A BERRY-ESSEEN BOUND FOR LEAST SQUARES ERROR
VARIANCE ESTIMATORS OF REGRESSION PARAMETERS
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ABSTRACT. We construct a precise Berry—Esseen bound for least squares error
variance estimators of regression parameters. Our bound depends explicitly on the
sequence of design variables and is of order O(N~!/2) if this sequence is "regular”
enough.
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1. INTRODUCTION AND RESULTS

Consider the linear model

Yi=a+ 38X, +¢;, 1=1,..., N, (1.1)
where Y7,...,Yy is the observed response to given variables (design points) X =
(X1,...,XnN), and where o and 3 are unknown regression parameters to be esti-
mated. Here ¢1,...,ex are unobservable errors. We assume that €1,...,exn are

independent identically distributed mean zero random variables.

The ordinary least squares (OLS) estimators of the parameters « and 3 are defined
by

~

a=Y X and [B=V 3z + -+ TNyN),

see Malinvaud (1970). Here z = X3 — X, yr = Yi—Y and V = (22 +---+2%)/2.
We are interested in the rate of the normal approximation of & — « and § — 3 in
the case where the variance 02 = Ee? is unknown. In this case o2 is estimated by

2 =(24...4%2)/(N-2), Er =Yi — & — B X,
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see Malinvaud (1970), and is used to normalize & — o and 3 — 3. By the central
limit theorem, for large N, distributions of the statistics

A A YQ 1
(91 :91(X) — aQSCY 7 02 ZQQ(X) = /BVTB’ where Q: (W 4 W)1/2

Y

can be approximated by the standard normal distribution. We construct a bound
for the rate of the normal approximation of these statistics.

The Berry—Esseen bound given in Theorem 1.1 below is precise and depends only
on the ratio 83/03 and the fraction

N
k=1 |ﬂUk|3

£=éx =124

IfYV=0put£=1and6; =0.

Theorem 1.1. Assume that 02 > 0. Then there exists an absolute constant ¢ > 0
such that
sup|P{0; < 2} — ®(z)| < c& %, i=1,2,
X

where ®(z) denotes the standard normal distrubution function.

Here and below ¢, cg, c1,... denote generic absolute constants. By ¢(T1, Tb,...)
we denote a constant which depends only on the quantities indicated in the brack-
ets.

If the sequence X is regular enough, e.g., the design points are regularly spaced,
Xy =a+kt, k=1,..., N, for some a, t, then Theorem 1.1 yields the Berry—Esseen

bound
B3

VNo3 '’

sup|P{0i <z} -— (I)(ib)‘ <c for i=1,2.

The rate O(N~'/2) is achieved also when the design points are taken at random
and independently of the errors. Consider the linear model (1.1) in the case where
the design points X = (Xy,..., Xn) are i.i.d. random variables independent of
€1,...,6n. Write v3 = E|X] — EX;|? and 72 = Var X;. Theorem 1.1 implies the
following bound.

Corollary 1.1. Assume that 0® > 0 and 7> > 0. Then

B ,
sgp|P{9i(X) <z} -®(z) <c ﬁ&’ for  i=1,2.

It is easy to recognize the structural similarity between the statistics #; and 6o
and the Student statistics, based on non-identically distributed observations. The
Berry-Esseen bound for the Student test was proved by Bentkus and Gétze (1996)
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and extended to the non-i.i.d. case in Bentkus, Bloznelis and Goétze (1996) ([BBG]
for short). In order to obtain the optimal results for error variance estimators of
regression parameters we extend the methods developed in these papers and then
apply them to the statistics 6; and 6.

It seems that the traditional technique, see, e.g., Lahiri (1992), does not allow to
obtain the optimal results: it involves moments of order which is higher than the
optimal one.

The rest of the paper is divided in two sections. In Section 2 we present a general
Berry—Esseen bound for the statistics like 61 and 6 which is obtained without the
assumption that the second moment of the errors ¢; is finite. Theorem 1.1 is a
simple consequence of this result. Proofs are given in Section 3.

2. A GENERAL RESULT

Given two sequences of real numbers w = {wy,...,wy} and z = {z1,..., 2N}
such that
N N
Zw? =1 and sz =1 (2.1)
i=1 i=1
write

N
T=T(w,z)=5Sw)/s(z), S(w) :Zwiai, s%(z) = 6% — N715%(2),

where as usual

Write £(w) = vazl |w;|> and note that by (2.1),
N
E(w) > N~Y/2 and > Jwi| < N2, (2.2)
i=1
Clearly the same inequalities hold for £(z) and Zf\;1 |zi| as well.
Define the number a? = a3, by the truncated second moment equation,

a®> =sup{b: Eejl{e] <bN} > b}, a>0.

It is known (and easy to show) that for any random variable €; and any N such
a number a exists, and a is the largest solution of the equation a? = Ee31{e? <
aQN}. Moreover, if 0 < oo then a < 0. If 0 = oo then ay — o0 as N — oo.
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In order to formulate the general result we introduce truncated random variables
T = CL_1.7\7_1/2e§Z~1~{eSZ2 < aQN}, for 1<i<N.

