COMPULSORY COURSES
Course Syllabus

	Course unit code
	RIAS

	Course unit title
	Selected topics of Mathematical Analysis

	 Name and title of lecturer
	Prof. habil.dr. Vygantas Paulauskas 

	Department
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	Second Cycle

	Semester
	1(Fall)

	ECTS credits
	6 

	VU credits
	4 

	Hours
	Total 64

	
	Lectures 46 

	
	Practice 16 

	
	Theoretical test  1

	
	Practical test  1 (2 h)

	Prerequisites
	Calculus (not less than 12 cr) and functional analysis (3 cr)

	Language of instruction
	Lithuanian\ English

	Annotation 
	Main concepts of functional analysis,  integral and heat equations are considered in the course.

	Objectives and learning outcomes
	To introduce some notions of functional analysis, which were absent in the courses of the first cycle, and to present solution of some differential and integral equations. 

The course will help students to study other subjects of the program, also they will be able to read research papers in actuarial and financial mathematics.

	Course unit content
	Theoretical  part (46 h)

  Main concepts from functional analysis:

1) linear spaces (2 h),

2) topological spaces (4 h),

3) metric spaces (2 h),

4)  normed spaces(2 h),
5) linear functionals (4 h),
6) linear  operators (4 h),
7)the notion of generalized function (5 h),
8) differentiability in normed spaces (6 h).
Linear equations: 

9) integral equations, Fredholm-Riesz-Schauder theory (8 h),
10) partial differential equations (heat equation) (5 h),
11) Solution of some non-linear equations (4 h).
Practical part (16 h)

During practice hours the problems will be solved helping to study the theoretical part

1) topological spaces (2 h),

2) metric spaces (2 h),

3) normed spaces (1 h);

4) linear functionals and operators (2 h),
5) generalized functions (2 h),
6) differentiability in normed spaces (2 h),
7) integral equations (3 h),
8) partial differential equations (2 h).

	Reading list
	1.V. Paulauskas ir A. Račkauskas, Funkcinė analizė, I  tomas, Vilnius,   TEV, 2007 (in Lithuanian).
2. V. Paulauskas ir A. Račkauskas, Funkcinė analizė, II  tomas, Vilnius,  TEV, 2007(in Lithuanian).
3.  P. Wilmott, S. Howison, J. Dewynne, The Mathematics of Financial Derivatives, Cambridge Press, Cambridge, 1995.
4. A. Račkauskas, A. Skūpas, A. Zabulionis, Funkcinės analizės pratybų užduotys, Vilniaus universitetas, 1989 (in Lithuanian).
5. V.A. Trenogin, B.M. Pisarevskii, T.S. Soboleva, Zadači i upražnenija po funkcionaljnomu analizu, Moskva, Fizmatlit, 1984 (in Russian).
6. A.N. Kolmogorov,  S.V. Fomin, Elementy teorii funkcii i funkcionaljnogo analiza, Moskva, 1979,  (in Russian).

	Teaching methods
	Lectures, practice

	Attendance requirements
	75% . 

	Assessment requirements
	Not less than30% points from test and to pass written exam.

	Assessment methods
	Final mark:  10% comes from theoretical test  , 15% comes from practical test  and 75% comes from exam

	Syllabus prepared by
	Vygantas Paulauskas


Course Syllabus

	Course unit code
	TTMS

	Course unit title
	Probability Theory and Mathematical Statistics

	Name and title of lecturer
	Prof.  Jonas Šiaulys

	Katedra, centras
	Matematinė analizės katedra

	Fakultetas, padalinys
	Matematikos ir informatikos fakultetas

	Level of course
	Deepening

	Semester
	1(Fall) 

	ECTS credits
	6

	VU credits
	4

	Auditorinės valandos
	Total 80

	
	Lectures 48

	
	Practice 32 

	
	Theoretical test  1

	
	Practical test  1 (2 h)

	Prerequisites
	Probability theory, mathematical statistics  (at least 4 credits), 

Mathematical analysis, complex analysis (at least 6 credits)

	Language of instruction
	Lithuanian,  English

	Annotation 
	There are investigated the basic objects of probability which are need to the special courses of  finance and insurance mathematics.

	Objectives and learning outcomes
	Objectives – to acquaint students with modern objects of modern probability theory. Students should be able to use characteristic functions technic and martingale methods to prove some facts of probability theory, and to use main statistical inference procedures.

On completion of the course students will be competent to read scientific papers on actuarial and financial mathematics and to apply probabilsiic and statstical methods in practical models of insurance and finance.



	Course unit content
	Theoretical  part (48 val)
1. Axioms of probability theory.Properties of probabilistic measures. Caratheodory‘s theorem on the extension of a measure. Probabilistic measures in finite and infinite-dimensional spaces. Kolmogorov theorem on a probabilistic measure on an infinite-dimensional space. (4 h)

2. Random variables and elements. Parameters of a random variable. Holder‘s, Minkowski‘s, Jensen‘s inequalities. Types of convergence of random variables. (4 h)

3. Conditional probabilities and expectations with respect to σ-algebras. Properties of conditional expectations. (4 h)

4. Martingales, submartingales and supermartingales. Inequalities for martingales. Convergence of martingales. (4 h)

5. Characteristic functions of random variables and their properties. Relation between characteristic functions and weak convergence of distributions. Law of large numbers, central limit theorem, von Mises theorem. (6 h)

6. Weak convergence of measures in metric spaces. Tightness and compactness of  a family of measures. Criteria of the tightness of measures in a space of continous functions. Central limit theorem in the space of continous functions. (6 h)

7. Statistical estimation. Point estimation, confidence intervals. (4 h)

8. Tests of hypotheses. Parametric statistical criteria, significance level and power of a test. (4 h) 

9.  Non-parametric criteria. (4 h)

10.  Analysis of  variance. Structural ANOVA model. (4 h)

11. Linear regression. (4 h)

Practical part (32 val)

