on a
finite population variant of Hoeffding’s decomposition as well as the Erdos-Rényi
representation and some ideas of [BGZ]| like the data dependent smoothing.

Assume that
0? = NEgi(X;) > 0.

The distribution function of the standardized statistic, F'(z) = P{U < xz o}, will
be approximated by the one term Edgeworth expansion,

T — 120 43¢Y2k my x
Gla) = @( o) - PSR e (), (13)

Here ®(z) is the standard normal distribution function,
p=N/n, q=1-p

and
a=NPEg(Xy),  r=NTEg(Xi,X2)g1(X1)g1(X2). (1.4)

We shall derive bounds for the remainder

A= ileu})z‘F(x) — G(z)|.

To prove the validity of an Edgeworth expansion, i.e., to establish bounds for A,
in addition to moment conditions one needs to impose a smoothness condition,
cf. Bickel and Robinson (1982). For instance, in the classical case of standard-
ized sums S = (Y1 + --- + Yn)/VN of independent and identically distributed
(i.i.d.) random variables Y7,...,Yy such that EY; =0, EY? =1 and EY} < o0
asymptotic expansions for the distribution Fg of S with the remainder O(N 1)
are obtained assuming Cramér’s condition (C),

sup |E exp{itV1}| < 1. ()

[t|>a

Bentkus, Go6tze and van Zwet (1997) introduced a local version of Cramér’s con-
dition (C'), namely,

py;(a,b) :=1— sup |Eexp{itY1}| > 0. (@9
a<|t|<b

Condition (C”) (with a = 1/E|Y1|> and b = N'/?) is somewhat weaker than (C)
but still sufficient to prove the validity of Edgeworth expansions for Fg up to an
order O(N~1). This modification is useful in more general situations, where Y;
depends on N in an implicit way, see [BGZ].
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For a sufficiently small absolute constant by like, e.g., by = 0.00144, we shall
assume that the distribution of the random variable Z = /N g;(X;)/o satisfies
condition (C') with a’ = by /E|Z|?> and b’ = N'/2 i.e.,

p=pz(a,b)>0. (1.5)
Write
Br =E ‘N1/2 gl(Xl)‘T and v, =E ‘N3/292(X1,X2)‘r7 r=1,2,.... (16)
Then the following estimate for the remainder A holds.

Theorem 1.1. There exists an absolute constant A > 0 such that

A Ba+ 4
sup|F(z) — G(z)| < =— )
sup|Fla) —~ G(o)| < 3 S

For linear statistics we obtain the following result.
Theorem 1.2. There exists an absolute constant B > 0 such that

z (g—p)a?a = B Ba
= AL TS A S )< = .
ﬁ)+ 603 N1/2 ® (\/5)|— N p2qot

The estimates in Theorems 1.1 and 1.2 hold for any fixed sample size N, pop-
ulation size n and functions H. If 84/0* and v4/0? are bounded and ¢ and p
are bounded away from 0 as N — oo and n — oo, then these results establish
Edgeworth expansions with the remainder O(N~1).

The case where n — oo and N is fixed corresponds to the i.i.d. situation. By the
law of large numbers we obtain a corollary for independent observations:

IP{L <z} — 9

Let £ denote a measurable space and let X}, X5, ... be i.i.d. random variables
with values in £. Write )
U= >  HX, X))
1<i<j<N

Here H : £X& — R denotes a measurable function symmetric in its two arguments
such that E H?(X}, X2) < 0o. We assume that EU = 0 and decompose

0=Z§1(Xi)+ Z G2(Xi, &Xj).

1<i<j<N

Here g; and g, are defined in the same way as g¢; and g2, but using t(x) =
E(H(Xl, Xo) | X = :1:) instead of t(x). Let &, &, Bk, 9k, k = 2,3,4, and &
denote the moments of g;(X7) and g2 (X, Xy) corresponding to o, a, Bg, V& and
k. We shall assume that

p=rpz(a,0)>0, where Z=+VNg(X)/s,

and where @ = by /E |Z|?> and b = v/N. Then we have
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Corollary 1.3. There exists an absolute constant A > 0 such that

a+ 3k
653 N1/2

’P{U <or}—®(x)+ <I>”'(a:)’ <

Hence, Theorem 1.1 which yields this result as a special case may be regarded as a
partial extension of the result of [BGZ] to a simple random sampling model. They
proved the validity of an Edgeworth expansion with the remainder O(N~!) for
general symmetric asymptotically normal statistics based on i.i.d. observations.
In the case of U-statistics of degree two their result yields the estimate as in
Corollary 1.3 but with a lower moment 73 /5% instead of 4,/5* in the remainder.

An example given in Theorem 1.4 in [BGZ] shows that a Cramér type condition on
the linear part and the existence of moments of arbitrarily high order of the linear
and quadratic parts of the statistic (based on i.i.d. observations) are not sufficient
to obtain a higher order approximations (those with remainders o(N~1)) to the
distribution function of U. Hence, in this sense Corollary 1.3 and thus Theorem
1.1 are the best possible. To prove the validity of an Edgeworth expansion with
remainder o(N~!) one needs in addition to impose a smoothness condition on the
distribution of the quadratic part, see, e.g., Bickel, Gotze and van Zwet (1986).

Let us compare our results with those of Robinson (1978) and Kokic and Weber
(1990). Robinson (1978) proved the validity of a two term Edgeworth expansion
with the remainder O(N~3/2) for linear statistics like L in (1.1) assuming the
following Cramér type condition. This condition, first used in Albers, Bickel and
van Zwet (1976), requires for a random variable Z that there exists an € > 0 such
that

tz(e,a,0) =1—  sup P{tZeL°+s}>0. (c)
SER, a<|t|<b
Here £L = {27r,r = 0,41, £2,...} and B® denotes the ¢ neighborhood of a set
B C R. Notice that e; < e implies 72(e1,a,b) > T77(¢2,a,b). Robinson assumed
that given C’ > 0

there exist &, >0 and C >0 suchthat 7z(e,a,b) >4, (1.7)

for

Z=vVNg(X1)/o, o !'= max |z|/C" and b '=pE|Z]°/(CN).

1<i<n

Here {z1,...,2,} denotes the set of values of the r.v. Z. Note that max; |z;| =
max; |z;|EZ? > E|Z|3, because of EZ2? = 1. For a sequence of finite population
linear statistics, say (L), Robinson’s (1978) Theorem establishes an Edgeworth
expansion with the remainder O(N~3/2) provided that 35/0® is bounded, p and ¢
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are bounded away from 0 and (1.7) holds with ¢,6 and C not depending on n as
n — oo. Robinson’s (1978) result was used by Kokic and Weber (1990) to show
A = o(N~1/2). The bounds for the remainders in these papers involve constants
which implicitly depend on p.

In Section 2 we compare conditions (¢) and (1.5). Proofs of the Theorems 1.1, 1.2
and the Corollary 1.3 are given in Sections 3 and 4. Auxiliary results are collected
in Section 5.

Acknowledgment. The authors would like to thank V. Bentkus for discussions
and comments.

2. SMOOTHNESS CONDITIONS

Modifications of Cramér’s condition (C) that ensure the validity of Edgeworth
expansions for sums of random variables assuming a finite number of values only
were considered by Albers, Bickel and van Zwet (1976), van Zwet (1982), Does
(1983), Schneller (1989), see also Bickel and Robinson (1982). In this section we
show that a Cramér type condition used in Albers, Bickel and van Zwet (1976)
and Robinson (1978) is equivalent to that introduced in [BGZ|, namely, that the
conditions (1.5) and (c¢) are equivalent. More specifically, given a random variable
Z and numbers 0 < a < b, (1.5) implies 7z (p,a,b) > p/4. Furthermore, if (c)
holds for some & > 0, then pz(a,b) > e277(¢,a,b)/n%, see Lemma 2.1 below.

In order to check condition (c¢) one needs to maximize a bivariate function over
the set (s,t) € [—m, 7] x {a < |t|] < b}. Such a (maximization) problem can be
difficult to solve numerically. A symmetrization argument suggests a version of
condition (c¢) which is easier to check. Let Z’ denote an independent copy of Z
and let Z* = Z — Z’ denote a symmetrization of Z. The condition

there exists ¢ >0 such that 75(c,a,b)=1— sup P{tZ* € L} >0 (c¥)
a<|t|<b
requires the estimation of the maximum of an univariate function only. Condi-
tion (c*) was proposed by V.Bentkus. Notice that ; < g5 implies 75 (e2,a,b) <
75 (€1, a,b). The following Lemma 2.1 shows that conditions (¢*) and (c) are equiv-
alent.
Write
6z(a,b) =1 —sup{E cos(tZ+s): s€ R, a<|t| <b}. (2.1)

Lemma 2.1. Let Z be a random variable. For 0 < a < b and 0 < € < 7 write
p=pzla,b), 7.=r1z7(ca,b), 75 =15(,a,b), u=7"terS and v=7"'er..