Note that |r;| <1 and E7?2 = 1/N.
The result formulated below provides a bound for

N = sgp}P{T <z} — O(z)|

in the general case, where the existence of the second moment of r.v. &; is not
assumed.

Theorem 2.1. Assume that a > 0. Then

Sy < cNP{el >a’N}+cN |En| +CN3/2(5(w) +E(2)) E|m |’ (2.3)

3. PROOFS

Proof of Theorem 1.1. A simple calculation shows that 8, = (1 — 2/N)Y2T(z, 2)
and 0; = (1 —2/N)/?T(w, z), where z = {z1,...,2x}, z; = x;/V and where

w={wy,...,wn}, w;=v;/W, v;=N'1—2,X/V? W?= YQ/V2 + N
By Theorem 2.1 and inequalities (2.2),

Slip‘P{H,- <z} —®(z) <c %(5(w)+5(2)), for i=1,2.

Furthermore, by Holder’s inequality, X < V?/N. Therefore,

N N
S il e N4 e(IX[/V)?) o < e NT2(NTV2 4 £(2))
i=1 =1
and we obtain £(w) < c£(z). But £(z) = £ and this completes the proof.

Proof of Corollary 1.2. The result follows from Theorem 1.1 and the inequality

3
< .
E((:X s C \/NTB
Let us prove this inequality. We asume without loss of generality that E X} = 0.
Write x; = &X; — X, for i = 1,...,N, where X = N=1(Xx; + --- + Xy), and
3/

vs =E|x1]° and L = vz v, 2 Denote the event

A:{XSEX/2}, where X=X+ 4 X%
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Note that £x < 1 and thus, E€x < P{A} 4+ 23/2N~Y2L. By Chebyshev’s
inequality and Rosenthal’s inequality, see, e.g. Petrov (1995),

P{A} <cE|x —Ex|*?/(Nvy)¥? <eN7Y2L.
We obtain E £y < ¢ N~'/2L. Finally, using the inequalities
Ex?=(1-NYHY72>72/2 and E|uf <cys.

we obtain L < cv3/73 thus completing the proof.

Proof of Theorem 2.1. The proof goes along the lines of the proof of Theorem 1.2
in [BBG]. Therefore we give only a general scheme of the proof. These steps of
the proof which are new are presented with detail calculations.

Write

7 = wi(r; — E1), =17 — N1, 1<i<N,
N N N
%:Z%Z-, T:ZTZ' and n:Zm.
i=1 i=1 i=1
Let a = (aq,...,ay) denote a sequence of i.i.d. Bernoulli random variables such

that P{o; = 1} =1 - P{ay = 0} = p, with some p < 1. By ¢ we shall denote a
standard normal random variable. By (2.1), we can write £ = & + - - - 4+ {x, where
&1,..., &N are independent centered normal random variables with E 2 = w?, i =
1,2,...,N. We shall assume that the sequences «, (71,...,7n) and (&1,...,&N)
are independent. Furthermore, we may and shall assume that

N }Eﬁ‘ < ¢ and (E(w) + 5(2)) N3/2E \71\3 < ¢p, (3.1)

for a sufficiently small ¢ > 0. If at least one of these inequalities fails then (2.3)
follows from the obvious estimate dy < 1. Note that the second inequality in (3.1)
implies N E |7 |> < ¢p.

Let g : R — R denote a function which is infinitely many times differentiable
with bounded derivatives and such that

1/8<g(x) <2, forall zeR, and g(z)=|z|"Y2 for 1/4<|z|<7/4.

For a statistic W write 6(W) = sup, |P{W < 2} — ®(z)|.

The proof is divided in two steps. In the first step we replace the statistic T" by the
statistics V = v/Ng(1 + 1), which is a smooth function of the random variables
»; and ;. In the second step we construct estimates for the difference between the

characteristic functions f(t) = E exp{it V} and ¢(t) = E exp{it £} = exp{—t%/2}
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and then give a bound for §(V') using Esseen’s smoothing lemma, see, e.g., Feller
(1971).
Step 1. We shall show that

§(T) <6(V)+cRy, where Ry =N P{e? >a*?N}+N|E7|+NE|r|>. (3.2)

Write V' = v/N S; g(1 + A) and V" = v/Nxg(1 + A), where

N N
51=Zwiﬂ', 52:sz, and A=n+72/N+53.
i=1 i=1

Let us show that 6(7") < §(V’) + ¢R1. We have
P{T #V'} < NP{e? > a*N} + P{|A| > 3/4}.