Solving problems to help mastering the theoretical part.
1.Random variables, distribution functions, expectations and variances, correlation coefficient, moments of higher order. (6 h)  

2. Characteristic functions, their properties, inversion formula. (4 h) 

3. Limit theorems: law of large numbers, central limit theorem. 
(6 h)

4. Conditional probabilities and expectations. (4 h) 

5. Point estimation, confidence intervals. (3 h)

6.  Tests of hypotheses. (3 h)

7. Analysis of  variance. (3 h)

8. Linear regression. (3 h) 

	Reading list
	1. J. Kruopis,  Matematinė statistika, Vilnius, Mokslo ir enciklopedijų leidykla, 1993 (in Lithuanian). 
2. A.N. Širiajev , Verojatnost, Moskva, Nauka, 1989 (in Russian). 
3. P. Billingsli, Schodimost verojatnostnych mer, Moskva, Nauka, 1977 (in Russian).

4. R. Lapinskas,  Tikimybių teorija ir matematinė statistika, VU, 1989 (in Lithuanian). 
5. B.A. Sevastjanov,V.P. Čistiakov, A.M. Zubkov, Sbornik zadač po teorii verojatnostei, Moskva, 1980 (in Russian).
6. A. Bačinskas, V. Janilionis, A. Jokimaitis,  Tikimybių teorijos ir statistikos praktikumas, KTU, 2001 (in Lithuanian).
7.  G.R. Grimmett, D.R. Stirzaker, One thousand exercises in probability,  Oxford University Press, USA,  2001.  

	Teaching methods
	Lectures and practice

	Attendance requirements
	50%

	Assessment requirements
	Not less than 30% of points from test and passing the written exam

	Assessment methods
	Final mark:  20% comes from theoretical test  , 20% comes from practical test  and 60% comes from exam

	Syllabus prepared by 
	Jonas Šiaulys


Course Syllabus

	Course unit code
	NGDR 

	Course unit title
	Non-life Insurance

	Name and title of lecturer
	Prof. Jonas Šiaulys

	Department
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	Deepening

	Semester
	1 (Fall)

	ECTS credits
	5

	VU credits
	3

	Auditorinės valandos
	Total 48  val. (3 hours per week) 

	
	Lectures  30

	
	Seminars 16

	
	Tests  2

	Prerequisites
	Probability theory (at least 4 credits).

Mathematical analysis (at least 4 credits).

	Language of instruction
	Lithuanian, English.

	Annotation 
	Mathematical models describing insurance company business are presented. This course is designed for students who plan to work in an insurance company.   

	Objectives  outcomes
	Basics of the individual and collective risk models useful to describe the business of a non-life insurance company.

	Objectives and learning outcomes
	Knowledge of main probabilistic models describing non-life insurance company. Application of these models for the investigation of the business of a non-life insurance company.

	Course unit content  
	Theoretical  part (30 h)
Probability distributions from insurance mathematics. (4 h)
Poisson’s, binomial, negative binomial and geometric distributions. Gamma, exponential, Pareto, Weibull, normal and lognormal distributions. Measurable transforms of random variables.  Mixtures, sums and products of random variables. Random variables and their transformations in insurance.
Elements of the utility theory.  (4 h)
Utility functions. Examples of utility functions. The expected utility criterion. Jensen’s inequality. The usage of utility functions in insurance.

Principles of premium calculation. ( 6 h)

Premiums, requirements for premium calculations. The pure premium principle. The expected value principle. The variance principle. The standard deviation principle. The principle of zero utility. The generalized zero utility principle. The Esscher transform principle. The risk adjusted premium principle. 

The collective risk model.  ( 8 h)

The model and its main parts. The distribution and other probability characteristics of aggregate claims. The compound Poisson distribution and the classical collective risk model.  Reinsurance, the distribution of insurer’s aggregate claims and the reinsurer’s aggregate claims. The (a,b,0) class of distributions,  Panjer’s recursion formula. The (a,b,1) class of distributions,  extensions of the Panjer recursion formula.  Schroter’s class of distributions. The application of recursion formulae in insurance.  Approximate calculation of aggregate claims distributions. 

The individual risk model. ( 8 h)

The model and its main parts. De Pril’s recursion formula for the aggregate claim distribution. Kornya’s method. Compound Poisson approximation for the aggregate claims’ distribution.

Practical part.  (16 h)

Solving of problems related to the application of theoretical probabilistic models for the investigation of the business of a non-life insurance company.



	Reading list
	1. D.C.M. Dickson, Insurance risk and ruin, Cambridge university press,  2005. 
2. H. Pragarauskas, Draudos matematika, Vilnius, TEV,  2007 (in Lithuanian_. 

3. T. Mikosch, Non-life insurance mathematics, Springer, 2006. 
4. P. Embrechts, C. Kluppelberg, T. Mikosch, Modeling extremal events,  Springer, 1997.  

	Teaching methods
	Lectures, practice, tests.

	Attendance requirements
	At least 80% of lecture and practice.

	Assessment requirements
	To pass one test, the midterm written exam and the written exam at the end of a semester.

	Assessment methods
	Final mark:
30% - comes from practical test; 

30% - comes from midterm written exam;

40% - comes from written exam. 

	Syllabus prepared by 
	Jonas Šiaulys


Course Syllabus

	Course unit code
	LAEI

	Course unit title
	Time Series Analysis

	Name and title of lecturer
	Prof. habil. dr. Remigijus Leipus

	Department
	Department of Econometric Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	second

	Semester
	Fall (1) 

	ECTS credits
	6

	VU credits
	4

	Hours 
	Total: 64 (32+16+32) hours (5  hours per week)  

	
	Lectures 32

	
	Seminars 32

	
	

	Prerequisites
	Probability Theory and Mathematical Statistics

	Language of instruction
	 Lithuanian

	Annotation 
	The course is devoted to the classical time series theory, its models (ARMA, ARIMA, ARCH, etc.), methods and their applications to the analysis of financial and economic data.