The following inequalities hold:

2 2 % 2 2k

ETe €T * * € Te e°T,
2 < p< 4T, 7§P§4Tp, Ty 2 Tu

5Z(a7 b) > p-

272’ — 4qx2”

The proof of Lemma 2.1 is elementary, see Bloznelis and Gotze (1997).
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3. PROOFS

Throughout the proof we shall assume without loss of generality that G5 = 1.

Since the proof of our main result, Theorem 1.1, is rather complex and involved
we shall first outline the various steps. In the first step, choosing m ~ In N we
replace the statistic U by

Uy=L'+U, U=gXn)+—+aXn)+ > 0X,X;), (31)

m+1<i<j<N
where
N
L'=1(X1)++1(Xp), with U(z)=g(z)+l(z), lox)= > galx,X;).
j=m+1
is a conditionally linear statistic given X,,4+1,..., Xn. Write

FX(x) = P{Ul < x’Xm-‘rlv s 7XN}7 fl(t) = E(exp{itUl}‘Xm—Fl? .. aXN)

In the second step we construct upper/lower bounds for conditional probabilities

Fx(z+) < +V.P./ e{—zt} % K(%)fl(t) dt,
R

| =

Fx(z-)> —V.P./Re{—xt} = K(1) A dt,

where F(z+) = lim,|, F(2), F(z—) = lim,y, F(2) and V.P. denotes Cauchy’s
Principal Value (Prawitz (1972) smoothing lemma). The bounded weight function
K(t/H), vanishing for |[t| > H, and the cuttoff H = O(N) are specified below.
Taking expectations of the left and right hand sides respectively we obtain upper
and lower bounds for the distribution function Fj(z) = P{U; < x}, see (3.7) and

(3.8) below.

In the third step we construct a bound for the integral of f;(¢t)K(t/H) over the
region ¢ N'/2 < |[t| < H. In the classical case of linear statistic the bounds for
characteristric function for large values of ¢, like ¢ N'/2 < |t| < C' N, are implied
by Cramer’s condition. We write

[f1 ()] < [E(exp{at(l(X1) + - + U Xm) H X1, - Xiv))|

and show that the Cramer condition |Eexp{itg;(X1)}| < 1—p, (we do not require
|Eexp{itl(X1)}| < 1 — p)! in combination with a suitable choice of the cuttoff
H = H(X;41,...,Xy) implies a bound like |f1] < (1 — ¢p)™, for some 0 <
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¢ < 1. The techniques are somewhat complicated by the fact that X;,..., X, are
exchangeable only and we get the independence via the Erdos-Rényi decomposition
for (conditional and unconditional) characteristic functions.

In the next step we interchange the conditional characteristic function with the
unconditional one by changing the order of integration with respect to Lebesgue
measure and with respect to the distribution of X,,41,..., Xy, for [t| < CN'/2,
Finally, by means of expansions we estimate the difference between the Fourier-
Stieltjes transforms of F' and G.

Our proofs may be considered as an extension to the case of finite population
statistics of techniques used by Bentkus, Gotze and van Zwet (1997) in the i.i.d.
case. We remark that the approach developed in the present paper applies as well
to more general nonlinear symmetric statistics based on samples drawn without
replacement from finite populations. These results will appear elsewhere.

3.1. Notation. By C,Cy,(C4,... and ¢, cg,cq,... we denote generic absolute
constants. We shall write A < B if A < C'B. The expression exp{iz} will be
abbreviated by e{z}. Write

le/Z
)Y, K={acA: Hilgi(a)| <bs}, Hy= S 62

2 wm—1t
T w+t

o(t) = (

Here by is the same constant as in (1.5) and by denotes a sufficiently small absolute
constant like, e.g., by = 0.075.

Let v = {v1,...,v,} be a sequence of independent Bernoulli random variables
with probabilities P{r; = 1} = p and P{r; =0} = ¢, for i = 1,2,...,n. Write

B(t) = Ee{(1n — p)t}, T=\npgq, d =46(b1/Ps, N1/2),

where (-, -) is defined by (2.1). Let A = (Al,AQ, . ,An) denote random per-
mutation which is uniformly distributed on the permutations of the ordered set

(a1,...,a,) of elements of A, independent of v. By E* we denote the condi-
tional expectation given A, i.e., E*(---) = E(---|A). For k = 1,2,..., write
Qp = {1,...,k} and Dy = Qn \ Qx. Given D = {iy,ia,... i} C Qp,, B % and
E” denote the conditional expectation given A, ..., A;, .

3.2. Proof of Theorem 1.1
We may and shall assume, that for sufficiently small ¢ > 0,

B4 In N Y2 In N
E— C —_— C 5 C
< 07 < 0? 52q2N < 07 6qn

< (. (33)

Indeed, if (3.3) fails, then the bound of Theorem 1.1 follows from the inequalities
F(zr)<1land |G(z)|< 1+ q’1/25i/2/N1/2 + ¢'/?45/N'/? and p < 6, see Lemma
2.1.
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Step 1. Fix an integer m ~ Cyé~!In N, with sufficiently large Cy, and write

A= > 02Xy, X)) (3.4)

1<k<I<m

Note that U = A,,,+Uy, where U is given by (3.1). Let F; denote the probability
distribution function of Uy and Ay = sup, |Fy () — G(m)| We have

A <AL +P{|A,| > N 16732} 4 5732 N " max |G (z)).

By Chebyshev’s inequality and the inequality E|A,,|?> < mSE |g2(X1, X2)|3,
P{|Ap| > N71673/2} <§¥2N3E AP < 673243 N73/2 105 N.
Finally, using the bound |G'(x)| < (4/q + 72 we obtain
A<AL + N3 (Ba/q+ v2 + 7). (3.5)

Therefore, in order to prove the theorem it suffices to bound Aj.

Smoothing. Let k be an integer approximately equal to (N + m)/2. Put Zy =
{m+1,....,N}, Jo=MWU\To, h = ToU{m+1,....k} and Jo = Jp U
{k+1,..., N}. Given A define (random) subpopulations A; = {4y, k € J;},
©=20,1,2 and let A7 be random variables uniformly distributed in A;, ¢ =0, 1,2,
independent of v. Write

N k
U1 (G) = Z 92(a7Aj)7 1)2((1) = Z 92(G7Aj)ﬂ (36)
j=k+1 Jj=m+1

H=N§/(32¢7' N (01 +65) + 1), 0; = E*|v;(4))], i=1,2.

Notice, that ©; is a function of the r.v. Agi1,..., AN, and O; is a function of r.v.
Am+17 s ;Ak-

Step 2. Split the sample as follows. Put X; = A;, for m < j < N. The rest of the
sample, X1,..., X,,, is obtained by simple random sampling without replacement
from the (random) subpopulation Ay.

An application of Prawitz’s (1972) smoothing lemma conditionally, given

Xmt1y- -y Xm, or equivalently, given A,,41,..., AN, gives
1 1 t
Fia+) < + +EV.P./Re{—xt} L k(L) awa, (3.7)
1 1 —t
Fi(a—) = 5 — EV.P./Re{—xt} = K(?)fl(t) dt, (3.8)
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where 2 K(s) = K1(s) +1i Ka(s)/(7 s), see, e.g., [BGZ]. Here

Ki(s)=I{|]s| <1} (1—1s|]) and Ksy(s) =T{|s| <1} ((1—|s|)ms cot(ms)+|s]|).
Combining (3.7) and the inversion formula,

Gx)= 5 + 5 lim V.P./ e{~ta} G(t) T, (3.9)
ltl<M

T™ M—oo
we get, see e.g. [BGZ],
F1 ($—|—

L /R ef—wt} Ky () fi(b) dt,

~—

— G(z) < EI + EI, + EI, (3.10)

I

dt

L= ;- VP /Re{—xt}fﬁ(;)(fl(t) - G(1) ot

A dt

I = 5 V.P./Re{—xt}<K2(;I) —1>G(t)7,

where V.P. means also that one should take limy;_. o, if it is necessary.
Combining (3.8) and (3.9) we obtain a bound for G(z) — F;(—x) similar to (3.10).
We shall bound F}(z+) — G(z) only. To this aim we prove that

|EL|+|E(IL+13)| < N‘l(64/q+5_1(5‘1+q_1)+5_2q_2(7;/2+72)+74). (3.11)

The analogous bound for G(z) — Fj(z—) can be derived in the same way. Using
these bounds, (3.5) and the inequality § > p, see Lemma 2.1, we obtain the
estimate of the theorem. In the remaining part of the proof we verify (3.11).