By Chebyshev’s inequality, Lemma 3.1 (see below) and the inequality N~1/2 <
NE ’T 1 ’3,

P{ln| > 1/4} <cEnf? <cRy,  P{r?/N>1/4} <cN7 ' <cRy,
and P{S3 > 1/4} < ¢cE S3. Furthermore, by (2.2) and (3.1),

ES; <Em+[En*) |zllz] < N+ NEnR <R
1#]

We obtain P{|A| > 3/4} < ¢R; and therefore |6(T) — §(V')| < ¢Ry.
Furthermore, |V’ — V”| < 2R;(w), where Ri(w) = VN |E1| Zi\il |w; .
follows from (2.2) that Ry(w) < Ry := N |E 7| and thus 6(V') < 6(V") + ¢Ry.
It remains to show that §(V"”) < 6(V) + ¢R;. Expanding g in powers of ) =
N~172 + 52 we obtain V = V + Ry, where |Ry| < ¢v/N|x%Q|. By Chebyshev’s
inequality,

p—

t

P{|Ry| > N2} < cNE Q| < ¢ (E[#?)*(B|rP)** + ¢ NE |#[S2. (3.3)

By Lemma 3.1, the first summand is bounded by ¢ N=1/2. To estimate the second
one let us write u = vazl 2 (1, —B7;) and Ry (2) = VN |[En| vazl |z;|. Clearly,
E|NY2u|? < ¢, cf. Lemma 3.1, and R;(z) < R;. Since NS3 < 2N u? + 2 R?(2)
and || R3(2) < |3]> + |R1|> and u?|3| < |ul® + |»|3, the last summand in (3.3)
is bounded by ¢N~1/2 + ¢ R}. We obtain P{|Ry| > N~'/2} < ¢R;. Therefore,
(V") <6(V)+ c¢Rq. We arrive to (3.2).
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Step 2. Here we show that
§(V) <Ry,  Rp=N[Em|+N2£w)E|n > (3.4)

It follows from Esseen’s smoothing lemma that
SV < [ RO - ot s T = o/ (NYE @) B[,
0<[t|<Ty !
This inequality implies (3.4) if we show that

I= / () — B(t)]dE < R (3.5)
0<t|<er

and
I = / 1) — (8)]dt < R, (3.6)
c1<[tI<T

where the constant c¢; is sufficiently large. Let us prove (3.5). Write H(z) =
exp{itz} and denote cy = ||H'||+ || H" ||+ ||H""||, where || H|| = sup,, |H(z)|. Then
(3.5) follows from the inequality

[EH(V)—EH(£)| < cey Ro. (3.7)
This inequality is a consequence of
[EH(VN3)-EH()| <cepRe, |[EH(V)-EHNNx)| <cegRa. (3.8)

The proof of the first inequality in (3.8) is easy, see Bentkus, Gotze, Paulauskas
and Rackauskas (1990). The proof of the second inequality is very close to the
proof of the inequality (2.3) in Bentkus and Gé&tze (1996). An inspection of their
proof shows that in order to verify the second inequality of (3.8) it suffices to show
that

E|D|<cRs, EU?<cRs, En?®<cRy, |EUH(VNx)|<cRs (3.9)

where D = \/NZZ]\; »;m; and U = \/N21gi,j§N,i¢j »#;n;. The first two in-
equalities of (3.9) follows from Lemma 3.1. The inequality En? < ¢R is trivial,
since |n;| < 2, for 1 <i < N. To prove the last inequality in (3.9) let us write

UH'(VN ») = Z A, A= \/N%i"?jH/(\/N%)

1<i,j<N, i#j
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and »x = 2" + s + »j, where we denote I = 3 — gy — »j. Expanding
H' (\/N (3699 + 20+ %j)) in powers of /N s; and subsequently in powers of v N ;
we get

|EA; ;| < cE(\/Nm)2|\/N%jnj} < cw?|w;|NY2E |7 2.

An application of (2.2) completes the proof of (3.9). We arrive to (3.7)

The proof of the (3.6) is more complicated. An additional effort has to be made
to ensure the integrability (with respect to the measure dt/|t| in the region ¢; <
|t| < T3) of the remainder of expansions. In order to prove (3.6) one uses the
approach developed in Callaert and Janssen (1978), Helmers and van Zwet (1982),
van Zwet (1984) where similar integral is estimated in the case where f(t) is the
characteristic function of U or more general nonlinear symmetric statistic based
on i.i.d. observations. One extension of this approach to the situation where the
observations are non-identically distributed is given in [BBG].

To prove (3.6) we expand ¢ in powers of observations and then expand the expo-
nent in much the same way as in proof of Theorem 1.2 of [BBG], only now we use
inequalities of Lemma 3.1 to bound the remainders of these expansions.

Finally, combining (3.5) and (3.6) we obtain (3.4) thus completing the proof of
the theorem.

Lemma 3.1. Assume that (3.1) holds. Then
E|71+~--+Tk|s <c¢(s), for s>0, and k=1,2,...,N,

N N
E |\/Nzammi| <cpNE|n|?, E ‘Zamiﬁp <cpNE|n[,

=1 =1

E|\/N%‘3 <¢, EU*<cpP’NE|n]?, E|UP?<cp/*NE|n|?,

where U = VN 2 < i< izj Q%0105

Proof of Lemma 3.1. The proof is easy and routine, cf. proof of Lemma 2.1 in
[BBG].
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