ON THE RATE OF NORMAL APPROXIMATION IN D|0, 1]

M. Bloznelis

Abstract : The paper gives estimates of the accuracy of the approximation of
the probability distribution function of sup,¢f 1 In=1/28,,(t)| for sums of random
processes Sy, (t) = X1(t) +. ..+ X, (t) satisfying the the central limit theorem in the
Skorokhod space DJ0, 1].

1. Introduction

Let X = {X(t), t € [0,1]} be a centered stochastically continuous random process
with cadlag (right continuous and having left limits) sample paths. Let D0, 1]
denotes the Skorohod space of cadlag functions on [0,1] endowed with the usual
topology. The process X is said to satisfy the central limit theorem (CLT) in
DI[0,1] if L(n™2(X1 + --- + X,,)) converges weakly to a Gaussian measure on
DJ[0,1]. Here X;, Xo, ... are independent copies of X. The aim of the paper is to
estimate the rate of convergence in the following limit theorem proved recently by
Bloznelis and Paulauskas (1993 b) and Fernique (1993).

Theorem 1. Let p,q > 2. Let f,g be nonnegative increasing functions on
[0,+00). Let X be a r. process with mean 0, finite second moments, and sample

paths in D[0, 1] satisfying
Vs <t<wu E(|X(s)—X(t)|/\]X(t)—X(u)|)p§f(u—s), (1.1)

Vs<t  E[X(s) - X" <g(t—s) (1.2)

and

/fl/p(u) _uflfl/pdu < o0, /gl/q(u) . uflfl/(2q)du < 00 (13)
0 0

Then the process X satisfies the CLT in D|0, 1].
Denote S, =n Y?(X; +---+ X,,) and let Y = {Y'(¢), t € [0,1]} denotes the

limiting Gaussian process, i.e., £(.5,) converges weakly to £(Y). For x € DI0,1]
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denote [|z| = sup;ejo 17 |2(t)]- In the paper we estimate the uniform (Kolmogorov)
distance between the distributions £(]|S,]|) and L(||Y]]).

Theorem 2. Let p,q > 2. Let X be a centered stochastically continuous
cadlag process. Assume for some « > 0 the process X satisfies conditions (1.1) and
(1.2) with the functions f(u) = c¢-u'*® and g(u) = ¢ - u/?T* respectively. Then

there exists a constant C7; = C1(Y, p, ¢, ) such that for each r > 0
P(|Sall <7) = P(IY[| <7)| < C1(1 + E||X[|*)n /5 log>?(n). (1.4)

Here and in what follows letters C' and ¢ with indices or without denote absolute
constants which may depend only on the quantities indicated in the brackets.

Theorem 2 is a particular case of more general results formulated in section 2
below. Denote

A(r, 5, Y) = [P([|Snll <) = P([Y]| < 7)].

Theorem 2 gives the bound for A(r,S,,Y") which is uniform with respect to r > 0.
Next theorem gives the so called non — uniform bound.

Theorem 3. Let p > 3 and ¢ > 2. Let X be a centered stochastically
continuous cadlag process. Assume for some a > 0 the process X satisfies conditions
(1.1) and (1.2) with the functions f(u) = cu'™®, g(u) = cu??>** and E|X||® < oo
for some 3 > 3. Then there exists a constant Cy = Co(Y, p, q, a, ) such that for

eachr >0
P([Sall <7) = P(IY[| < 7)1 477) < Co(1+ E[X[*)n" % log?(n).  (1.5)

Remarks. 1. Let F' and G be increasing continuous functions defined on [0, 1].
The statement of theorems 1,2 and 3 remain true if one replaces the differences
|lu — s| and |t — s| in the right hand sides of (1.1) and (1.2) by |F(u) — F(s)| and
|G(t) — G(s)| respectively.

2. The rate of order n~ /¢ appears usually when one consider the CLT for a Ba-
nach function space valued random elements, see, e.g., Paulauskas and Rackauskas

(1989) and Bentkus et al (1990), moreover this rate is optimal in a sense.
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Earlier, the rate of convergence in the CLT in D]0, 1] was considered by Pau-
lauskas and Jukneviciené (1989) and Paulauskas and Stieve (1990). Results of the
present paper (theorems 2, 3, 4, and 5) are simpler and sharper. The rate of
convergence is obtained under considerably weaker conditions than those used in
Paulauskas and Jukneviciene (1989) and Paulauskas and Stieve (1990).