Step 3. Estimate for |EI;|. We shall replace the random bound H in the
integral I; by a non-random one and K;(t/H) by 1. We have |EL1| < |El4|+ EI;
where,

L= H—l/ze{—tx}Kl(%)fl(t)dt, Z—{teR: |f<H)

t
Is=H"! Kl(ﬁﬂfl(t)]dt <H' | f1(t)|dt.
Hy <[t Hi<[|t|<H

Next we construct bounds for EI5 and |El4|, see (3.12) and (3.19) below. It follows
from these bounds that |El;| does not exceed the right-hand side of (3.11).
Let us show

El; < N72 3. (3.12)
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For this purpose we represent fi(t) in Erdés-Rényi (1959) form conditionally, given
Amt1,---sAn. Let v* = {vf,... v} be a sequence of independent Bernoulli
random variables independent of A and with probabilities

m *

Write Si = ) e (Vi —p") and L. = >, - 7 1(Ax)v;;. We have
fi(t) = PHS, = 0} - / Wds, W =E e{t(L.+U')+sS.}. (3.13)

We shall construct an upper bound for |IW|. We have

Wi= T 18:(2(Ax) + to(An))l,  where  fi(x) = Ee{(yi —p")z}.

keJo

Here we denote
z(a) =tgy(a) + s and v(a) = vi(a) + ve(a),

with v;(a) given by (3.6). Then we apply the identity |3.(x)|* = 1—2p*¢*(1—cos z)
to x = z(a) + tv(a) and expand the cosine function in powers of tv(a) to get

B:(2(a) +tv(a))]* < ui(a) + uz(a), (3.14)
ui(a) =1—2p*¢* (1 — cos(z(a))), us(a) =2p* q* [tv(a)l.

Furthermore, we may assume that p* < 8! (it is a consequence of the last inequal-
ity of (3.3) provided that ¢y is small enough). This inequality implies uq(a) > 1/2
and therefore,

ui(a) +uz(a) <wui(a)(l+2uz(a)). (3.15)

Combining (3.14) and (3.15) we obtain

|I/V|2 <W1Ws, W;= H Ul(Ak), Wy = H (1 + QUQ(A]{)) (316)
keJdo keJo

To estimate Ws we apply the arithmetic-geometric mean inequality,

1 Jol

W< (e 30+ 2m(40)

kedo

= (B (1 + 2up(A)))" "™ (3.17)



12 M. BLOZNELIS F. GOTZE
and use (5.2) to bound E*[v(A4%)| < ¢~ 1(©1 + ©3). Thus, for |t| < H, we get
E"(1+ 2uz(Aj)) < 1+4p*q"q T H(O1 + ©2) < 1+p°¢" o <exp{p’¢” ).

This inequality in combination with (3.17) implies W21 /% < exp{mq*d/16}. Now
in view of (3.16) and (3.13) we obtain, for |t| < H,

If1(t)| < W3W11/2, W3 = m'2exp{m ¢*5/16}.
Here we estimated P~1{S, = 0} < m'/2, see (5.16). We have

El; < 1E/ f1(t)|dt < W3/ EWL/2dt. (3.18)
H Hi<|t|<H Hy g, <j<n

1 1

To bound EWl1 /% e apply Holder’s inequality and Theorem 4 of Hoeffding (1963),
see Section 5 below,

(EW,/?)2 < EW, < (Euy (A1),
Note that Eu (A1) < 1—2p*q¢*d, for H; < |t| < N, by the choice of §. Therefore,
EW,"? < (1 - 2p*¢*8) "~ N*"™)/2 < exp{—p*¢*6(n — N +m)} = exp{-mq*5}.

Combining this bound with (3.18) and using the inequality ¢* =1 — p* > 7/8 we
obtain (3.12), provided that the constant C (in the definition of m) is sufficiently
large.

It remains to bound E I,. We shall show

Bl <Ry, Ro=N'02(1+q¢ 2w +N 6 ¢ (1+¢ %) (3.19)

It follows from the inequality |K7(u) — 1| < |u| that
I4 = I6 + R, I6 = Hil / e{—t I}fl (t)dt7 (320)
z
E|R| < EH—l/ [t|H 'dt = H?EH % < Ry,
z

where in the last step we applied (5.1). Recall that U = Uy + A,,,. Now, using the
inequality |e{tA,,} — 1| < |[tA,,| we obtain

le=I+R,  Ij=H" / o{—tz} fr(B)dt, falt) = EPm e{tU},  (3.21)
Z

E|R| < EH—l/ EPm |tA|dt < H2EH ' |Am| < Ro,
Z



FINITE POPULATION 13

where in the last step we used the inequality |A,,H '] < A2, + H~2 and moment
inequalities (5.1) and (5.3). Next we replace I7 by

L= H / e{—ta}fot)dt,  Zo—{Ciq™ < |t| < Hi}. (3.22)
Zo

where Cy is a sufficiently large constant. We have I; = Is + R with |R| <
2Cq ' H~. Hélder’s inequality in combination with (5.1) gives E|R| < Ry.
It remains to estimate Elz. Write Ig = 32¢ 1671 (J; + J2) + §~1J3, where

Ji = / o{—ta}fo(H)Oudt, i=1,2, and Js=N" [ e{—tx}f(t)dt.
2, Zo

In order to complete the proof of (3.19) we shall show
EJ; < N711 4+ 72), i=1,2,3. (3.23)

Let us prove (3.23) for i = 1,2. By the symmetry, it suffices to consider the case
where ¢ = 1. Recall that the random variable ©; is a function of Xg11,..., Xn.
In view of the inequality k =~ (N +m)/2 > m we can write

EO1 f2(t) = EO1 f3(t), where  f3(t) = B(e{tU}| Xpt1,..., Xn). (3.24)

Given t € Zy choose an integer m; = CoNt~21n |t|. Here Cs is a sufficiently large
constant to be specified latter. Given Cy we may choose C; in (3.22) large enough
so that m; < 1071gN < k, for t € Z5. Write J3 = Q,n, U (Q, \ Q). We shall
represent our sample Xi,..., Xx as follows. For m; +1 < j < N, put X; = A;.
The remaining part of the sample (the observations Xi,...,X,,,) represents a
simple random sample drawn without replacement form the set A3 = {Ax, k €
Js}. Let A3 be a random variable uniformly distributed in A3. Put

N
vs(a) = Y g2(a,4;)  and O3 =E"|vs(43)]. (3.25)
k:m1+1
Notice that the random variable ©3 is a function of A,,,+1,..., AN.

Write U = U} + A,y,,, where Uy = L, + U, with

N
L= LX)+ LX), L@)=g@) @), @)= ) e X).

j=mi+1

and with U] defined by (3.1), but with m replaced by m;. Furthermore, A,,, is
given by (3.4).
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Using the inequality | e{tA,,} — 1| < |tA,,,| we obtain
E@lfg(t) =E@1f4(t)+R1, f4(t) =E(e{tU1*}|Xk+1,...,XN), (326)

where |R;| < E|tA,,,|0;1. Furthermore, combining (3.24) and (3.26) we get
EJ, = EJy + R, = / e{—tx} f1(1)Ordt, (3.27)
Zq
IR| < / EltA,, [©1dt < N~1ns.
Zp

In the last step we invoke (5.1), (5.3) and apply Holder’s inequality to get
E[An, |01 < (BAZ, )V2(EOD)Y2 < my N~y <t 2 In [t]N =32y,

and bound the integral of the function |t|~!In|t| over the region Zy by In* N.
To estimate EJ4 observe that, by the inequality m; < k,

EO, fs = EO fs, f5 = E(e{tU | Xm 41, ---, XN).

Therefore, EJ; = EJ5, where J5 is defined in the same way as Jy, see (3.27), but
with f4 replaced by f5. Furthermore,

EJs =EJs+ R, Jg = / e{—tl‘}f5(t)@1fedt, (328)
Zo
Ig = I{N@g < Cl|t|}, |R| < / E@lf{N@g > Cl|t|}dt < NE©O,05.
Zo

Here ¢; denotes a small positive constant to be determined below. Combining
(5.3) and Hélder’s inequality we get |R| < N~ 1ys.