	Objectives and learning outcomes
	The objective of the course is to acquaint with time series theory and to be able to apply this theory for the analysis of real data (in particular economic/financial data). This technique can be applied for modelling, analysis, forecasting,valuation of risk.  Students  should be able  to exploit, create and estimate the classical time series models, such as ARMA/ARIMA, conditionally heteroskedastic (ARCH/GARCH), as well as unit root, nonlinear, cointegrating models and apply them for the analysis of financial and economic data.

	Course unit content
	1. Stochastic processes. Stationary sequences.  Covariance function. 

2. Autoregressive moving average (ARMA). Nonstationary  ARIMA and  SARIMA models.

3. Stylized facts of financial data. 

4. Conditional heteroskedasticity. Stochastic volatility.

5. Spectral density. Periodogram and estimation of spectral density.   

6. Unit root models and statistical inference. 

7. Multivariate ARMA, VAR models. Cointegration.

8. Forecasting. 

9. Parameter estimation in ARMA and GARCH models. 

10. Estimation and elimination of trend and seasonality in time series.

	Reading list
	1.  Leipus R. Laiko eilučių teorijos įvadas. Vilnius, 1995 (in Lithuanian).

2.  Brockwell P., Davis R. Time Series: Theory and Methods. Springer, N.Y. 1996. 

3.  Chan N.H. Time Series: Applications to Finance. Wiley, N.Y. 2002.
4.  Tsay R. Analysis of Financial Time Series. Wiley, N.Y. 2002. 
5. Hamilton J.D. Time Series Analysis. Princeton University Press. Princeton, N.J. 1994.

	Teaching methods
	Lectures and practice.

	Attendance requirements
	No less than 80% of lectures and practice.

	Assessment requirements
	Midterm+Examination+Practice.

	Assessment methods
	60%  of mark comes from two midterms (30% each) and 40% comes from  practice.

	Syllabus prepared by 
	Remigijus Leipus


Course Syllabus

	Course unit code
	STAN

	Course unit title
	Stochastic Analysis

	Name and title of lecturer
	Prof. habil.dr. Vigirdas Mackevičius 

	Department
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	Second Cycle (Deepening)

	Semester
	1 (Fall)

	ECTS credits
	6

	VU credits
	4

	Hours
	Total 64

	
	Lectures 48

	
	Exercices 12

	
	Tests 2x2=4 hours

	Prerequisites
	Probability theory course  (min – 4 VU credits), calculus (one and several variables, min – 8 VU credits) 

	Language of instruction
	Lithuanian/English

	Annotation
	The course gives the basics of stochastic differential equations with driving Brownian motion, their applications, and modeling.   

	Objectives and learning outcomes
	Basic understanding of the theory of stochastic integration and stochastic differential equations.

Basic skills in understanding, defining, analyzing, and simulating stochastic models. 

	Course unit content
	Theoretical part.  

Introduction. A survey of probability theory. (3 hours)

Discrete- and continuous-time stochastic models. Brownian motion (BM). Its quadratic variation. (3 hours)

Stochastic integral (SI) with respect to a BM. (5 hours)

 Ito‘s formula for BM. (3 hours)

 Stochastic differential equations (SDEs). The existence and uniqueness of a solution. (2 hours)
 Ito (diffusion-type) processes.  Ito‘s formula for Ito processes. (5 hours)

 Stratonovich integral.  Wong–Zakai theorem for stochastic integrals  and SDEs. (6 hours)

 Linear SDEs.  Expectation and variance of the solution of a linear SDE. Stocahstic exponential. (6 hours)

 Solutions of  SDEs as Markov processes.  Backward Kolmogorov equation.  Stationary density.  Application examples. (9 hours)

 Simulation of solutions of SDEs.  Strong and weak aproximations of solutions of  SDEs.  Euler–Maruyama, Milstein,  Ito–Taylor, and Runge–Kutta-type approximations. (6 hours)

Practical part.

Probability theory. Conditional expectations (2 hours)

Brownian motion (2 hours)

Stochastic integral (2 hours)

Ito‘s formula (2 hours)

Stochastic differential equations (2 hours)

Stationary density (2 hours) 

	Reading list
	1. V.Mackevičius. Stochastinė analizė (Stochastic Analysis), Vilnius, VU Press, 2005 (in Lithuanian).

2. T. Mikosch, An Elementary Introduction to Stochastic Calculus with a View Toward Finance, World Scientific, Singapore,1998 .

3. D. Lamberton, B. Lapeyre, Introduction to Stochastic Calculus Applied to Finance, Chapman & Hall, 2006.  

	Teaching methods
	Lectures and Exercices

	Attendance requirements
	Lectures 50%, Exercises 75%.

	Assessment requirements
	Passing  written exam. 

	Assessment methods
	The final 3-hour examination includes 1-2 theoretical questions (5 points) and 4 problems (4x1 points). Additional points for test results and activity at the lectures (up to 3 points).

	Syllabus prepared by 
	Vigirdas Mackevičius


Course Syllabus

	Course unit code
	GSDR5216

	Course unit title
	Life insurance. Health insurance

	Name and title of lecturer
	Doc. Dr. Gintaras Bakštys, 

lecturer dr. Aldona Skučaitė

	Departament
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	Second stage of studies, deepening level

	Semester
	Spring (2)

	ECTS credits
	9

	VU credits
	6

	Teaching hours
	Total – 96 (6 hours per week)
Lectures: 64

Seminars: 32

Tests: 2

	Prerequisites
	Mathematical analysis (min. 8 VU credits)

Probability theory and Mathematical statistics (min. 4 VU credits)

Microeconomics (min. 2 VU credits)

Main literature on course subjects is in English, so it is desirable that students could understand texts of specialty in English.

