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Abstract

We present a new construction of 5- and 6-sided rational Sabin and Hosaka—
Kimura like surface patches. They are based on a well known method of algebraic
geometry — blowing up base points. Corresponding 5- and 6-sided patches are more
efficient as produced by the methods known before. A special attention is paid to
the 5-sided patches. A relationship between various approaches and the properties
of corresponding 5-sided patches are explained from a point of view of algebraic
geometry. We also describe some specific properties of the developed 6-sided patches.

Keywords: multisided surface patch, geometric continuity, control point, base
point.

1 Introduction

Sabin (1983, 1991) and Hosaka & Kimura (1984) defined 5- and 6-sided patches,
suitable for an inclusion in to the B-spline surfaces. The domains of their
patches are nonplanar regions in 5- and 6-dimensional space respectively. The
boundary of Sabin patches are conics (Bézier curves of degree n = 2) and
boundary curves of Hosaka-Kimura patches are cubics (Bézier curves of de-
gree n = 3). Zheng & Ball (1997) extended their approach to a case, when
boundary contains Bézier curves of arbitrary degree n. Five-sided areas can be
parametrizied by the rational functions, so 5-sided Sabin and Hosaka-Kimura
patches are rational. For a parametrization of 6-sided area square roots are
involved. It is a disadvantage of 6-sided Sabin and Hosaka-Kimura patches —
they are nonrational. Loop & De Rose (1989) introduced S-patches. They are
rational m-sided patches defined over a planar m-gon for any m > 3. Later on
Loop & De Rose (1990) used S-patches for a construction of rational m-sided
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Sabin (boundary curves are conics) and Hosaka—Kimura (boundary curves
are cubics) like patches for arbitrary m > 3. Karciauskas (1999) constructed
rational m-sided Sabin and Hosaka—Kimura like surface patches over planar
domain for any m > 3, m # 4, bounded by Bézier curves of arbitrary degree
n. This approach produces the patches of lower degree than derived by the
previous methods of Sabin (1983), Hosaka-Kimura (1984), Loop & De Rose
(1990), Zheng & Ball (1997). Only in case m = 3, n = 2 they are of degree
4 as the original Sabin (1983) triangular patch, but possess some additional
useful properties.

Warren (1992) proposed a new method for creating rational multisided patches.
His idea was to use basis functions vanishing simultaneously on some ver-
tices of a domain triangle or rectangle — if we approach by a different lines
a vertex, where all basis functions are zero, the limit points draw a space
curve. In algebraic geometry this procedure is called blowing-up base points.
In (Karciauskas, 1998) 5- and 6-sided patches were investigated in more de-
tails than in the original work of Warren and the essential improvements were
made for five-sided patches. One goal of this paper is to construct for arbitrary
n the 5- and 6-sided Sabin and Hosaka—Kimura like patches, defined over the
blown-up triangle and to show that they are most efficient. This construction
relies on the patches developed in (Karc¢iauskas, 1998). Another goal of this
paper is to describe birational geometry of two models of the blown-up plane.
Some results from this description are not used right now. But we still present
them to make more clear a structure of developed patches. The original paper
of Warren (1992) and (Karciauskas, 1998) can be treated as a quick introduc-
tion to the method of blowing-up base points, applied to CAGD. Thoroughly
the methods of algebraic geometry are explained for example in the books
(Shafarevic, 1974) and (Hartshorne, 1977).

This paper is organized as follows. In Section 2 we define various T-patches and
describe their main properties. Section 3 is devoted to birational geometry of
blown-up plane. There also the connections between various types of patches
are described. In Section 4 the T-patches are used for constructing Sabin and
Hosaka—Kimura-like (S H K') patches. These surface patches behave along their
boundaries like rectangular Bézier patches and are suitable for an inclusion
into B-spline surfaces.