In order to bound EJg we represent f5 in the Erdés-Rényi (1959) form, see (3.29).
Let v* = {vf,...,v}} be a sequence of independent Bernoulli random variables
independent of A and with probabilities

mi *

* % * _ o x * 1
P{Vz_l}_pa P{Vz_o}_qa p_n—(N—m1)7 q_l b

Write Sy = 3" c 7, (Vi —p*) and L, =37, 7 L(Ag)vj and 77 = myg*. We have

F5(t) = A Wids, W, =E"e{t(L. +U) + — 5.}, (3.29)

— T Ty

with A\ = 277, P{S, = 0} satisfying A\, < 1, by (5.16).
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Combining (3.28) and (3.29) we get
EJs < / dt/ EO,Io|W,|ds. (3.30)
2 — Ty

In the next step we construct an upper bound for EQ;Ig|W,|. Note that the
inequality m; < 107'¢N implies p* < 10~!. The same argument as above, see
(3.16), gives

WP <wiws o wi= [ witde), Wy = ] Q+2us(A),  (3.31)
JASNE keJs

where u} and u} are given by (3.14), but with p*, ¢*, z(a) and v(a) replaced by

a
P*, q*, z4(a) :=tg1(a) + s/7, and vs(a) (defined in (3.25)) respectively.
To bound W3 we proceed as in (3.17) and obtain

n—N+m1

Wy < (1+2B*u3(43)" "™ = (1 + 4p*¢*|t|©s) < exp{4m1¢*[t|©3}.

Furthermore, by our choice of my, Ie(W5)'/? < exp{2¢*Cyci In|t|}. Therefore, in
view of (3.31),

EO,Io|W,| < exp{2¢*Coec; In [t|}EO, (W;)Y/2, (3.32)
Now we apply Holder’s inequality and invoke (5.1) to get,
BO.(W])? < (BOT)V*(BWH)'/? < N™'p2(BW)2 (3.33)

To bound EW} we apply Theorem 4 of Hoeffding (1963) and obtain

EW; < (Euj(4n)™ = (1-2p7q"m)" ™

<exp{—2miq*M}, (3.34)
where M = E(1 — cos z,(A;)). Combining the inequalities

M > E(1 = cosz(A1)) (A1), Ix(a) =I{a €K},
1 —cosz(a) >2710(by)2%(a), ack,

see (5.15), we get M > 2710 (b2)Ez2(A1)Ixc(A1). Now by Lemma 5.3,

M > bs (tQN_l -+ 827'*_2), where by = 2_1@(b2)(1 — 2b1b;1)
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is a positive constant (because of our choice of 0 < 2b; < b in (1.5) and (3.2)).
Substituting this inequality in (3.34) and using ¢* = 1 — p* > 9/10, we obtain

EW} < exp{~2bsmiq" (N ~" + 527 %)} < exp{~2b5( - CaInt| +5%)}. (3.35)

Finally, collecting the inequalities (3.32), (3.33) and (3.35) in (3.30) we get
E —1,_1/2 b 9 2
Jo < N-1q / dt / exp{Ca(2e1 — - by)Inff] — bys?}ds.  (3.36)
2o — T T4

Choosing ¢; = b3/4 and Cy = 4/bs we obtain bounded integrals in (3.36) and thus,

EJs < N_1721/2 < N71(1 + v2). This inequality together with (3.27) and (3.28)

completes the proof of (3.23) in the case where i = 1.
The proof of (3.23) in the case where i = 3 is similar, but simpler: just write N !

instead of ©1 in the proof above.
Collecting the bounds (3.20), (3.21), (3.22) and (3.23) we obtain (3.19).

St@p 4 Estimate for ’E(IQ —|—Ig)|. Write I —|—13 =1 (2 7T)71(Ig +IIO — 111 +112>,

Ig :/ e{_tx}fl(t)t_é(t)dt, Il() =/ e{—tx}Kg(%)fl(t)%,
[t|<H:y Hy<[t|<H

Iy :/|t.>H e[—ta} G(t) . 112:/“'@ ef~te} (Ko 47) — DA T

Using (3.3) it is easy to show that |El;| < ¢~ 184/N + 72 /N.
Using the inequality |K2(s) — 1| < c¢s?, and invoking (5.1), we get

o] B 1 6N (1 472,
To bound |E110| write

dt
|Elo| < Els, 113:/ \fl(t)|7
H,<|t|<H 1

The bound El;3 < N ™15 is obtained in a similar way as (3.12) above.
Collecting these inequalities we get

|E (I + ;)| < |Elg| + N7 ¢ ' B4+ N6 2(1+ ¢ %) (3.37)
In order to complete the proof of (3.11) we shall show

EL] < 6 2NN (1+v2) + N ' (g ' Ba+ 1) (3.38)
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We have
dt

El, :/ e{~ta} (BeftU} - G(1)) &
<

Recall that Uy = U — A,,,. Write e{tU;} = e{tU}e{—tA,,} and expand e{—tA,,}
in powers of —itA,, to get Elg = I14 — i I;5 + R, where

H,

114:/ e{—tz }F(t) ¢ g, 115:/ e{—tz}EA,, e{tU}dt,

—H;

and where |R| < HIEA?2 < 072N~19, by (5.3). By the symmetry, El;5 =
(’;)Elm, where I is defined in the same way as I;5, but with A,, replaced by
g2(XN—_1,Xn). The bound El;4 < N73/2(1 + v5) is obtained in a similar way
s (3.23): just take f3 = E (e{t U}|Xn_1,Xn) instead of f3 and go(Xn—1,Xn)
instead of ©; in the proof of (3.23) (for ¢ = 1). We obtain

|Ely — I4| < 62N (14 7).

In the next section on expansions, see (4.1) below, we shall show
|I14| < N7 (B4/q + ~v4) thus completing the proof of (3.38).

Proof of Theorem 1.2. The bound of the theorem follows from (3.11). Just note
that for a linear statistic we have go(x,y) = 0, for any z, y € A. In particular, we
do not need to assume that the last two inequalities of (3.3) hold.

Proof of Corollary 1.3. The corollary follows from Theorem 1.1, by the law of
large numbers (LLN) for U- statistics, see, e.g., Serfling (1980). Given N, the
function ‘H and a sequence of i.i.d. observations X7, X5, ..., introduce the sequence
of finite populations A, = {X},...,X,} and the corresponding sequence of U-
statistics, (U,). Given x € R, apply the bound of Theorem 1.1 to the sequence
of probabilities P,{z} = P{U, < z}. By LLN, we obtain lim,, P,{z} = P{U <
x}. Furthermore, the moments of the linear and quadratic parts of U, in the
expansion and in the remainder (in the estimate of Theorem 1.1) converge to the
corresponding moments of the statistics U thus proving Corollary 1.3.

4. EXPANSIONS

Throughout the section we assume that §; = 1 and that the inequalities (3.3)
hold. With H; given in (3.2) we shall prove the inequality

/t|<H it E() - G)|dt < R, R:= W(% + 74). (4.1)
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Introduce some notation. Let 61, 05, ... denote independent random variables
uniformly distributed in [0, 1] and independent of all other random variables con-
sidered. For a vector valued smooth function H we use the Taylor expansion

n+1

H(z)=H0)+H0)z+--+ H(”)(O) — +Eg H (G12) (1 - 601)" ~—
Here Ep, denotes the conditional expectation given all the random variables but
0. In particular, we have the mean value formula, H(z) — H(0) = Eg, H' (01 x)
Given asum S = s1+- - -+s;, denote S = S—s; and, similarly, S(d) = S—5;—5;.
Using the fact that the distribution of U coincides with the conditional distribu-
tion of

Uo L= Z h(AZ,AJ)I/ZI/j
1<i<y<n
i=1 1<i<j<n

conditioned on the event B := {Sy = N}, where Sy = >_""_, v;, we obtain

A

F) = s /_WEe{tUoJrs(SO—N)}ds,

see Erdos and Rényi (1959). Write

= ZTZ, Ty =z(vi—p), zi=twi+st ', z=g(4), 7=mpg"?

Z Qij,  Qij=1tyij(vi—p)(vi—p),  yij = g2(4i, 4j).

1<i<j<n

We have T + Q = t Uy + s7~1(Sy — N) and, therefore,

F(t) = )\/W Ee{T +Q}ds, M '=277P{B.