	Language of instruction
	Lithuanian / English

	Annotation 
	Main actuarial models used in Life and Health insurance are presented in this course.

	Objectives and learning outcomes
	Objectives – to acquaint students with main products of life and health insurance, major areas of risk and uncertainty, principles of risk management, market features, role of the state and private companies in health care systems.

Learning outcomes – after successful completion of course students must be able to apply principles of actuarial management in life and health insurance companies.

	Course unit content
	Life insurance:

1. Introduction: Course introduction and overview. Major concepts from earlier courses (Present values of insurance and annuities). Literature: 1.A, 1.C, 1.E, 2.A.

2. Life assurance contract: Net and gross premiums. Technical provisions. Deferred acquisition costs. Literature: 1.A, 1.C, 1.E, 2.A.

3. Alteration of life assurance contract: Surrender values and other alterations. Literature: 1.A, 1.C, 1.E, 2.A.

4. Profit generated by life assurance contract: Profit sources, analysis and bonuses. Literature: 1.A, 1.E, 2.A.

5. Risk management: Basic risk management methods. Valuation of life office solvency. Literature: 1.A, 1.E, 2.A.

6. Life office valuation: Surplus and embedded value. Literature: 1.A, 1.E, 2.A.

7. Embedded options in life insurance contracts: Main options embedded in life policy and their valuation. Literature: 1.A, 1.C, 1.E, 2.A.

Health insurance:

8. Introduction: Course introduction and overview. Major concepts from earlier courses (death and survival probabilities; main actuarial functions; fundamentals of investment theory; fundamentals of utility theory). Literature: 1.A, 1.E, 2.A.
9. Economic environment and main features of health insurance market: Effective markets; theory of supply and demand; prices and their elasticity; „ideal“ competition. Situations of health insurance market failure (asymmetric information). Choices of insurance companies and policyholders under different market scenarios. Advantages and disadvantages of State and Private health insurance systems. Literature: 1.A, 1.B, 2.A, 2.C.
10. Main health insurance products: Long term insurances: Critical Illness insurance, Disability insurance, Long term care insurance etc. Short term insurances: Personal accident insurance, Private medical insurance etc. Literature: 1.A, 1.B, 1.D, 1.E.
11. Actuarial models of health insurance: Multiple decrement tables. Relative and pure probabilities. Manchester unity / Persistency approach; Inception / Disabled Life Method. Time continuous and time discrete Multiple State models: Markov, semi-Markov models and Markov models of II and higher orders. Literature: 1.A, 1.D, 1.E, 2.A.
12. Premiums and reserves: Main methods of pricing. Formula method, Cash flow approach and others. Main principles of reserving. Applications to different kinds of products. Main data sources (own, population, market, reinsurance and other statistics), their advantages and disadvantages. „Crude“ estimates of transition probabilities, graduation. Literature: 1.A, 1.D, 1.E, 2.A.
13. Actuarial control cycle: Definition, main stages and applications of ACC. Risk management techniques. Analysis of experience and profit. Literature: 1.A, 1.E.
14. Application of stochastic modelling to health insurance: Shortcomings of deterministic models. Sensitivity testing. Stochastic modelling, its advantages and disadvantages. Literature: 1.A, 1.E, 2.A.


	1.A. Reading list
	1.B. G. Bakštys, A. Skučaitė Paskaitų konspektas (ruošiamas)

1.C.  “Competitive Failures in Insurance Markets: Theory and Policy Implications” (ed. by P.-A. Chiappori, Ch. Gollier). Cambridge University Press, 2006. [VU EF biblioteka – 1 egz.]

1.D. Gerber, H.-U. „Life insurance mathematics“, Springer 1997 (3rd ed.) [VU EF biblioteka – 1 egz.]

1.E. Haberman, S.; Pitaco, E. „Actuarial Models for Disability Insurance“. Boca Raton, FL, 1999. [VU MIF biblioteka – 1 egz.]

1.F. „Modern Actuarial Theory and Practice“ by P. Booth, R. Chadburn, S. Haberman, D. James, Z. Khorasanee, R. Plumb, B. Rickayzen. Boca Raton, Chapman and Hall / Crc, 2005. [VU EF biblioteka – 1 egz.]

	Additional reading list
	2.A. Bowers, N.L.; Gerber, H.U.; Hickman, J.C. “Actuarial Mathematics”. The Society of Actuaries, 1986. [VU MIF biblioteka – 14 egz.]

2.B. “Markov chain Monte Carlo in practice” (ed. W.R. Gilks et al.), Chapman and Hall/CRC, 1998 [VU MIF biblioteka – 1 egz.]
2.C. Wonnacott, P., “Mikroekonomika”, Poligrafija ir informatika, Kaunas, 1997 [VU MIF biblioteka – 1 egz.]

	Teaching methods
	Lectures and practical work (seminars). Students must sit 1-2 tests during semester. 

	Attendance requirements
	None, however student must conduct tasks given by lecturer in time.

	Assessment requirements
	Complex mark: 20% for assigned tasks, 20% for mid-term exam and 60% for final exam. If tasks are not assigned - 40% for mid-term exam and 60% for final exam. Both valuations of mid-term and final exams must be positive (>4).

	Assessment methods
	Regular: individually assigned or group tasks – optional
Intermediate: 1-2 tests (in written).

Final: Exam. Answers and solutions of tasks in written.