Acknowledgment. This work was supported in part by the V.P. 94 grant.
2. Main Results

Here we formulate and prove main results. In proofs one combines the finited-
imensional approximation with the estimates of the rate of convergence in the CLT
for 1Y valued random vectors. Such estimates of order n='/¢ (here n denotes the
number of random vectors in the summ) which are non sensitive with respect to
the growing dimension (N — 0o0) were obtained in Bentkus (1982) and Rackauskas
(1984).

Theorem 4. Assume the process X satisfies conditions of Theorem 1 with
the parameters p = 2,q > 2. Then there exists a constant C3 = C3(Y, ¢q) such that
for any sequence of entire numbers {N, n > 1}, satisfying N,, > n'/3, n > 1 the
following bound holds

sup A(r, Sp,,Y) <
r>0

Cs((L+ EJX[*)n =" 0 log™? n+ [T (N )]V2 + [N, og! 2 log(Na)]'/?),  (2.1)

where
Ty (s) = / w322 (0)du + / u YD gl a(y) 10gt /27 D (1 4 1 /u)du.
0 0

The main goal of theorem 4 is that the integrand of the first integral is precisely
the same as that in condition (1.3), when p = 2. The logarithmic factor that appears
in the second integral is, likely, superfluous.

The following theorem 5 gives the bound for the rate of convergence in the

CLT due to Bézandry and Fernique (1992).

3



Theorem 5. Let X, X1, X5, X3, ... be i.i.d. stochastically continuous centered
cadlag processes defined on the probability space (21, F7, Py). Assume there exist

increasing functions f, g, 6, f(0) = ¢g(0) = 6(0) = 0, 6 is concave, such that
Vs <t <u, YA€ F| EIX(s)-X)*A X)X (u)]*Ta < f(u—s)0(P(A)), (2.2)
Vs <t E|X(s) — X()|? < g(t—s). (2.3)

Then there exists a constant Cy = C4(Y,0,q) such that for any sequence of
entire numbers {N,, n > 1}, satisfying N,, > n'/3 n > 1 the bound (2.1) holds

with the constant C} instead of C3 and with T7(-) replaced by T»(-),where
Ty(s) = / w2012 (wlog(1 + 1 /) log 2) f/2 (u)du-+
0

/S w11/ QD) [10g1/271/ @0 (1 | 1 /) g/ (u) du.
0

For z € DI[0,1] define A,(s,t,u) = |z(s) — z(t)| A |z(t) — x(u)]. Let Z =
{Z(t), t€][0,1]} be a separable cadlag random process defined on the probability
space (2, F, P). Let hy,ho, 01,05 be increasing functions, hy(0) = hy(0) = 61(0) =
02(0) = 0 and 61,02 are concave. The following result is proved in Bézandry and
Fernique (1992).

Theorem 6 (see lemma 1.1.3 and theorem 1.2 in Bézandry and Fernique
(1992)). Assume the process Z = {Z(t),t € [0,1]} is continuous from the right

in Ly at each t € [0,1]. Assume for each 0 < s <t <wu <1 andeach Ae F
E|Z(s) = Z(t)|N|Z(t) — Z(u)[Ta < hi(u — 5)01(P(A)) + ha(u — 5)02(P(A)).

Then there exists a sequence of random functions {fx, & > 1}, fr: Q2 x[0,1] —
Sy :={j-27F 0<j<2*} satisfying:

1. For each k > 1 and each w € Q the function fi(w,-) — S is non decreasing,
fr(w,t) =t for t € Sg;

2. Foreach k > 1

sup |Z(w,t) = Z(w, fe(w, ) <D D> Aguat—27F 4278

te[0,1] m>k t€S,,4+1\Sm

(2.5)



and

Eti}épl} |Z(w,t) — Z(w, fr(w,t))| < 2/0 w2 (hy(w)01 (u) + ho(u)fe(u))du. (2.6)

For a cadlag process Z satisfying conditions of Theorem 4 define
ZWF = {Z(w, fr(w, 1), t €[0,1],w € Q}, k> 1.

One may define the other approximate process

ZW (w,t) = i Z(w,i- 2727 <t < (i+1)-27F} + Z(w, DI{t = 1}.