—TT

Hoglund (1978) showed that 271/27 < A= < (27)1/2, see (5.16).
We shall approximate the integrand Ee{T + Q} by the sum hy + hg, where

hi =E e{T},  hy =i (Z) Ee{TUVY, V= Q,TiTs.
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Proof of (4.1). Clearly, it suffices to prove the inequalities

/ \A/ (hy + hy)ds — G \f<<7z (4.2)
lt|<H, J|s|<mr 1t

I;:/ A/ Ee{T+Q} — (h +ho)|ds = <R.  (43)
t|<H |s|<m T |t|

Note that in the i.i.d. case the inequality corresponding to (4.2) is proved in [BGZ],
Lemma 6.1. We prove (4.2) by combining the proof of this lemma with the proof
of the Berry—Esseen bound for finite population sample mean given in Hoglund
(1978). For details we refer to Bloznelis and Gotze (1997), Lemma 4.3.

To prove (4.3), we expand e{T + Q} in powers of T; and @; ;. In order to ensure
the integrability (with respect to the measure dsdt/|t|) of the remainders of these
expansions we split E e{T 4+ @} into a product of two functions (different for
different values of s and t) so that the first one is the characteristic function of a
sum of conditionally independent random variables and vanishes sufficiently fast
as s and t tends to infinity. This type of approach has been used earlier by Helmers
and van Zwet (1982), van Zwet (1984), Gotze and van Zwet (1991), [BGZ] in the
ii.d. situation.

Introduce the set Z = {(s,t) : |s| < =7, [t| < Hy}. For technical reasons it is
convenient to split the integral I in two parts I = I; 4+ Is according to the regions
Z=2,U2Z,,

Z1=Z0{|t| <C3¢7'} and Z,=Zn{Csq¢ " < |t| < Hy}. (4.4)

Here C3 denotes a sufficiently large absolute constant. We choose C3 = 6000 ~1(1).
In Lemma 4.1 we prove the bound I, < R. The proof of the bound [} < R is
similar but simpler. We skip it and refer to Bloznelis and Gotze (1997), Lemma
4.2, for details. It remains to prove Lemma 4.1.

Note that, for any 4, j,i1,...,ix € Q, such that {i,5} N {i1,...,ix} = 0 we have
E ey |7 < ek, m)Ely |7 B |ag)” < ek, r)Ele]", r >0 (4.5)

We need to introduce some more notation. Given D = {i,j,... .k} C Q,, let
E(py = Ey;j,...xy (vespectively Ejp] = Ey; ;. 1)) denote the conditional expecta-
tion given all the random variables but {v;, j € D} (respectively the conditional
expectation given {v;, A;, j € D}). Given 1 < m < n, introduce the random
variables

§i =t(vi—p)Cm(Ai),  (mla) = Z g2(a; Aj)(v; = p). (4.6)
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Here i € Q,, and a € A\ {A11,...,An}. Given B C ,,, denote

Y =By e{) T},  Zs=|Emye{d (Ti+&)}.

i€B ieB

Furthermore, given A;, ¢ € B, let A} denote the random variable uniformly dis-
tributed in the set {A;, i € B} and let E} denote the conditional expectation
given all the random variables, but A}. Introduce the random variables

Up = g5(t) [[ulfP(z1), 5 = aNERGA(A3),  In=I{p >0}, (47)
keB

where o = 27(4071(1) + 1) and § = ©(1)/40, are constants,

6 |B
g5(t) = explpg o L2, ug(x) = 1- 2L O(d)a*{ja| < dtr}, d> 0. (4.8)

In Lemma 5.4 below, for |[t| < Hy and |s| < w7, we prove the inequalities
Zp < Ig+ Vg, Y < Up, Bl < FLor=1,2, (4.9)
where i1, ...,i4 € Q, \ B. Here we denote
Fp =exp{—83dpq|B|N"'(t* + 5?/q)}.
We often take |B| > m/4, with m given by (4.13). In this case we have

Fp < (t* +5°/q)7"°. (4.10)
Lemma 4.1. Assume that B2 = 1 and that (3.3) holds. Then

I = )\/ E e{T+Q]|’t|_ Mth) geat <« R, (4.11)
Z2

where Z5 is given by (4.4).

Proof of Lemma 4.1. Given a positive number L and a complex valued function
f(s,t) we write f < L, if

/ |f(s,t)| |t| " rdsdt < L.
Zg

Furthermore, for two complex valued functions f, g we write f ~ g if f — g < R.
In view of the inequality A < 2'/2771, (4.11) can be written in short as follows,

Ee{T + Q} ~ hy + ho. (4.12)
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Given (s,t) € Z5 write u = t? 4+ s?/q and let

1

m =m(s,t) > Cyq 'nu"Inu, Cy = 300071(1), (4.13)

denote the smallest integer which is greater than Cyg 'nu~'lnu. A simple cal-
culation shows that Cy < m(s,t) < C’4C’3_1n, for (s,t) € Z5. Since Cy = C3/2 we
have 10 < m(s,t) < n/2.

Write p := mpgN ! = Cyu~! Inu. We shall often use the following fact,

) (2P < PV %, B,7y),  for y>a+B+1/2, a,8>0.

In what follows B always denote the set {4,...,m}. Letters R, Ry, Ry... will
denote random variables (remainders) which may be different in different places.
This will not cause any misunderstanding if we assume that R, Ry, Ro, ... always

take the latest prescribed values.
Let us prove (4.12). Split Q = Q4 +Qp + & and T'= T4 + Tp, where

Qa= Y, Qijy Qo= > Qi &= > &,

1<i<j<m m<i<j<N 1<i<m
Ty = E T3, Tp = g 1,
1<i<m m<i<N

and where &; are given by (4.6). Furthermore, write W = Tp + Qp. We have
TH+Q=Ta+Qa+&é+Wand e{T +Q} =ve{Qa}, with v =e{W + T4 + ¢}.
Expanding in powers of 1Q) 4 and using symmetry we obtain

m

Be(T+Qb=fi+f+ R fi=Bu fi =i}

)EUQLQ, (414)

with |R| < EQ%. By symmetry, we have

EQ? = (m

) )quQtzEy?,z < PPNy <R

Now (4.14) implies e{T + Q} ~ f{ + f5.
The rest of the proof consists of two steps. In the first step we show that

f5~hg,  hy=7® (?) Ee{TW2}V. (4.15)

In the second step we prove

ff ~ hl + h4, where h4 = h2 — h3. (416)
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Step 1. We start by showing
fefie 5=i(G)Buu im0y @

Write v = vy e{&1 + &2 }. Expanding the exponent in powers of (£; + £2) we obtain

2
=& +&, b=+, lsg=286&vs, vo=7"e{01(& + &)1 —0).

* * * * * * . m .
fa=rfs+rfi+15+7s, J; 222( >E01Q1,2lj, J=4,5,0,

In order to prove (4.17) we shall show f ~ 0, for i = 4,5, 6.
To show f§ ~ 0 we bound |vjv| < 1 and obtain

f5] < MPE|Q1 26162 = m*p* P tPE|y1,2Gn (A1) Gn (A2)]

Combining the inequalities |, (A1)Cm (A2)] < ¢2 (A1) + €% (A2) and
Ely12|C2, (A:) = pa(n — m)Ely12|y7,, < gN~"/?7s, i=1,2,

and the bound [t| < N2 we get |fs| < p?t>y3N~! < R.