We use following notations. A point (x1,...,24) = (y1/Y0s - - -, Ya/Yo) in space

R? is also represented in a homogeneous form (yo : y1 : ... : yg). Similar-
lar notations are used for the maps: rational map (g1/go, - - -, 9a/go) is often
written in a homogeneous form (go : ¢; : ... : gq). Bernstein polynomials

(?) (1 —u)"Jul are denoted by B (u). For any set of functions f,, labeled by
a graph L, we set f, = f,/ X e fos a € L.



2 T-patches
2.1 A combinatorial structure and definition

Five- and six-sided patches, considered in this paper, are controlled by the
same control point nets as T-patches defined in (Karciauskas, 1999). Though
the basis functions are different we also call them T-patches. This does not
lead to confusion since a situation is clear from the context.

Let Wo, Wi, ..., W1, Wy, = Wy be the vertices of a convex m-gon (in this
paper m = 5,6); let W be its inner point and let n be a fixed natural number.
For each triangle with the vertices W, W,, W,.1, 0 < s < m — 1, the points

l ' n—i—j
E’}:—W—l—leHﬂLi]Ws, i, i>0,i47<n,
n n n

linked together form its standard triangulation. All together they form a trian-
gulation of m-gon. It is convenient to organize the labeling of this triangulation
in the following manner.

Let 7™ be a set of all triples (s,4,7),0<s<m—-1,0<i<n,0<j<n-—i,
where triples (s,i,n — i) and (s + 1,4,0) are identified (the first index s is
treated in a cyclic fashion). There are mn(n+1)/2+1 triples in 7". Without
confusing 7" can be treated as a graph of the triangulation of m-gon. This
labeling (graph) is shown in Figure 1. Notice, index s enumerates the triangles
and indices 7, 7 come from a labeling of their standard trangulation.

It follows directly from a definition of 7" graphs, that they have the same
symmetry group as a regular m-gon. More exactly, this means following. A map
rot : 7™ — T™, given by the formula rot((s,,j)) = (s + 1,4, j), corresponds
to a rotation of a regular m-gon, when a vertex W, maps to a vertex Wy,;. A
map mir : 7" +— T™, given by the formula mir((s,4,j)) = (-=s—1,4,n—i—j),
corresponds to a mirror symmetry of a regular m-gon, when a vertex Wy maps
to itself. All maps from a symmetry group are the compositions of the maps
rot and mir.

Suppose, there are fixed basis functions f,, ¢ € 7", on a domain D.

Definition 1 A parametric rational 5- or 6-sided T-patch of order n over
domain D is a map F™ : D — R? defined by the formula

o 2 qeT quqf;(p)

P Sy ) .

The points P, are called control points of the patch and the numbers w,
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Fig. 1. Combinatorial structure and labeling

are their weights. Geometrically T-patch is understood as the image F™(D).
But without confusing we often consider T-patch as a map (exactly as in
Definition 1). It is worth to note we can use the formula (1) also in a case
when P, are the points in IR?, d # 3. For example, if d = 2 we get the maps
from a plane to plane, that are useful in a investigation of various properties
of T-patches.

2.2 The domains

Blown-up triangle. Let D be a triangle with the vertices V4, Vi, V5. For a point
p in a plane we denote by ly(p), l1(p), l2(p) its barycentric coordinates respect
to the triple Vg, Vi, Vo, If it is convenient to use affine (or homogeneous)
coordinates we assume Vj = (0,0) = (1 : 0:0), V3 = (1,0) = (1 : 1 : 0),
Vo =1(0,1) = (1 :0: 1). The triangle D is a domain for both 5- and 6-sided
patches. Only location of the base points is different: pentagonal patches are
defined via basis functions vanishing simultaneously at the vertices V;, V5;
hexagonal patches are defined via basis functions vanishing simultaneously at
all three vertices Vg, Vi, V5.

Regular domains. We assume m = 5,6 and set o« = 2/m. By D we denote a
regular m-gon in (x,y)-plane with the vertices Rs; = (cos sa;sinsa), 0 < s <
m — 1. A point of an intersection of the lines R, | R, and R, R, 5 is denoted




by K. We set

Zsz—xcos(sa—i—%)—ysin(sa+%)—|—cos%, 0<s<m-—1; @

ky, = —x cos(sa) — ysin(sa) + (1 + cosa)/(2cosa), 0 < s <m — 1.