Remark, that || Z{1F}|| = max{|Z(i-27%|, 0 <i < 2F} = ||ZI*]|| and hence

Lemma 1. For each £ > 1 and each r,e > 0
[P([Sall <r) =P(Y] <r)| <
I(Sp,€) + 31 (Y,e) + 2L,(Y, &) + 2- A(r, SIFH YR 4 A(r — g, S8R YIE]),

where I (S,,¢) = P(|SE — S|l > ), [1(Y,e) = P(|YM — Y| > ¢), I(Y,e) =
P(|[YH| € [r—e,r+g]).

Proof. The proof is standard, see e.g., Bentkus et al.(1990).

Proof of theorem 4. Let k be the integer satisfying 21 < N,, < 2¥. Fixr,e > 0
and apply lemma 1 to the processes S5, and Y. It suffices to estimate quantities
Ii(Sn,e), [1(Y,e), I5(Y, e), A(-,SLk],Y[k]), see also remark before the lemma 1. It

follows from (2.6) and lemma 3 below that
I1(Sp,e) = P(||SHF — S, || > &) < e 'E||SIF — S, || < 2e0e 71Ty (27%).  (2.7)

Define the pseudometric d(s,t) = (E(Y (s) —Y(t))2)1/2, s,t €[0,1]. Let N(d), 6 >
0 be the minimal number of balls B(u,0) = {v € [0,1] : d(u,v) < d§} C [0,1], u €
[0, 1] that cover the interval [0, 1]. By theorem 5.5 of Jain and Marcus (1978), there

exists an absolute constant ¢ such that for each €,0 > 0

P( sup |[Y(u)—=Y(v)|>e¢) < 05_1(/06 HY?(s)ds + 61log'/?1og(1/6)),  (2.8)

lu—v|<d
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where H(6) = log N(J). A simple calculation shows that condition (1.3) implies

g(u) < cu'/?. Hence,
(BY (5) - Y (1)) = (B(X(9) - X(1))?)/* <
(EIX(s) = X()|)Y < cft — 5[/,
and N(6) < 1+ 67 We have
L(Y,e) =P(|]Y = Y| > ) < ce7127FE1/2, (2.9)

Theorem 4 of Lifshits (1986) applies to the Gaussian process Y and yields

supsupe 'P(||Y]| € [r,r +¢]) < Cs, (2.10)
e>0r>0

where C5 = C5(Y). Hence, I5(Y,e) < Cse. It remains to estimate the quantity
A(Sr[Lk} ,YIE). The problem is equivalent to the estimation of the rate of convergence
in the CLT uniformly over the class of all balls with the center at the origin in the
finitedimensional Banach space lgz, where 281 < N,, < 2*. Using the standard

technique due to Bentkus (1982) and Rackauskas (1984), see, e.g., Paulauskas and

Rackauskas (1989), one may obtain the following bound
A(SIH, YW < C(Y)n™ 0 1og™?(2) (1 + BIIX|P), (2.11)

if 28 > N, > nl/3 n>1.
It follows from lemma 1 and the estimates of I1(S,,¢), I1(Y,¢), Io(Y,¢),

A(-, S YY) that
A(r, 8,,Y) < C(Y)n~ 0 log™?(N,,) (1 + EJ| X|[|*)+

Cse + coe 'Y (NY) + ce N log!/? log(N,,).

Choosing ¢ = (T1(N, ') + N, ! log*/? log(]\fn))l/2 gives the desired bound (2.1).

Theorem is proved.



Proof of Theorem 5. The proof is almost the same as that of theorem 4. Only

now we use lemma 4 instead of lemma 3 when estimating
I(Sp,e) < e 'B|ISHF — S || < 25671 (27F), (2.12)

by means of theorem 6. Theorem is proved.
Proof of theorem 2. If p = 2, ¢ > 2 we apply theorem 4. It is easy to see that
if f(u) = cu'™ and g(u) = cu'/?*t® then
Ti(u) < / sT1te/2ds +/ sl a]og/271 R (1 4 1/5)ds < e(a, q)u/ T,
0 0
u € [0,1]. Choosing N,, = n" with v > 2 + [2(2 + q)/a] gives [Ty (N;1)]V/? +
[N-1log'/?log(N,)]/2 < ¢(a, ¢)n~t. Now (1.4) follows from (2.1).
If p > 2,¢q > 2 we apply theorem 5 with the functions f(u) = cu?(+)/P f(u) =

u'=2/P q(u) = u'/?t*. We have

To(u) < / sTIT/PYog/27 1/ P (1 41 /s)ds+
0

/ s re/a10g 2TV RO (14 1/5)ds < e, p, q)u/ PO u € [0, 1].
0

The bound (1.4) follows from (2.4) where N,, = n” and v > 2 + [2(p + q)/a].
Theorem is proved.