Let us show f¥ ~ 0. By symmetry, it suffices to show m?Eviv2Q1 263 ~ 0.
Expanding the exponent in vs in powers of i6¢; and then the exponent in vy in
powers of iT5 we obtain

|Ev1v2Q1 285 | < Ry + R, Ry = E|Q126[83, Ry = E|Q12T[¢7.
Invoking (4.45) and the inequality |t| < N/2, we get
m2Ry < N2y, <R, mPRy < p* N1+ ) < R,

thus completing the proof of f& ~ 0.
Let us show f; ~ 0. By symmetry, it suffices to show m?R ~ 0 with R =
Ev1Q12&. Expanding vy in powers of ¢I5 we can replace vy by iThvs, with
vg = e{W—l—Tf) +£1:2) 19, T5}. Now, using the simple bound |E¢pyv3| < Zp we
obtain

|R| <ER\Ry, Ri=|Q12T3|, Rz=Epl&]Zs. (4.18)

At first we bound Rs. By Hélder’s inequality,

Ry < R3Ry, R} = E; 98, Ry =E; 973 (4.19)
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Furthermore, by (4.9), R? < 2R2 + 2R2, where
R: =Epglp <6 'Ej g < Epgxp, R =Ej U3 <Fj.  (4.20)
Combining (4.20) with the relations (which follow from symmetry and (4.5))

Ej 98 = pa(n — m)(v1 — p)*PEY?y7 , = q(1 — p)*°NE?yf . (4.21)
E(1 918 = aNE[ g (m(As)® = aN(n - m)pqu’Qyin < gN "1, (4.22)

we obtain
RsRs < qlvi — pl|tha/?54/% and  RsRg < NY2¢Y2|uy — p||t|5a/* Fis. (4.23)

Here we denote 7o = El’2yin. Using the first inequality of (4.23) we obtain

mQERleR5 < m2p2q3t272 2 '72/2|22|
and invoking the second inequality of (4.47) we get
m?ER  RyRy < p* 2N 145/ < R. (4.24)

Using the second inequality of (4.23) we obtain

m*ER, R3Rg < m2p>¢® >N Fgt®*Ely, 2|74 % |z,
and invoking the first inequality of (4.47) and (4.10) we get

m?ER, RsRg < 12N~ Fpt?(|t|¢*? + |s)y2 < R. (4.25)
Since, by (4.18) and (4.19), |R| < ER1R3R5 + ER; R3Rg, it follows from (4.24)

and (4.25) that m?R ~ 0.
In the next step we show that

N T T R S ()

Substitute v1 = vq e{Th + T5} in fi. Furthermore, using the expansion

{1+ T} = 1+ T+ T5 e To}(1—61)) e{T1} (4.27)
=e{T1} + To(1+ Ty + T7 {021 }(1 — 65))
+ T22 e{Hsz}(l — 91)(1 + T1 6{93T1}),
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we obtain EUlQLQ = EU4V—|—R1 +R27 with |Rz| S EZB|VT1|, 1= 1, 2. Therefore,
in order to prove (4.26) it remains to show m?R; ~ 0, for i = 1,2. By symmetry,

it suffices to show m?R; ~ 0.
It follows from (4.9) and (4.22) that

|R1| <E|VTi|xp +E[VTi|¥p < (N~ 'qy2 + F)E|VT|. (4.28)
Combining (4.46) and the inequalities |t| < N/2 and |s| < (Ng)'/? we obtain
E|V T1| < p*@[t|(|t] + [slg™ /2 )N "2 (Bs +7a) /2.
Therefore,
m? N gpE|VT| < 12(t2 + s )N 1By + v4) < R.
Finally, (4.46) in combination with (4.10) yields m*FgE|VT;| < R and this in-

equality in view of (4.28) completes the proof of (4.26).
Now we show

frm fE fr=48 (";) EvsV, w5 =e{W +T{?1, (4.29)

Expanding v4 in powers of i€(12) we obtain
Euv,V = BusV +iBosVEDD + R, with  |R| < E(¢12)%|v. (4.30)
Write |R| < E[V[E} 9 (5(1’2))2. By symmetry and (4.5),
E[LZ] (5(1,2))2 _ p2q2(m . 2)(n B m)t2E1’2y§7n < /M]tzN_l’)/z-
Now invoking (4.31), see below, and the bound |t| < N'/2 we get
m?|R| < 122 (1% + s> )N typ(ya +1) < R.

This inequality together with (4.30) implies f> ~ f§ + fg, where

* . m . m
fe =it ( 2>E05V§(1’Z) =gt < 5 ) (m — 2)Evs V&,

by symmetry. In order to prove (4.29) it remains to show fg ~ 0.
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Let us prove f5 ~ O. Expanding wvs in powers of 715 we obtain
|EvsVEs| < EYR|VET;|. Now, using (4.9) we get

5] < mPElusVETs| < m* FRE|VETs| < mP FRE|V|E?

&3]

Finally, invoking (4.10) and the following bounds (which follow from symmetry
and (4.5))

E|V| < (BQ?,) 2(BTTH)Y? < p*[t|(% + s* /)N~ %7y/?,  (4.31)
EL2|6Ty| < (BY262)Y2(EV2T3)Y2 < plt|(Jt] + |s|)N~3/273"?,

we obtain f5 < R.
Let us show thatf; ~ hs. Expanding vs in powers of iQQp we get

EuvsV = EvgV +iEvgVQp + R,  wvg = e{T12}, (4.32)

with |R| < EYp|V|Q%. Note, that by the symmetry,
O (N e (4.33)

Invoking (4.9) and then using (4.5) we get
EY5|V]yn 10 < FEE[V|y; 1, < FsN°0E[V]. (4.34)

Combining (4.33) and (4.34) and then invoking (4.31) and (4.10) we obtain
m2R < R. Now it follows from (4.32) that fi ~ hs + f,, where

fikO - Z'4 (7721) EUGVQD - 7:4 (T;) (n - m)EUGV Qn—l,na

by symmetry.

We complete the proof of (4.15) by showing that fj, ~ 0. Expanding vg in
powers of iT;,_1 and iT,, we get |EvgV Qn—l,n} < E|V*V|Yp, where we denote
V* = T,,_11,Qn—1,. Furthermore, using (4.9) and then invoking the simple
inequality E"?|V*| < E|V*| we obtain

E|V*V|Yp < FRE|V*V| < FRE|V*|E|V| = Fp(E|V|)%.

Therefore, |ffy| < m2(n — m)F(E|V])2. Finally, an application of (4.31), and
(4.10) yields f{; < R thus completing the proof of (4.15).
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Step 2. In order to prove (4.16) it suffices to show

fik Nfik1+f1*27 ffl = Koy, ff2:7;E1)7§, U7:e{T+QD}7

(4.35)

* * * n—mj.
fi1 ~ h1+ fi3, i3 = ( 9 >Z3Ee{T(1’2)}V, (4.36)
fio ~ fi fia=m(n—m)PEe{T"2}V. (4.37)

Let us prove (4.35). Expanding v in powers of i we obtain
i =1+ fiz + fis with  fis = i*Eur&? e{61£}(1 — 61).
In order to prove (4.35) we shall show f{5 ~ 0. Split
Q,, = 51USUS3U8,, with S;NS; =0, i# 4, and |Sj|~m/4, 1<j<A4.

Split £ =61 + -+ + d4, where §; = Ziesj &. We have

fis = Z Tk rix = i°Burd; 0 e{01£}(1 — 0y).

1<j,k<4

We shall show r; 5 ~ 0, for every 1 < j,k < 4. By symmetry, it suffices to prove
T~ 0 and r1,2 ~ 0.
Let us show r1; ~ 0. Expanding in powers of 6,02 we obtain

e{01} = vg +i0ougD, wg=e{01(61 +03+64)}, U=01Eg,e{0:0202}.
Substitution of this formula gives

ri1 = Rl -+ Rz, Rl = Z'ZEUTUg(S%(l — 91), R2 = igEU7vg"t~i(5%52(1 — 91)
Similarly, expanding vg in powers of 16103 we get Ro = R3 + R4, where

R3 = ’L'BEU7"U95%(52’17(1 — 91), Vg = 6{61(51 + (54)}, ’R4’ S E5%|52(53|

Therefore, |r11| < |R1| + |Rz2| + |R3|. Furthermore, invoking the inequalities
|Es,3v708] <Y, and |Eg,3v7v90| < Y, we obtain

‘7”‘1,1’ S ™ + T2 + rs, r = E(;%YSQ, To = E5%|52|Y53, rs = E(S%’ég(sg‘ (438)

Now we show r; ~ 0, for ¢ = 1,2,3. Denote for brevity m; = |S;|, 1 < |i| < 4.
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Let us show ro ~ 0. By symmetry,
E(5,107 = mipgt®Ch, (A1),  Egs,105 = mapgt®(h,(As,), (4.39)

with 4o € S3. Combining (4.39) and the inequality E(g,}|d2| < (E{s,;65)"/? and
using symmetry again we get

ry = EYs, (Bgs,3107)Eqs,3 02| < mamy’ (pg)> 2|t EC2, (A1) |G (Aiy )| Vs,
< m?*?(pg)3 2 |t|PE|Cn (A1) P Ys, . (4.40)

In the last step we applied (4.44) and used again symmetry. Furthermore, invoking
(5.4) and using symmetry and (4.9), we obtain

E|(n (A1) Ys, < NY2pg(n — m)Ely1 ,|*Ys, < N73Fg,vs.