	Syllabus prepared by 
	Asoc. Prof.  Gintaras Bakštys, Lecturer Aldona Skučaitė


Course Syllabus

	Course unit code
	FIMA

	Course unit title
	Financial Mathematics

	Name and title of lecturer
	Doc. dr. Martynas Manstavičius 
Prof. Donatas Surgailis

	Department
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	Second Cycle

	Semester
	2 (Spring)

	ECTS credits
	6  

	VU credits
	4

	Hours
	Total 64 hours

	
	Lectures 60 hours

	
	Tests 2 (2 hour each)

	Prerequisites
	Courses in calculus (at least 4 credits) and 
 probability theory (at least 4 credits)

	Language of instruction
	Lithuanian/English

	Annotation 
	Modern financial market theory is based on continuous time random process models, measure and martingale theory, as well as on many other rather sophisticated mathematical disciplines. Discreete models taught in this course are, in essence, an introduction to the modern financial mathematics. On the other hand, they enable understanding of all major concepts of financial mathematics.  Moreover, continuous time random processes can be well approximated by discreete time random processes. 



	Objectives and learning outcomes
	Objectives: knowledge of the basics of the financial market model, its mathematical foundations and notions (options, arbitrage, hedging, fair pricing, Black-Scholes option pricing formula, etc.). 

Learning outcomes: ability to read scientific literature on mathematical finance, deeper understanding of the basic notions and instruments of the financial market.


	Course unit content
	Structure of financial market. Stocks, bonds, options, forward contracts. Exotic options. Short selling of securities.

One period model of a financial market. Concept of arbitrage. Risk neutral measures. Characterization of arbitrage-free market in terms of risk-free measure.

Attainable claims. Complete and incomplete markets. Fair price of a contingent claim in complete and incomplete markets.

Risk and return. Connection to CAPM. Effective diversification of portfolios. Portfolio beta.

Multiperiod model of a financial market. Consistent,  previsible and self-financing strategies. Sigma-algebras and partitions of the set of scenarios. 

Admissible strategies and arbitrage in multiple period financial market model. 

Martingales, submartingales. Martingale transforms. Examples.  

Arbitrage-free market and equivalent martingale measure.

Portfolio value in a complete market. Examples.

Binomial (CRR) model. Hedging portfolio.

Passage to the limit in the CRR model. Black-Scholes formula.

American options. Option value. Stopping times. Doob’s decomposition. Characterization of optimal stopping.

Hedging of American options. Optimal investment strategy.



	Reading list
	1.  D. Surgailis Finansų matematika (lecture notes in Lithuanian).
2.  S.R. Pliska. Introduction to mathematical finance: discrete time models. Blackwell, 1997
3.  J.C.  Hull. Options, Futures and Other Derivatives. Prentice Hall, 2005 (6th edition). 
4.   R. Leipus. Finansų rinkos. Vilniaus universitetas, 1999 (in Lithuanian). 


	Teaching methods
	Lectures

	Attendance requirements
	75%

	Assessment requirements
	Not fewer than 3 points out of 5 for each of the 2 tests and/or not fewer than 4 points out of 7 for the final exam



	Assessment methods
	Max(S1, S2) where S1=(written exam, max 7 points)+(I+II test, max 10 points)/3, S2=(I test, max 5 points)+(II test, max 5 points).


	Syllabus prepared by 
	Martynas Manstavičius


Course Syllabus

	Course unit code
	RZTR  

	Course unit title
	Risk theory

	Name and title of lecturer
	Prof. Jonas Šiaulys

	Department
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	Widening

	Semester
	2 (Spring)

	ECTS credits
	6

	 VU credits
	4

	Hours
	Total:  64 (32+8+22+2) 

	
	Lectures 32

	
	Seminars 8

	
	Practice 22

	
	Tests 2

	Prerequisites
	Probability theory (at least 4 credits).

Mathematical analysis (at least 4 credits). 
Non-life insurance (NGDR 5113).

	Language of instruction
	Lithuanian, English.

	Annotation 
	This is the continuation of the Non-life Insurance (NGDR 5113) course. Models describing insurance company business are investigated. 

	Objectives  outcomes
	Consider the evolution of an insurance fund over time, taking account of the times at which claims occur, as well as their amounts.

	Objectives and learning outcomes
	Knowledge of dynamic models describing the business of a non-life insurance company. Application of these models for the risk estimation of the business of a non-life insurance company.


	Course unit content  
	Theoretical  part. ( 32 h)
A discrete time dynamic risk model.  ( 8 h)
 The components of discrete time dynamic risk model. The probability of ultimate ruin.  A general equation to calculate the ruin probability. The probability of ruin in finite time, recursive calculation of this probability. Lundberg’s inequality for a discrete time dynamic risk model. 

The classical dynamic risk model.  ( 12 h)

 Main components of classical dynamic risk model. The Poisson process, the compound Poisson process. The ruin probability. Net profit condition. The adjustment coefficient. The Lundberg’s inequality for the classical risk process. Defective renewal equation for ruin probability in the classical risk model. The Laplace–Stieltjes transform and it’s properties. Representation of the ruin probability as compound geometric probability. Exact asymptotic of the ruin probability for “small” claims. The classes of heavy-tailed distributions: R, D, C, L, S. The relations between these classes. Main properties of subexponential distributions. Exact asymptotic of the ruin probability for subexponential claims.

E. Sparre Andersen renewal model.  (12 h)

 Main parts of renewal model. Renewal counting process. The asymptotic properties of renewal counting process. The total claim amount renewal process. The order of magnitude of the total claim amount process. The asymptotic properties of the total claim amount process. The ruin probability. Net profit condition. The adjustment coefficient. The Lundberg’s inequality for the E.S. Andersen model. The Laplace–Stieltjes transform of the ruin probability. The Wiener-Hopf decomposition. The asymptotic of the ruin probability for “small” claims. The Embrechts–Veraverbeke theorem about “large” claims case in the E.S. Andersen model.