Rest of the section is devoted to the non-uniform bound, i.e., the bound for
(1+7r)3A(r,S,,Y).

Lemma 2 (see, e.g., lemma 4.1 in Bentkus et al. (1990)). For all n,k > 1 and

r > e > 0 the following inequality holds
A(r,S,,Y)) <

A(r—e, SIFH Y L A(r, SIRY VIR 4 15(8, e, 7) + I3(Y, e, 7) + I (Y, €),

where I3(Sp,e,7) = P(| S — Su|| > &, ISl > 1), L(Y,e,r) = P(|YF — Y| >

&Yl >r).



Proof of theorem 3. Denote d = min(p, ). Assume without loss of gener-

ality that » > 10. If r < 10 then theorem follows from theorem 2. Fix inte-

1/6

ger k satisfying 2 > n'/3 and ¢ = n~ By lemma 2, it suffices to estimate

L(Y,e), I5(Sn,e,7), I5(Y,e,7) and A(r, S, Y1k,

Using Holder inequality and combining (2.12) and lemma 5, we get
I3(Sp,e,7) = EL{[[S{* — Sl > e}I{||S0]| >} <
[PISF = Sall > ' PYUIS, || > 7) < e(B,p,q)(1+7) P TL(27F)]
Analogously, by (2.9) and Chebyshev inequality,
I3(Y,e,r) < [ce 127 FEY 2120 =3(E|| Y ||9) V2.

Here we use the fact that sample continuous Gaussian process Y has finite moments
E| Y|P < oo for each p > 0.
Combining (2.10) with the estimates for the density function of the distribution

of ||Y|| due to Tsirel’son (1975), we get
I(Y,e) < Cs(14+7)"3%, ¥r>e>0,

where Cs = Cg(Y) is an absolute constant. It remains to estimate A(r, S,[lk],Y[k]).

In what follows we apply theorem 4.5 from Bentkus et al. (1990). Define
My =n=S(1V (B X|* + E|Y|*)/?); Da(27F) = Ma v W (2%, My).
W27, t) =sup(l +7)°P( sup  [Y(u) =Y (v)| > ¢, [[Y] >7);

r>0 lu—v|<2-k

By theorem 4.5 in Bentkus et al. (1990), there exists an absolute constant C7 =

C7(Y) such that for each r > & >0
A(r, S Y < 07 (1 4 )3 10g? (2F)[Dn(27F) v D3 (27F)].
Using Holder and Chebyshev inequalities and (2.8), we estimate
W(27h 1) < sup(1 Jr?“)_?’Pl/Q(| A Y (u) = Y ()| > OPV(|Y | > 7) <
r> u—v|<2-
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sup(1 + T)g[ct_12_kk1/2]1/2r_3 (EHYHG)I/2
r>0

A simple calculation gives

Dy (27%) v D3 (27%) < n 7O+ E|X|° + EY)?) + O(Y)n!/ 12272k,

1/3

since 28 > nl/3. Hence

A(r, 5y YY) <o) A+ 1) 2K (VO + B X|P + E[[Y %) + 0t/ 1227 2R,

n

Combining the estimates of I5(Y,¢), I3(Sp,e,7), I3(Y,e,r) and A(r, SLk], Y and
lemma 2, we get

Alr, S, Y)(147)% <
COYV) (K~ Vo1 + E|X | + EY[°) + n'/227 42144
e (27 F) 3/ g e 2R ). (2.13)

Recall, that T5(27%) < c(a,p, q)(27%)*/(PT9) | see proof of theorem 2. Choose

27k < n~7 where v satisfies
v >1/3; [y(e/(p+q) —1/6]- (1 = 3/d) > 1/6;,7/2 = 1/12 > 1/6;7 - 1/6 > 1/6.
Then the summ in the right hand side of (2.13) does not exceed

C(Y )k V51 + B|IX|P + B[V ).

Theorem is proved.

The argument used in proof of theorem 3 allows to get more general results. For
instance the non uniform estimates ( but with a slower speed of convergence with
respect to n) can be obtained if instead of condition f(u) < cu't®, g(u) < cul/?+
one requires the finiteness of the integrals that appear in the proof of lemma 5.