This inequality in combination with (4.40) and (4.10) implies r2 ~ 0.
To show 71 ~ 0 we use the symmetry, and apply (4.9) and (4.10),

r1 =mit*p’¢*(n — m)Eyi Vs, < t?Fg,N 192 < R (4.41)
To show r3 ~ 0 we first use (4.44) to get r3 < Ed763 + Ed763 and then apply

(4.48). Finally, collecting the bounds r; < R, i =1,2,3 in (4.38) we get 71,1 ~ 0.
Let us show r; 2 ~ 0. Expanding in powers of 0103 and 6194 we get

e{01&} = vip + v1ov1116103, vip = e{01(61 + 2 +04)}, vi1 = Eg, e{0:60293},
V10 = V12 + V120130164, vi2 = e{01(61 + 02)}, viz = Eg, {010364}.

Combining these expansions we obtain
e{01€} = v1g + V1101200103 + v11V12013i°07 5304

The last identity in combination with the bounds |E;g, vrvi] < Ys, and
|E{S4}U7U11v12| < Yg, implies

7"1’2 S E]5152|Y53 + E|(31(5253‘Ys4 + E|51(52(5354|

< E6?Ys, + E62Ys, + E6?|02|Ys, + E02|02|Ys, + E6262 + E6253.
(4.42)

In the last step we used the simple inequality ab < a? + b? several times. Note,
that the quantities in (4.42) can be bounded in the same way as ri, ro and rj3
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above in the proof of 711 ~ 0. Hence, 12 ~ 0 and this completes the proof of
(4.35).
Let us prove (4.36). Expanding v7 in powers of iQp we get

fli=hi+fis+R,  fis=iEe{T}Qp, with |R|<EYpQ5}.
Furthermore, by symmetry,

n —

fie = (n;m)iEe{T}Ql,z and EYpQ} = ( m)pQQQtQEYByiLn-
Combining (4.9) and (4.10) we obtain R < R and, therefore, f{; ~ hi + fs.
Let us show fis ~ fi3. Write e{T} = e{T"?}e{T} + T>} and use (4.27) to get

Ee{T}Qi2 =i ’Ee{TYDYW + Ry + Ry, with |R;| < E[VT|Ys.  (4.43)

By (4.9), |R;| < FgE|VT;|. Furthermore, invoking (4.46) and (z.a5) we obtain
n?R; < R, i = 1,2. These bounds together with (4.43) imply fis ~ fi3, thus
completing the proof of (4.36).

Let us prove (4.37). By symmetry, fj5 = miEv7§;. Expanding v7 in powers of
1T we get

flo=Ffiz+ R, flr =miBe{TW + QpYaTi,  [Ru| < mEYp|&|T}.
Furthermore, expanding the exponent in powers of i) p we obtain
fir=fis+ Ra,  fls =mBe{TVYOT,  |Re| < mEY5|6T1Qp].

Note, that by symmetry, fiz = m(n — m)i?Ee{TM}Q,T;. Finally, expanding
the exponent in powers of iT> we get

fis = fia + Rs, with |R3| < n(n —m)EYgp|VTs|.

Therefore in order to prove (4.37) it remains to show R; < R, for i = 1,2, 3.

To show R; < R use the inequality |&;]|T7 < &2 4+ T We get |Ry| < Ri1+ R,
with R11 = mEYRT{ and R12 = mEYpEZ. By (4.9) and (4.10), Ri1 < R.
Furthermore, the bound R; 2 < R is obtained in the same way as (4.41).

To show Ry < R use the inequality |&T1Qp| < & + T2Q%. We get |Ra| <
Ro1 + Raa, with Ro1 = mEYpE? < R, cf. (4.41), and with

n—m

Roo = mEYRTEQ3, = m< )

)EYBTEQQ < mn?FpET?Q?

n—1,n n—1,n»
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by symmetry and (4.9). Now, combining (4.10) and the inequality

ET12 2 = p3q3t2Ez%E1yi_1,n < ]93(]31f2(152 + SQ/Q)N_4’}/2,

n—1,n

(here we use (4.5)) we obtain Ry < R.

To show R3 < R we apply (4.9) to get Rs < nmFgE|VTy|. Then combining
(4.46) and (4.10) we obtain R3 < R.

We arrive at (4.37), thus completing the proof of the lemma.

In the next lemma we collect some auxiliary inequalities used in Lemma 4.1.
We shall frequently use the inequalities

ab<a®+b*,  a®b<a’+0b3. (4.44)
Lemma 4.2. We have

E|Q12667 < p?* N~ 2y, E|Q2T2|ef < p*@PIPNTT2(1 + ), (4.45)
E|Q1 21217 < p*@lt| (|t + |s1%q 22 ) N~3(Bs 4+ 74) "/, (4.46)
E|yl,2902|7;/2 K N7, E|y1,2z2|721/2 <K N3y, Fo=E"y;,., (4.47)
Edf{éﬂ < p2q2t2m2N_374, forany K,M C Q,,, KNM =1/, (4.48)

with |K|,[M| > 0. Here 0 =) ¢y &i-
Proof. Let us prove (4.45). We have
E|Q1 2667 < p° ¢t Ely1,2¢m (42)[C (A1) < 20°¢* Elyr 265, (A1),
where in the last step we apply (4.44) and use symmetry. Furthermore, writ-
ing Ely; 2¢, (A1) = E|y12/E"?|¢3,(A1)| and invoking (5.4) we obtain the first
inequality in (4.45). To prove the second inequality we apply (4.21),
E|Q12T32|6] = E|Q12T2|Ep 267 < p° ¢ NItIPEyi , [y1,222],

and use the inequality Ey? ,|y1,222| < N792(1 + ~4). To prove this inequality
combine (4.5), Holder’s inequality and the bounds

v12%2) < VN[yroma| + y12l,  |yroma| < Nyjo+ N7 'a3.

Let us prove (4.46). We have E|Q12T5|T? < p?¢?|t|E|y1.222]23. Now (4.46)
follows from the bound

Ely1 022|128 < ([t + ¢*[slq™"? + [t|s* /g + |sq 2 )N 7> (Bs + 7a) /2
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which is a consequence of the following inequalities

Aleol < (Pad +5°/77) ]zl Blyiozs| < (Byf )"/ (Ba3)'/? < N7,/

Ely1 22|z} < (Byf y2)'/?(Bafz3)'? < N7H(By{ ,Ex])* < N72(80 + )"/,
Ely o[} < (Byf pa7)"/?(Ea})'/? < N7V2(By{ ,Ea)'/? < N7/2(By 4 7a)'/2.
Let us prove (4.47). By (4.44), |y1,2x2W21/2 < N_1/2yi2 + N'/2225,. Now
invoking (4.5) we obtain the first inequality of (4.47). To prove the second one,

it
write ~1/2 1/2 ~1/2 ~1/2
Ely1 2219 < N/ 7Ely1 2z2|%" " + Ely1 2|77,

(here we used the bounds |t| < N2 and |s| < 7) and apply Hélder’s inequality
to the second summand.
Let us prove (4.48). By symmetry,

E0% 63 = |K| M| p*¢*t EC (A1) (A2). (4.49)
A simple calculation yields
ECn (A1) (A2) < pa(n —m)N ™5 + p*¢*(n — m)(n —m — )N 95 < N~y

Substituting this bound in (4.49) and using the inequalities |K|,|M| < m and
t? < N we obtain (4.48).

5. AUXILIARY RESULTS

Lemma 5.1. For the random variables v; and ©;, i = 1,2, 3, defined in (3.6) and
(8.25) above, the following inequalities hold

EO? < N™2 s, i=1,2,3, (5.1)
E*|v;(A))| < ¢ ' 6y, i=1,2. (5.2)

For A =31 cicjem 92(Ais Aj), with 3 < m < n, we have

m(m —1)
2 N3

2(m —2) B (m —2)(m —3)

2 _
EA, = n—2 (n—2)(n—-3) °

(I—ca)y2, ea= (5.3)

For the random variable (,,(Ax) defined in (4.6) the following inequality holds

n

Efmit,.n}Cm(Ar)]? < pg(npq)'/? Z 92(Ak, AP, E<m<n, (5.4)

j=m+1
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recall the definition of Efp,i1,. n) just before (4.6).