Practical part. (22 h)

Solving problems related to the application of theoretical dynamic models for risk estimation of the business of a non-life insurance company.

Seminars.  ( 8 h)

During seminars students report about the various problems of advanced ruin theory in insurance. An individual task is given for each student at the beginning of the semester.

	Reading list
	1. T. Mikosch, Non-life insurance mathematics, Springer, 2006.  

2. D.C.M. Dickson. Insurance risk and ruin, Cambridge university press,  2005. 
3. H. Pragarauskas. Draudos matematika, Vilnius TEV, 2007 (in Lithuanian). 

4. P.Embrechts,.C. Kluppelberg, T. Mikosch, Modeling extremal events, Springer,1997.  
5. G.E. Willmott, X.S. Lin. Lunberg approximations for the compound distributions with insurance applications,  Springer, 2001. 


	Teaching methods
	Lectures, practice, seminars, tests.

	Attendance requirements
	At least 80% of lectures and practice.

	Assessment requirements
	Passing one test and the midterm written exam, making a talk in a seminar and passing the written exam at the end of the semester.

	Assessment methods
	25% - comes from practical test; 
25% - comes from midterm written exam;

40% - comes from written exam;

10% - comes from seminar.



	Syllabus prepared by 
	Jonas Šiaulys


Ellective courses
Course Syllabus

	Course unit code
	PENS5023

	Course unit title
	Pension funds

	Name and title of lecturer
	Lecturer dr. Aldona Skučaitė

	Departament
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	Second stage of studies, deepening level

	Semester
	Spring (2) or Fall (3) – optional subject

	ECTS credits
	4,5

	VU credits
	3

	Teaching hours
	Total – 48 (3 hours per week)
Lectures: 32

Seminars: 16

	Prerequisites
	Mathematical analysis (min. 8 VU credits)

Probability theory and Mathematical statistics (min. 4 VU credits)

Microeconomics (min. 2 VU credits)

Main literature on course subjects is in English, so it is desirable that students understand specialized texts English.

	Language of instruction
	Lithuanian / English

	Annotation 
	Three pillars of pension system; main actuarial models of pension funds; longevity risk and annuities.

	Objectives and learning outcomes
	Objectives – to acquaint students with three pillars of pension system and methods of their financing, actuarial models used in pension systems, main areas of risk and uncertainty as well as principles of risk management in pension schemes.

Learning outcomes – afer successful completion of the course students must be able to apply basic principles of actuarial management in pensions schemes.

	Course unit content
	1. Introduction. Course introduction and overview. Major concepts from earlier courses (death and survival probabilities; main actuarial functions). Basic terms. 

2. Pension systems. Three main pillars of pension system. Determination of benefits and methods of funding: PAYG system, defined benefits and defined contribution schemes. Economic and legal environment. Pension systems in Europe. 

3. Actuarial models. Population projections (stationary and stable population; closed  – open groups with several causes of decrement). Funding methods, projections of income and outgo.   

4. Investment models in pension schemes. Investment objects and their characteristics. Principles and models of investment and asset – liability matching. Benchmarks. 
5. Pension annuities. Longevity risk. Mortality tables for pension annuitants. Guaranteed annuities and options. 
6. Stochastic modelling in pension schemes.  Shortcomings of deterministic models. Sensitivity testing. Stochastic modelling, its advantages and disadvantages. 


	1. Reading list
	2. Skučaitė, A. Lecture notes. (in preparation)
3. Anderson, A. W. “Pension mathematics for actuaries”. 2nd ed. Winsted, CT: Actex, 1990. 
4. „Modern Actuarial Theory and Practice“ by P. Booth, R. Chadburn, S. Haberman, D. James, Z. Khorasanee, R. Plumb, B. Rickayzen.  Boca Raton, Chapman and Hall / Crc, 2005. 
5. Bowers, N.L.; Gerber, H.U.; Hickman, J.C. “Actuarial Mathematics”. The Society of Actuaries, 1986. 
Focardi, S.M., Fabozzi, F.J. “The Mathematics of Financial Modeling and Investment Management”, Hoboken, J. Wiley, 2004. 


	Additional reading list
	1.  “Investment Mathematics and Statistics” by A. Adams, D. Bloomfield, P. Booth, P. England. Graham and Trotman, London, 1993. 
2. V. Katkus, E. Martinaitytė.”Pensijų reforma: Pensijų fondų sistemos Lietuvoje kūrimo problemos”. Lietuvos bankininkystės, draudimo ir finansų institutas, Vilnius, 2002 (in Lithuanian). 
3. “Markov chain Monte Carlo in practice” (ed. W.R. Gilks et al.), Chapman and Hall/CRC, 1998. 

4. Robert, P.C., Casella, G. “Monte Carlo statistical methods”, Springer, New York, 2004 .

	Teaching methods
	Lectures, seminars, individual work. 

	Attendance requirements
	Student must conduct tasks given by lecturer in time and to participate in no less than 75% of classes when individual assignements are being prepared.

	Assessment requirements
	Complex mark: 40% for assigned individual tasks, 30% for mid-term exam and 30% for final exam. If individual tasks are not assigned, then 50% of final mark comes from mid-term exam and 50% from final exam. Both valuations of mid-term and final exams must be positive (>4).

	Assessment methods
	Regular: individually assigned tasks
Intermediate: Mid-term exam (in written).

Final: Exam. Answers and solutions of tasks in written.

	Syllabus prepared by 
	Aldona Skučaitė


Course Syllabus

	Course unit code
	ISTR 

	Course unit title
	Survival  theory

	Names and titles of lecturers
	Prof. Jonas Šiaulys, Doc. Remigijus Lapinskas

	Department
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	Deepening

	Semester
	2 (Spring)

	ECTS credits
	5

	VU credits
	3

	Hours
	Total  48  val. ( 3 hours per week) 

	
	Lectures 24

	
	Seminars  8

	
	Practice  16

	
	Tests  2

	Prerequisites
	Probability theory (at least 4 credits).