Proof of the remark. It was mentioned in Bloznelis and Paulauskas (1993) that
a transformation of the parameter set by means of increasing continuous function

does not influence the quantity A(-,S,,Y).
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It is possible to construct a sample continuous process X which satisfies the
CLT in C[0,1] and for which the rate of order n=/6 can not be improved, cf.

Bentkus et al (1990).

3. Auxiliary results

Lemma 3. Assume X satisfies conditions of theorem 4. Then there exists a
constant co = c3(q) such that for all A € F; and each 0 < s <t <u <1

B[S, () — Su(D] A 1S (t) — Su(w)|La <

caf V3 = 5YPV2(A) + cag /1 (u — $)[P(A)]IH/ G logh/ 2 C0 (1 4 1/P(4))

Lemma 4. Assume X satisfies conditions of theorem 5. Then there exists a

constant ¢z = c3(q) such for all A€ F; and all 0 < s <t <wu <1,
E|S,(s) = Sn(D)[ A [Sn(t) = Sn(u)la <

ca 12 (u— 5)PV2(A)0'2(P(A)log(1 + 1/P(A))/log 2)+
39" (u — s)PITYVCD(A)10g! /271D (1 4 1/P(A)). (3.12)

The proof of lemmas 3 and 4 goes along the lines of the proof of lemmas 2.4.1,
2.4.2 and 2.4.4 of Bézandry and Fernique (1992), see also proof of theorem 2 in
Bloznelis and Paulauskas (1993).

Lemma 5. Assume X satisfies conditions of theorem 3. Then there exist a
constant ¢4 = c4(X,p,q, 3) such that for all » > 1,n > 1, P(||S,] > 0) < cyr™9,
where d = min(f, p).

Proof. Put \,, = a/(mlog®(m)),m > 1 and let the constant a be such that

> st Am = 1. By (2.5),

IS =S, <> Y Ag (t—2m a2,

m21 tESm+l\Sm

Hence, for each r > 0

P(||S, ] > 2r) < P(ISIY > r)+

10



P>~ Y Ag (t—2N 27 2 > A, (3.2)

The standard argument yields
P([[SE] = r) = P(max(|9,(0)], [Sn(1/2)], Su(1)]) > 7) < er™?,

since E||X|? < co and the process X is centered. The second summand in (3.2)

does not exceed

L= Y PAs(t—27"""6t4+27"7) > 1),

m21 tESnL+1\SnL

Below we will prove that for all s <t < u and each A > 0
P(Asg, (s,t,u) > A\) <

c(p, ) NP f(u—8) + A72g% (w —8) + AP (w = 5) + g7 (u—5))],  (3.3)

where v = max(p, q). Then

1< 3 27(p q)lr P (mlog®(m)) F(2™) + =2 (mlog? (m))*g> (2] +

> 2"e(pq)[r 2 (mlog®(m))?" f2U/P(27™) + g?/9(27)] <

m>1

c(p,q) (7"_” /01 u”2hP (u) f(u)du + r~ 21 /01 u”2h?(u)g* (u)du+

1
r_2“/ u”2h? (u) (fzv/p(u) +92”/q(u))du),
0

where h(u) = (ulog(l + u~')). These integrals are finite, since f(u) < cu'™®,
g(u) < cul/?te Hence I < ¢’ (p,q)(r + =24 + r=2%) and the lemma follows.

It remains to prove (3.3). Let X1, Xos,..., X,,, X1, X5, ..., X], be independent
copies of X. Let €,e1,€9,... be i.i.d. Bernoulli random variables (P(s = +1) =
P(c = —1) = 1/2). Assume the sequences {X,}, {X,}, {e.} are independent.

Define X* = X’ — X and S% = S,, — S’ , where !, =n " V2(X! +---+ X!).
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Let @ = Sn(s)— Sn(£),b = Sp(t) — Sp(u), @ = S (s)—S,(t),5 = S (t)— 5" (u).