It is easy to check that: I, = 0 defines a line R,R,.1; k, = 0 defines a line
K, 1 K,.

2.3 Basis functions and definition

We define various basis functions systems using the following scheme. Suppose

there are fixed m + 1 functions hg, 1, . .., Am_1, h. Moreover, suppose for arbi-
trary n there are fixed positive numbers £, 0 <1 < n,0 < j < n—i, satisfying
kY = kI, ; ;. For ¢ = (s,i,j) € T" the basis functions f' are defined by the
formula

S = kSR IR (3)

This scheme allows to get almost all known basis functions labeled by 7"
graphs: formulas (5) and (7) give the basis functions from (Karciauskas, 1998);
formula (9) give functions from (Karc¢iauskas, 1997); formula (11) give the
functions introduced by Krasauskas (1999); the basis functions of T-patches
for m > 5, introduced by Karc¢iauskas (1999), can be also defined by the
formula (3).

Now we define the systems of basis functions for various type of patches still
not specifying the coefficients k;%. They are called T, T¢", T5" and Tg'" patches.

o Fiwve-sided TZ'-patch over blown-up triangle. Let

ho — lg, h1 - loll(lg + ll), hg - l%lz, h3 - lll%, (4)
h4 - lolg(lo + l2), ]_1 - lolllg.

From the formula (3) we get

fo = kT (L + 1),

g = EnIG T (1 4+ 1),

2= kSR (5)
fas = kBl (I 4+ 1),

fis = kR (I 4 1),



o Siz-sided T¢'-patch over blown-up triangle. Let

ho - lgll, hl lol%, hg 1212, h3 l l
h4 - lol%, h5 - lglg, h - lglll2.

From the formula (3) we get
Jorig = /fZ}lf” . ]l?iflina Joririy = k50 lezflﬂ]z- (7)
o Fie-sided Tgl—patch over regular pentagon. Let

4
hs - 5+1l2+215+3k5, s = 07 17 X 47 B = H ls

s=0

From the formula (3) we get

__n7i 12n—i—j n+j 747 1n—i—j 7.9
$,0,7 k ls+1 ls+2 ls+3 ls+4k ks+1' (9)

o Siz-sided Tgl—patch over reqular hexagon. Let

~

5
hs = Ly l2 o2 5lsa, s =0,1,.,5, h= ][I (10)

s=0

From the formula (3) we get

7 m—7j712n—i—j 12n—in+jri+j
vig = Ll L S T (11)

2.4 Basis functions from an algebraic point of view

Many features of T-patches (especially of 5-sided) can be explained using
the concept of the basis points from algebraic geometry. Here we give some
necessary definitions.

Definition 2 The function f(x,y) has zero of multiplicity pu at a point (zo; yo)
if it vanishes at (xo; yo) together with all partial derivatives up to the order p—1
and at least one partial derivative of order p does not vanish.

It is convenient to consider the zeros of the polynomials also at infinity. If we
say a polynomial f of degree < n has at the infinite point a zero of multiplicity
i, by a definition this means following: polynomial f is represented in the
homogeneous coordinates as a homogeneous polynomial of degree n; after
projective transformation an infinite point is represented as an affine point
and the corresponding polynomial has at this point zero of multiplicity p. If



fi(p) = 0 for each i then p is called base point of a rational map (zy : x7 :
1‘2) = (f()(x(),l'l, 1'2), sy fd(x07 xlaxQ))-

1. T -patches. The functions defined by the formula (5) are the basis for the
polynomials of degree < 3n having at the vertices Vi(1:1:0), V2(1:0: 1)
and infinity points (0:1:0), (0:0: 1) zeros of the multiplicity at least n.

2. T{-patches. The functions defined by the formula (7) are the basis for the
polynomials of degree < 3n having at the vertices V5(1:0:0), V3(1:1:0),
Vo(1:0:1) zeros of the multiplicity at least n.