Mathematical analysis (at least 4 credits).

	Language of instruction
	Lithuanian, English.

	Annotation 
	Mathematical models describing a population evolution. Course is designed for students planning to work in a life insurance area.

	 Objectives  outcomes
	Basics of the mathematical models useful to describe the demographic processes.

	Objectives and learning outcomes
	Knowledge and estimation the main population characteristics.

	Course unit content  
	Theoretical part.  ( 24 h)

Population evolution.  ( 4 h)

Linear, exponential and logistic models of population. Trend of population evolution. Linear and non-nonlinear trends, ways and means to find such trends.

Survival distributions and life tables.  ( 6 h)

Individual survival function, force of mortality, the curve of deaths. Individual future lifetime and its characteristics.  Some analytical laws of mortality. Population life table, its architecture. Main classical assumptions for values of survival function on fractional ages.
Population density function.  ( 6 h)

The Lexis diagram. Density function of birds and population density function. Generation force of mortality. Interpretations of product population density and generation force of mortality.  Population renewal equation.  Maternity reproduction rate.  Stationary and stable populations.  Relation between population stability and maternity reproduction rate. 

Statistical analysis of population density.  ( 8 h)

Estimation and forecast of generation force of mortality.  The Lee–Carter method.
Practical part. ( 14 h)

Solving problems to help master the theoretical part.
Seminars.  ( 8 h)

During seminars students present their homeworks related to the estimation of the main population characteristics. An individual project is given for each student at the beginning of the semester.



	Reading list
	1. R. Lapinskas, Trumpas matematinės demografijos kursas, VU leidykla, Vilnius,1998 (in Lithuanian). 

2. N.L. Bowers et al., Actuarial Mathematics, Itasca, 1980.                              

3. N. Keyfitz, D. Smyth, Mathematical demography, Springer-Verlag, 1977. 
4. J. Impagliazzo, Deterministic aspects of mathematical demography, Springer-Verlag, 1984. 
S. Haberman, E. Pitacco, Actuarial models for disability insurance, Chapman & Hall / CRC, 1999.

	Teaching methods
	Lectures, practice, seminars.

	Attendance requirements
	At least 70% of lectures and practice.

	Assessment requirements
	Passing one test, the midterm exam, presenting homework in a seminar and passing the final exam at the end of the semester.

	Assessment methods
	Final grade composition:
25% - comes from practical test; 

25% - comes from midterm written exam;

40% - comes from written exam;
10% - comes from seminar.



	Syllabus prepared by 
	Jonas Šiaulys, Remigijus Lapinskas


Course Syllabus

	Course unit code
	FIIN

	Course unit title
	Financial Derivative Instruments

	Name and title of lecturer
	Dr. Kęstutis Liubinskas

	Department
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	Second cycle widening

	Semester
	2 (Spring)

	ECTS credits
	4.5

	VU credits
	3

	Hours
	Total 48 (32+16=48) hours (3  h per week) 

	
	Lectures  32

	
	Seminars 16

	
	Theoretical tests 1 

	Prerequisites
	Calculus, interest theory

	Language of instruction
	Lithuanian

	Annotation 
	In the course, the basic financial derivatives (options, futures, forwards, etc.) and their valuation are discussed.

	Objectives  outcomes
	The course introduces students to the financial derivative market, valuation and application of the basic financial derivative instruments. 

	Objectives and learning outcomes
	Students should be familiar with the characteristics of the relevant financial derivative instruments and risk-neutral valuation methods, should understand how the instruments covered can be used to implement basic market risk management strategies, appropriate for corporate applications and should be able to solve basic problems requiring the ability to price derivative instruments and hedge market risk.

	Course unit content
	Theoretical part:

1. Introduction. Exchange-traded markets, over-the-counter markets, forward contracts, futures contracts, options, types of traders, other derivatives.

2. Mechanics of futures markets. Specification of the futures contract, convergence of futures price to spot price, operation of margins, types of traders, regulation, accounting and tax, forward contracts vs. futures contracts.

3. Determination of forward and futures prices. Short selling, measuring interest rates, forward price for an investment asset, valuing forward contracts, stock index futures, forward and futures contracts on currencies, futures on commodities, cost of carry, futures prices and the expected future spot price.

4. Swaps. Mechanics of interest rate swaps, swap quotes and LIBOR zero rates, valuation of interest rate swaps, valuation of currency swaps, credit risk.

5. Mechanics of options markets. Specification of stock options, newspaper quotes, trading, commissions, margins, the options clearing corporation, taxation.

6. Properties of stock options. Factors affecting option prices, upper and lower bounds for option prices, put-call parity, effect of dividends.

7. Trading strategies involving options. Strategies involving a single option and a stock, spreads, combinations.

8. Binomial trees. A one-step binomial model, risk-neutral valuation, two-step binomial trees, American options, binomial trees in practice.

Practical part:

Students will have to master of the methods mentioned in the Theoretical part and will solve basic problems requiring the ability to price derivative instruments.

	Reading list
	1. John C. Hull, Options, Futures and other Derivatives (5th ed.), Pearson Education, Inc., Upper Saddle River, New Jersey: Prentice-Hall, 2005. Chapters 1-3, 6-10. 

	Aditional reading list
	1. P.Wilmott, S.Howison, J.Dewynne, The Mathematics of Financial Derivatives, Cambridge University Press, 1995. 
2. Steven E. Shreve, Stochastic Calculus for Finance I, The Binomial Asset Pricing Model, Springer, 2004.