A simple inequality
@Al <l|a—a|Ab—b|+[a|Albl+]al A (3.4)

yields
P(la| A Jb] > 3X) <

P(la—a|Alb—b|>A)+P(@|Ab] >A) +P(ja|Ab]| > A) =Py + Py + P

The second and the third probabilities are estimated in the same way. Let us

estimate the second one,
Py < AHES,(s) — S, (0]7]54(0) — Sl () =
ATPES,(s) = Su(t)|"E[S, () — S, (w)]7 <
()N EIX () — X (O7E|X () = X(u)|7 < c(@)A"21g%(u — ).
Analogously P3 < c¢(q)A™29g%(u — s). Let us estimate P;. Denote
z=n"2(X5(s) = X°(1)),y = 0 A(XC(t) — X (w),m = [a] Ay,
a = sign(x), B = sign(y), u = |z| —m,v = [y| —m.

Then

P, =P(| Z&'Oéﬂﬂ A Zgiﬁiyi’ > \) < P(] Z€i&imi| > \/3)+
i—1 i—1 i=1

i=1 =1 =1

The last probability Pg does dot exceed
(A/3)72TE(| ) eiaiui| A | eiBivi])* <
i=1 i=1

c(q)(A\/3)THTE[X"(s) — X*()| B[ X*(t) — X*(u)|%,
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see proof of theorem 2 in Bloznelis and Paulauskas (1993 b). It follows from (1.2)
that Pg < ¢(q)(\)~29g%(u — s). It remains to estimate probabilities P4 and P . In
what follows we apply the iterated Hoffmann-Jorgensen (1975) inequality. For each

v > 1 there exist constants ¢;(v), c2(v), ¢3(v) such that for each A > 0 and n > 1

n

P(| iaaimi| > c1(v)A) < ea(v) ZP(\mJ > A) + cs(v)P(] i&'%’mi’ > \).
i=1 i=1 i=1 55)
Denote a = n~2(X(s) — X(t)), b = n~V2(X(t) — X(u)), ¢/ = n~/2(X'(s) —
X'(t), v = n~ V3 X'(t) — X'(u)). Inequality (3.4) with a, b, a/, b’ instead of

a, b, @, 3 yields
P(lm| > 4)\) =P(jla—d | A|b—=b| > 4)) <
ATP(E(la] A JB]) + E(la’| A [0']) + AT2(E(|a’| A[B])* + E(a] A |6])%7) <
n"P2ATP2f (u — 5) + nTINT292¢% (u — ). (3.6)

On the other hand

P(| Enjeiaimil >N <A immm <A (PP (u— )+ ¥ (u—s)). (3.7)

=1 =1

In the last inequality we estimate m by means of (3.4) but with a, b, o/, b’ instead
of @, b, @, b and apply Holder inequality. Combining (3.6), (3.7) and (3.5) with

v = max(p, q) we get

Py < c(N7f(u— 5) + A2g%(u — 5) + A2 (£ (u — ) + g2/ (u - 5).
Analogous estimation holds also for P5. Combining estimates of Py < P4+ P5+ Pg
and P2, P3 gives (3.3). Lemma is proved

4. Appendix
Here we prove lemmas 3 and 4.
Lemma 6. Assume X satisfies conditions of theorem 4. Then there exists a

constant ¢ depending only on g such that foreach A €¢ Fandall 0 <s<t<u<1

E[S;(s) = SR A S5 (t) = Sp(w)[lla <
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cf Y2 (u—5) 4 cg"i(u — 5)[P(A)]) VD 1og 2"V D (1 4 1/P(a)).  (4.1)
Proof. Denote
z=n"Y2(X5(s) — X5(t),y =n " V2X(t) — X5 (w)),m = |z| Ayl
a = sign(x), f = sign(y),u = |x| — m,v = |y| — m.

It suffices to estimate

E{|) oz 1Y eifiyillla} <
i=1 i=1

E|Y eiaimi|la+ Bl Y eifimilla+B{| ) eioiu| A|Y efbivillla}. (4.2)
i=1 i=1 i=1 i=1

The last expectation is estimated in Bloznelis and Paulauskas (1993 b). We have
E{> ciocqui| A eifvillla} < eg'/9(u— s)[P(A)] 9, (4.3)
i=1 i=1

The first and the second expectations are estimated in the same way. Let us estimate

the first one,

E| ) cioim|lis < (E| Zaiaimip]IA)l/Z[P(A)]l/Z —

i=1 =1

(B(Es| Y esaimiPILa)) 2 [P ()12, (4.4)

Here E5 denotes the expectation taken with respect to P,. Using the standard

Orlicz space technique, see Bézandry and Fernique (1992), one obtains

Es| ieiaimiﬁl{f; < cim?Pg(A) log(1+ 1/P3(A)). (4.5)

i=1 i=1
Denote &(u) = ulog(l + 1/u)/log2. Put

a=n"Y3X(s) = X)), o =n"Y}>X'(s)=X'(t)), b=n"YEX(t)- X(u))