3. Ti-patches. The functions defined by the formula (9) are the basis for the
polynomials of degree < 5n having at all points K, zeros of the multiplicity
at least 2n.

3. T-patches. The functions defined by the formula (11) are the polynomials
of degree < 6n having at all points K; and at three infinite points - the
intersections of the pairs of the parallel sides of regular hexagon - zeros of the
multiplicity at least n (but are only a part of the basis for these polynomials).

2.5 Properties of T3'- and T¢'-patches

Here we list some important properties of blown-up 5- and 6-sided patches.
Most of them were announced in (Kar¢iauskas, 1998).

1. Linear independence. All systems of basis functions defined in Section 2.3
are linearly independent.

2. Boundary curves. If kg; = (”) then a boundary of a patch consist of the
rational Bézier curves of degree n with the control points Pyy; and the weights
wsoj, 0 < j < n (for each s corresponds one boundary curve).

3. Tangent planes along a boundary. Only the functions [, fo1,---, f§

s ) J s,0,n
and f& 0,1, fe10 s Se1n—1o fer10, effects a crossderivative along the
boundary curve, controlled by the points Py, Pso1, - - -, Pson-

4. Convex hull property. If all weights w, are positive the patch lies in a con-
vex hull of the control points. (Sufficient conditions actually are wg > 0,
s=0,1,...,m—1, and w, > 0 for the rest ¢ € 7".)

5. Implicit degree. Implicit degree of T#-patch is < 5n? and of T-patch is
< 6n2.

6. Parametric curves. An image of a general line of a domain is a rational
curve of degree n.

7. Order elevation. The coefficients k;; can be so recursively defined, that:

ko; = (7;), there exist order elevation procedure; a sequence of the elevated
control point nets tends to the patch.

8. Symmetry property. Let Py = Pui(g), Wy = Wrot(g), Py = Puir(e), Wy =
Whnir(g), ¢ € T". Then the control points and weights P}, wj and P, w; define

the same patch as the original control points P, and weights wy.



2.6 Plotting T-patches

General line in a parameter plane is mapped by a rational map (g : ¢ :
..,gq) of degree k in to a rational curve of degree k. But if a line goes
through a base point p of multiplicity at least p (all polynomials g; have
at p zero of multiplicity at least u), then an image is a curve of degree <
k — p. This simple principle of algebraic geometry is used in (Karc¢iauskas,
1999) for an efficient plotting of T-patches defined over regular m-gon. So
Tg—patch can be represented as a collection of five rational rectangular Bézier
patches of bidegree (3n, 3n). For TG”—patch there are two possibilities: standard
subdivision of domain hexagon into 6 quadrangles leads to a representation
as a collection of six rational rectangular Bézier patches of bidegree (4n,4n);
subdivision of a hexagon into 3 parallelograms gives a collection of three Bézier
patches of bidegree (4n,4n).

For an efficient plotting of blown-up patches we subdivide domain triangle.
A subdivision depends if 5- or 6-sided patch is considered. We set M, =
(‘/s+1+‘/s+2)/27 82071727 M = (Vb—i_vvl—i_vé)/3

1. Plotting T7'-patches. We subdivide domain triangle into three parts: paral-
lelogram Vo My MMy ; triangle Vi My Ms; triangle VoM My. A bilinear map bl
defined by the formula bly(u, v) = (Vo(1—u)+Mou)(1—v)+ (M (1 —u)+ Myu)v
parametrizies a parallelogram. Moreover, its parametric lines go through the
infinite point (0: 1:0) or (0:0: 1). A bilinear map bly defined by the formula
bly(u,v) = Vi(1 —v) + (Ma(1 — u) + Mou)v parametrizies first triangle. Its
parametric lines v = const go through the infinite point (0 : 0 : 1) and the para-
metric lines © = const go through the point V;. Similarly is defined a bilinear
map bly, parametrizing second triangle. Composing bilinear parametrizations
blg, bly, bly with a map F", defining a patch, we get three rectangular Bézier
patches of bidegree (2n,2n). A principle of this presentation is visualized in
Figure 2.