	Teaching methods
	Lectures and  seminars

	Attendance requirements
	At least 75% of lectures.

	Assessment requirements
	1 mid-term exam, final written examination

	Assessment methods
	Grade composition: 30% comes from mid-term exam + 70% comes from final examination. Grades from both the mid-term exam and the final examination must be positive (>4).

	Syllabus prepared by 
	Kęstutis Liubinskas


Course Syllabus

	Course unit code
	RIVA

	Course unit title
	Risk management

	Name and title of lecturer
	Doc. dr. Martynas MANSTAVIČIUS

	Department
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Course level
	second level, deepening

	Semester
	Spring(2, selective) or Fall(3, selective) semester

	ECTS credits
	4,5

	VU credits
	3

	Hours
	Total 48 (36+10+2=48) (3 hours per week)

	
	Lectures 36

	
	Seminars 10

	
	Midterm  1 (2 hours)

	Prerequisites
	Real Analysis (not fewer than 8 credit course), Mathematical Statistics and Probability Theory (not fewer than 5 credit course), Stochastic Analysis (not fewer than 3 credit course) 

	Language of instruction
	Lithuanian/ English

	Annotation 
	This course continues the excursion into the modern theory and practice of risk management. The emphasis is on the mathematical theory of risk measures. In the second part of the course, students will give presentations on important topics of  modern risk management.

	Objectives
	The aim is to provide an overview of the modern risk management theory, problems and mathematical models applied in practice.

	Learning outcomes
	Deeper understanding of various kinds of risk (credit, operational, market, etc.) and their management, as well as the insight into mathematics of the models applied in practice

	Course unit content
	Theoretical part:

Various kinds of risk (credit, operational, market, etc.)  

Problems of credit risk management (2h)

Risk measures, their properties, coherence axioms, construction methods (22 h)

Modeling corellated default probabilities (4h)

Models based on Bernoulli and Poisson mixtures (4 h)

“CreditRisk+”, “CreditMetrics”, and KMV models (4 h)

Practical part:

Practical credit management exercises, deeper analysis of topics not covered during lectures, seminar presentation on an important topic (10 h)

Midterm  on the first part of the course  (2h)

	Main literature list
	1. Manstavičius, M., “Rizikos valdymas” (lecture notes)
2. Bluhm C., Overbeck L. and Wagner C. (2002) An Introduction to Credit Risk Modeling. Chapman&Hall/CRC. 

	Additional literature list
	1. Holton G.A. Value-at-risk. Theory and Practice. (2004), Academic Press. 

	Teaching methods
	Lectures, seminars

	Attendance requirements
	At least 50% of lectures.

	Assessment requirements
	Not fewer than 5 out of 10 points from the  midterm and not fewer than 5 out of 10 points from final written exam or seminar presentation

	Assessment methods
	50% of the grade comes from the midterm and 50%  from the final exam or seminar presentation

	Syllabus prepared by 
	Martynas Manstavičius


Course Syllabus

	Course unit code
	SFMM

	Course unit title
	Stochastic Models of Financial Mathematics

	Name and title of lecturer
	Prof. habil.dr. Vigirdas Mackevičius 

	Department
	Department of Mathematical Analysis

	Faculty
	Faculty of Mathematics and Informatics

	Level of course
	Second Cycle (Deepening)

	Semester
	2 (Spring)

	ECTS credits
	6

	VU credits
	4

	Hours
	Total 48

	
	Lectures 32

	
	Seminars 16

	Prerequisites
	Introductory courses to probability theory (4 VU credits) and  stochastic analysis (4 VU credits).

	Language of instruction
	Lithuanian/English

	Annotation 
	The course gives the basics of classical continuous-time models of financial mathematics. 

	Objectives and learning outcomes
	Basic understanding of continuous-time models of financial mathematics and pricing of financial derivatives.

Basic skills in understanding, defining, analyzing, and simulating stochastic financial models.

	Course unit content
	Theoretical part.

Black–Scholes model (10 hours). European options. Self-financing strategies. Option pricing problem. Black–Scholes formula. Its interpretation via change of measure. 

Other models (10 hours). Diffusion processes and European options. Relation with parabolic partial differential equations. American options and their pricing.

Interest rate models (8 hours). Principles of modeling. Vasisec model. CIR (Cox–Ingersoll–Ross) model. 
Numerical simulation of financial processes (4 hours).

Practical (seminar) part.

A short survey of stochastic analysis (6 hours): Brownian motion; Stochastic integrals; Stochastic differential equations (SDEs); Ito (diffusion-type) processes; Ito‘s formula; Change of measure; Girsanov‘s theorem.

American options in the Black–Scholes model (3 hours).

HJM (Heath–Jarrow–Morton) model (3 hours).

Numerical simulation of financial processes (4  hours).



	Reading list
	1. V. Mackevičius, Stochastiniai finansų matematikos modeliai = Stochastic Models of Financial Mathematics, lecture notes.  

2. D. Lamberton, B. Lapeyre, Introduction to Stochastic Calculus Applied to Finance, Chapman & Hall, 2006.  

3. T. Mikosch, An Elementary Introduction to Stochastic Calculus with a View Toward Finance, World Scientific, Singapore, 1998.

4. J.M. Steele, Stochastic Calculus and Financial Applications, New York, Springer, 2001.

5. V. Mackevičius. Stochastinė analizė=Stochastic Analysis, Vilnius, VU Press, 2005.

	Teaching methods
	Lectures and seminars

	Attendance requirements
	75% . 

	Assessment requirements
	Passing written exam.

	Assessment methods
	 The final 2-hour examination includes 1 theoretical question (6 points) and 1 or 2 problems (4 points, all written material allowed).  Additional points for activity at the lectures and seminars.

	Syllabus prepared by
	Vigirdas Mackevičius 