V=n"2(X'(t) = X'(w), d=la| A, d=la[A]V].
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A simple inequality
m|=|a—d|Ab—-V]<d+d + |d'| Ab| + |a| AV

yields
E|m|*¢(P2(4)) < 4Ed*¢(Py(A)) + 4Ed?E(Po(A))+

4E|a’[* A [pPE(P2(A)) + 4E[al” A [b'[?6(P2(A)). (4.6)
We have
Ed?¢(Py(A)) <Ed?> <n 'f(u—s), Ed?¢(Py(A)) <Ed? <n 'f(u—s). (4.7)
By lemma 1.1.3 of Fernique (1981),
Ela’[” A bPE(Pa(A)) < 01U (u — s)[BE(P2(A))] 1
provided
Ela’[* AbPI{|a'* A [b* = M} < 0™t g? 9 (u—s)[P(|a|* A Jof* = M)]'~ 19, ¥M > 0.

Observe, that the last inequality follows from the independence of |a/| and |b|, Holder

inequality and condition (2.1) of theorem 4. We have
Eld'|* A [b]6(Po(A)) < n'g*9(u — s)[EE(Po(A))]) 1/
<n g (u— s)[E(P(A))) Y, (4.9)
since, by Iensen inequality, E&(P3(A)) < £(P(A)). Analogously,
Ela]” AV P€(P2(A)) < ng?9(u— s)[E(P(A))] 1. (4.10)

Combining inequalities (4.2,4,5,6) and estimates (4.3,7,9,10) we get (4.1). Lemma
is proved.
Lemma 3. Assume X satisfies conditions of theorem 4. Then there exist a

constant ¢ depending only on ¢ such that for all A € 71 andeach0 <s<t<u <1

E[Sn(s) = Sn(O)| A [Sn(t) — Sn(u)|Ta <
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cf V2w — s) 4 cg"i(u — s)[P(A) "V CD 10gt/ 27V D (1 4 1/P(A)).  (4.11)
Proof. Let © = S,,(s) — Sn(t),y = Sn(t) — Sp(u), 2’ = S/ (s) — S.(t),y = S, (t) —
S! (u). A simple inequality
2| Ayl <z —2'[Aly —y'| + |2 Ayl + [z A Y]
yields
Elz| Alyllla <Elz —2'[Aly —y'[Ta + E[2'| A y|Ta + Elz| Ay T4 (4.12)

The first summand is estimated in lemma 6. Let us estimate the last two expecta-

tions. We have
E|x’\ Alylly < E|a:’]]IA = E]x’|E]IA = E]S;L(s) — S{z(t)]P(A),

since I4 and S/, are independent. Further,

E|S,(s) — S,(1)] < (BIS,(s) — SL(1)[2)"* = (B(X(s) — X(1))2)"/

< (BIX(s) - X(0]7)1/q < g"/%(u — ).

Hence E|z/|Aly|Tl4 < ¢%/9(u—s5)P(A). Analogously, E|z|Aly/[T4 < g'/9(u—s)P(A).
Substitution of these estimates and (4.1) in (4.12) gives (4.11).Lemma is proved.
Lemma 4. Assume X satisfies conditions of theorem 5. Then there exists a

constant C' depending on ¢ such for all A€ F; and all 0 <s<t<wu <1,
E[Sn(s) = Sn()] A[Sn(t) = Sn(u)[Ta <
CfY2(u—s)PY2(A)0Y2(P(A) log(1 + 1/P(A))/log?2)
+CgY(u — s)PI YD (A)1ogh/ >~/ D (1 4 1/P(A)). (4.13)

Proof. The proof goes along the lines of the argument we used in proof of Lemmas 6
and 3. The only difference is that now expectations Ed2£(P3(A)) and Ed?¢(Py(A))

are estimated as in proof of lemma 2.4.1 in Bézandry and Fernique (1992),

Ed*¢(P3(A)) < cf (u— 5)0(£[P(A) log(1 +1/P(A))/log 2)),
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Ed”¢(Ps(A)) < cf (u— $)9(E[P(A) log(1 + 1/P(4))/log 2]).

The rest of the proof of the lemma coincides with that of lemmas 6 and 3. Lemma

is proved.
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