2. Plotting T{'-patches. We subdivide domain triangle into six triangles: their
vertices are Vi, Ms1o, M and Vi, Mgy, M, s = 0,1,2. A rational bilinear map
bly defined by the formula

blg(u,v) = (Vo(1 —v) + (Mz(1 — u) + (3/2)Mu)v) /(1 + uv/2)

parametrizies triangle with the vertices Vj, My, M. Moreover, its parametric
lines v = const go through the point V5, and the parametric lines u = const
go through the point V4. Similarly are defined the rational bilinear maps bly,
s = 1,...,5, parametrizing rest five triangles. Composing rational bilinear
parametrizations blg, s =0,1,...,5, with a map F", defining a patch, we get
six rectangular Bézier patches of bidegree (2n,2n).
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Fig. 2. Plotting T%'-patches

3 Connection between blown-up and regular patches
3.1  Connection maps

In this section we show (Proposition 3) that 73'- and Tg'-patches, defined over
blown-up triangle, coincide actually with T” and TG” -patches, defined over
regular pentagon or hexagon. It helps to understand better the geometrical
properties of blown-up patches. On the other hand, more complicated defini-
tion of T~ and T}'-patches leads to some advantages - they can be represented
as a collection of rectangular Bézier patches of lower degree (Section 2.6).

It was mentioned after Definition 1 that we will use the formula (1) when
P, R, ¢ € T", d # 3. In this case it is sufficient to take n = 1. Therefore
we simplify some notations: let P, = Py, s = 0,1,...,m — 1, P = Py,
k' = ki,. Moreover, we assume kj, = 1 and all w,, ¢ € T', are equal to 1. By
M we denote barycentric center of domain triangle (M = (V, + Vi + 13)/3).
We also set:

if two vertices V; and V4, are blown-up — case of the formula (5) — then

Vo=Vo, =Wy, Vo =V3, V3 =14, V) = Vg (12)
if all vertices Vg, V1, Vo are blown-up — case of the formula (7) — then
Vo=Vo, i =Vi, Vo=Vi, Vs =V, Vi =Va, V5 =Vj. (13)

Now we define some useful connection maps IR — IR?. They all are defined
by the formula (1). Only an input for this formula is different in each case.

e Let: k' = 3(v5+ 1)/2; the basis functions are given by the formula (9);
P, =V, s=0,1,...,4, P = M, where V; are defined by the formula (12).



Corresponding map IR? — IR? is denoted by Hj.

e Let: k' = 5(1/5 — 1)/2; the basis functions are given by the formula (5);
P,=R,,s=0,1,...,4, P is a center of a regular pentagon. Corresponding
map R? — R? is denoted by Hj.

e Let: k' = 3; the basis functions are given by the formula (11); P, = V,, s =
0,1,...,5, P = M, where V, are defined by the formula (13). Corresponding
map ]R2 — IR? is denoted by Hs.

The maps Hs and Hs are birational transformations of a plane. Moreover,
they are inverse to each other. Direct computations give the following formula

H5 = (2]%0];]2];}3 : (\/g—i— 3)[3[4];}2 : (\/5—|— 3)[0[1];}3) (14)

So Hj is a rational map of degree 3. The computations also show that H;
is a rational map of degree 2 and Hg is a rational map of degree 3. A map
Hg is not a birational transformation — generally there are three points (some
possibly complex conjugate) mapping to one point.

In order to avoid a confusion we introduce some temporary notations for
various kinds of the functions hg, h and the coefficients £7;:

W5 =h, s=0,1,...,4, h3 = h in a case of the formula (4);
hS =h,, s=0,1,...,5 h8 = h in a case of the formula (6);
h3=hg, s=0,1,...,4, hy = h in a case of the formula (8);
h6 he, 5 =0,1,...,5, h¢ = h in a case of the formula (10);

kl’; = kl’; in case of the formulas (5) or (7);
/;:Z’"; = kj; in case of the formulas (9) or (11).