Proof of Lemma 5.1. We shall prove (5.1) in the case i = 1 only. For i = 2,3 the
proof is similar. By Hélder’s inequality,

O <Ewi(A]) = Y E'ga(A7,4) (A} A)).
k+1<i,j<N

By symmetry,
EE g2 (A7, Ai) 92(AT, Aj) = Ega(A1, A;) g2(A1, Aj),
and therefore,
EO] < (N — k) Eg3 (A1, A9) + (N — k) (N — k — 1) Eg2(A1, A2) g2(A1, A3).
Now, invoking the identity
Ego (A1, As) g2(A1, A3) = —(n — 2) 7' Eg3(Aq, A), (5.5)

use (1.2)) we complete the proof of EQ? < N~2+s.
1

To prove (5.2) we combine the obvious inequality |7;|/|Jo] < ¢! and the in-
equalities
* * _ —1 —1 |\7l| s
E*Ju;(45)] = [T D [oi(Ap) < |17 Y [vi(Ax)| < 6 [0 =2

keJdo keJ;

Let us prove (5.3). By symmetry, EA2, = 271(m — 1)m E go(41, A2)A,,. Fur-
thermore,

Egs(A1, A2) A = Eg3 (A1, A2) + 2 (m — 2) Ega(A1, As) g2( A1, As)
+271 (m —2) (m — 3) Ega(A1, As) g2(A3, Ay).

Now, invoking (5.5) and the identity
Ega(Ay, Az) g2(A3, As) = 2(n — 2) "1 (n — 3) 'E g5 (A1, Ag),

(use (1.2)) we obtain (5.3).
In order to prove (5.4) we apply Rosenthal’s inequality,

J J
r r/2
BIZi+-+ 2| <cr) ) Blz] +er)(DBZ) . r=22
=1 =1
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where Z1,...,Z; are independent and centered random variables. We apply this
inequality to the sum (,,(Ag), cf. (4.15), conditionally given A,

n

" 3/2
B 1,y [on (AR < pa - 1oa(Ae, AP+ (pa Y g4k, A))
l=m+1 l=m+1

Finally, using Holder’s inequality, we bound the second sum above by

n 3/2 n
(Y Baa)” <e-m" Y lpaA)f, acA
l=m+1 l=m+1

thus arriving at (5.4).

Lemma 5.2. For each 0 < d <7 and x, y € R, and B(x) defined in Section 3.1,
we have

2T 4

|8z +y)|* < wg (@) (y),  where vy (y) = 1 +tpay (g + 1)y,

and where the function ug) is defined in (4.8).

Proof of Lemma 5.2. In the case where |z| > 7 + d, we have u[g(x) = 1 and the
desired inequality follows from the simple bound |3(z + y)| < 1.
In the case where |z| < ™ 4 d we apply the mean value theorem to get

|cos(z + y) — cos(z)| < |E sin(z + 61 y) y|
< (lz[ +1yl) Iyl < ca® + (¢ + 1)y (5.6)

In the last step we applied the inequality |z y| < cz? + ¢! y?, with ¢ > 0. Com-
bining (5.6) and the identity |3(z + y)|* = 1 — 2pq(1 — cos(z + y)) we get

B(z+y)? <1—-2pq(1—cos(z) —ca®— (c™"+1)y?).
Now invoking (5.15) we obtain
Bz +y)? <wi+wr, w1 =1-pqg(O(d)—2c)2?, wy=(c""+1)2pqy*
But 1 — pgaz?O(d) > d/m, for |[z| < 7™+ d. Hence, w; > d/m and therefore

wy + woy < wq (1 +7rd ! wg). Choosing ¢ = O(d)/4 completes the proof of the
lemma.
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Lemma 5.3. Assume that B2 = 1. For every s,t € R and 0 < d < 7w, we have

+2
N

bi b2

EZ*(A1) (A1) > ( i

+ 82) (1 —2¢q)), Cla) = max{

Here Z(a) = tgi(a) + s and Iy (a) = I{H1|g1(a)| < d}, for a € A.

Note, that a similar inequality was used already by Hoglund (1978), where the
constant (corresponding to cjq) was not specified. For our purposes the depen-
dence of ¢4 on the parameters by and d is important and thus we include the
proof.

Proof of Lemma 5.3. Denote Kig = {k : Ijg(ax) = 0}. Clearly, for r > 0,

Kigl= Y 1< Y |gi(ax) Hi/d|" <np, B3 bid ™" (5.7)

keK(q kekiq

Furthermore, since EZ?(A;) = t2N~! + 52, we have

2 _
EZ* (A g (A1) =  +5°=Wn™l, W= 3" Z%ay). (5.8)
kE’C[d]

The inequality (a + b)? < 2a? + 2b2 implies W < 2W; + 2Ws, where

t2
Wi=|Kgl,  Wo= > gi(ax) < 0?3 |Kig "%,
kGIC[d]

In the last step we applied Hélder’s inequality to get

N Gan) < (3 lgdan))? P K.

kE’C[d] ke’C[d]

Now, (5.7) (with » = 2) implies W7 < s?ncq. Furthermore, (5.7) (with r = 3)
implies Wo < t2N~!ncy. These inequalities combined with (5.8) complete the
proof of the lemma.

Lemma 5.4. Assume that B2 = 1 and that (3.3) holds. For |t| < Hy and |s| < 7T,
the inequalities (4.9) hold true.

Proof of Lemma 5.4. Throughout the proof we use the notation introduced in
Section 4. Fix B C Q,,. By Lemma 5.2,

Zp = H 18(zk +tCn (Ap))| < mima,  1f = H up(zk), 75 = H V1) (tm (Ar)),

keB keB keB
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Using the inequality 1 + x < exp{x}, we obtain n3 < exp{pqt’s»p|B|/N} and
therefore, (1 — Ig)ne < gp(t). Finally, combining the inequalities Zp < 1 and
Zp < M2, We get

Zp=1IpZp+(1—1Ip)Zp <Ig+ (1 —1Ig)mn: < Ip+ ¥p,

thus proving the first inequality in (4.9). Here the random variables U = n195(%),
»p and Ip are defined in (4.7) and the function gp(t) is given by (4.8).

Clearly, Lemma 5.2 (with = z;, and y = 0) implies the second inequality of (4.9).
To prove the last one observe that by Hélder’s inequality we have E "5 <«
(B4 02)1/2 and thus, it suffices to show

By < 2 for every i1,...,i4 € Q, \ B. (5.9)
To prove (5.9) note that the inequalities |t| < Hy and |s| < 77 imply
upy(ze) < w(Ag),  w(Ag)=1- % O(1)z2 Iy (Ar), Kk € Q.

where we denote Ij3)(a) = I{Hi|g1(a)| < 1}. Therefore,

% =gyt <gp(t)n,  where n= [] w(Az). (5.10)
keB

Denote Dy = {iy,...,i4} and Dy = Q,, \ D;. By Theorem 4 of Hoeffding (1963),

i1y B pq !
E'otin < wL |, where w, =1 — 7@(1)F*, = —— Z ZI%I[l](Ak)'

Combining (5.11), (5.12) and the inequality 1 + z < exp{z} we get
n < exp{—0.45pqO(1)(t*> + s?/q)|B|[N~1}. Now (5.9) follows from (5.10).
Let us prove (5.12). We have

1
n—4

L= = Ezfly(A) -

M, M= (A (5.13)
keD

The simple inequality (a + b)? < 2a? + 2b? gives

M <88%/7% +26°My,  Myi= ) gi(Ag). (5.14)
keD
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By Hoélder’s inequality and (3.3),

2/3 _
M, §41/3( Z |91(Ak)|3) / < 41/3532)/3712/3]\[ 1< (400)1/3%.
keD,

Here we estimated 32/n < B4/n < cg, see (3.3). This inequality in combination
with (5.14) implies M < 100~ 1n(t? 4+ s?/q) N1, provided that ¢y in (3.3) is suffi-
ciently small. Substituting this bound in (5.13) and invoking Lemma 5.3 we obtain
(5.12) thus completing the proof of the lemma.

Theorem 4 of Hoeffding (1963) and Hoéglund’s inequalities. Consider a
population P of n numbers py,...,p,. Let X1,..., Xn denote a random sample
without replacement from P and let V;,...,YVn denote a random sample with
replacement from P. In particular, );,..., VN are independent random variables.

Theorem (Hoeffding (1963)). If the function f(x) is continuous and convez

then
N

X) <EFO ).

k=1

E f(

-

The following inequalities are proved in Hoglund (1978),

1—(:03112%112@(11), for |v|<7m+u and 0<u<m, (5.15)

wl/2 n N n—N 1/2 . N
3 S(N)s (1—y5) (27s(l—s)n) '~ <1, with 5= —, (5.16)

where 1 < N < n.
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