Let a = (v/5+1)/2 (a is known as a golden section). Direct computations give
the following relations:

G I ) 1 COY ) N (15)
hi(Hs(z,y)) hi(Hs(w,y))  ah3(Hs(x,y))

by Mwy)  _ hi(wy) (16)
h§(Hs(z,y)) h(Hs(z,y))  h§(Hs(z,y))

From the formulas (15), (16), (3) and (1) we get the following proposition is
true.

Proposition 3 Let k” = a'k™, if m =5, and k” =k, if m = 6. Then 13-

7,]7 2]7
patch coincides with the T5” -patch and T -patch comczdes with the T§'-patch.

This proposition allows to consider blown-up patches as more usual patches
over regular domain. It helps to understand easier many features of 77'- and

10



T¢'-patches. Take, for example, a third property from Section 2.5: only the

1 n n n n n n n
functions fs,0,07 fs,O,l""7 5,0,n and fs—l,O,n—U 51,009 s 1n—10 Js4+1,0,1 ef-
fects a crossderivative along the boundary curve, controlled by the points
Pioo, Psot1, - - -, Pson- On a regular domain it is obvious: all functions, except of

listed above, contain as a factor I# with x> 2 (I, is defined by the formula(2)).

3.2 Birational geometry of blown-up triangle

It was mentioned in Section 2.5 that 77'- and T§'-patches are symmetric. It
is not obvious since their basis functions are not symmetric in a usual affine
plane. T5”— and Tg- patches are symmetric, since their basis functions are sym-
metric in an euclidian plane (it follows directly from the definitions). So we
get from Proposition 3 blown-up patches also are symmetric. Originally it was
proved using birational transformations of a domain triangle (in algebraic ge-
ometry known as Cremona transformations). By a definition birational trans-
formation means that it has an inverse rational map. Do not forget: blown-up
patches are defined not over standard triangle, but over triangle with two or
three blown-up vertices. Here we describe the birational transformations of
a blown-up plane. They are analog of the usual euclidian transformations of
a regular pentagon or hexagon. We additionally assume: k' = 5 if the func-
tions are defined by the formula (9); k' = 3 if the functions are defined by
the formulas (5) or (7). By O is denoted a center of a regular pentagon or
hexagon.

Every symmetry transformation sym of a regular m-gon is a composition of
a rotation of an euclidian plane around O by an angle 27 /m and of mirror
symmetry respect to the line ByO. An analog sym of any symmetry trans-
formation sym is constructed using a following scheme. Let Ry = sym(Ry).
Then P, = Vi, P = M, where V, are defined by the formula (12) if two ver-
tices Vi, V5 are blown-up or by the formula (13) if all vertices Vg, V3, V3 are
blown-up. A birational transformation sym of a blown-up plane is defined by
the formula (1). The basis functions are given by the formula (5) in a case
of two blown-up vertices and by the formula (7) in a case of three blown-up
vertices. Generally, sym is a birational transformation of degree 2. But some
of them are affine transformations (including also identity map). The identity
H,, osym = sym o H,,, m = 5,6, expresses a relationship between standard
symmetries and birational symmetries. It is worth to note, that for a pentagon
a map sym can be defined by the formula (1) if P, = Py, P = O and the basis
functions are given by the formula (9).

A symmetry of the basis functions f;, defined by the formulas (5) or (7), is

11



expressed by the identities

(fg osym)/f = (fy osym)/fg, (17)

that are true for any sym and ¢,¢" € 7". These identities together with the
formula (1) gives self contained proof of the symmetry of blown-up patches.

Here we briefly describe some properties of the transformations of a blown-up
plane.

Two blown-up points. First let us to note that if we consider projective plane
there are four blown-up points — not only the vertices V3(1:1:0), V5(1:0: 1),
but also infinite points (0 : 1 :0) and (0:0: 1). The rotation transformation
rot is given by the formula rot = ((Io +11)(ls 4+ 1o) : lo(lo +11) : I1l3). There are
two fixed point of a rotation rot: A = (v/5 — 2)V; + ((3 — v/5)/2)V1 + ((3 —
V5)/2)Va and B = (=5 —2)V; + ((3 +/5)/2)Vi + ((3 + v/5)/2)Va. A point
A lies in a domain triangle and A = H3(O); a map Hj contracts a circle going
through the points K to a point B; conversely, a point B is blown-up by the
map P~I5 to that circle. The map Hjy contracts the lines R Ry and R3R, to the
points V; and V5 respectively; conversely, the vertices V; and V5 are blown-up
by the map H to those lines. The rotation rot contracts a line V3V to a point
V4, blows-up V; to a line V; V3, contracts that line to a point Vs, blows-up V5
to a line V5V;, maps that line to a line V5V;. To a standard triangulation of a
pentagon, build from the triangles O R;R, 1, corresponds an invariant respect
to rot subdivision of a domain triangle (see left scheme in Figure 3). Curves
of this subdivision intersect each other at the point A (also at the point B,
not displayed in a scheme) and are conics, labeled 1,2, 3,4, or a line, labeled
0. Conic 1 is completely defined by the following conditions: it goes through
the points Vi(1:1:0), (0:0:1), A, B and touches a line V1] at the vertex
V. Conic 2 is completely defined by the following conditions: it goes through
the points Vi(1:1:0), (0:1:0), (0: 0:1), A, B and touches a line V15 at
the vertex Vi. Similarly are defined the conics 3 and 4.

Three blown-up points. The rotation transformation rot is given by the formula
rot = (loly + lile + ls 4+ 1y = loly = l4l3). The point M = Hg(O) is a fixed point
of a rotation rot. The map Hg contracts the lines R Ry, R3R4, R5Ry to the
points Vi, Vs, Vj respectively. The rotation rot contracts a line VoV; to a point
V4, blows-up V; to a line V; V3, contracts that line to a point Vs, blows-up V5
to a line V5V, contracts that line to a point Vp, blows-up V; to a line VyV;.
To a standard triangulation of a hexagon, build from the triangles OR, R 1,
corresponds an invariant respect to rot subdivision of a domain triangle (see
right scheme in Figure 3). Curves of this subdivision intersect each other at
the point M and are conics, labeled 0,1,2,3,4,5. Conics 0 and 3 are arcs of
one conic, completely defined by the following conditions: it goes through the
points Vi, V,, M; touches a line V3V at the vertex V;; touches a line V,V5 at

12



Fig. 3. Symmetric subdivision of blown-up triangles

the vertex V5. Similarly are defined other conics.
3.3 Relations with the Sabin surface

By SAs we denote a surface in IR® (with coordinates X, Xy, X3, X4, X5),
defined by equations Xy — 1 + X;3Xe1y = 0, s = 1,2,...,5 (index s is
treated in a cyclic fashion). This surface was introduced by Sabin (1983) for
a construction of 5-sided patches. A domain of the Sabin patch is a region in
SAs with Xy >0, s =1,2,...,5. The same domain was used by Hosaka and
Kimura (1984).

Now we define two parametrizations of SAs. Let P, = (0,1,1,1,0), P, =
(0,0,1,1,1), P, = (1,0,0,1,1), Py = (1,1,0,0,1), P, = (1,1,1,0,0), P; =
(2/3,2/3,2/3,2/3,2/3) (Ps, s = 0,1,...,4 are corner points of the Sabin
domain). Parametrization maps G5 and G5 are defined by the formula (1):
if basis functions are given by the formula (9), then &' = 3(v/5 4+ 1)/2 and a
map is denoted by Gj; if basis functions are given by the formula (5), then
k' = 3 and a map is denoted by Gf.

Proposition 4 The maps G5 and G5 parametrizies the surface SAs. More-
over, G5 o Hs = Gf.

Parametrization maps were found using standard methods of algebraic geom-
etry. We also give other explicit formulas for the maps G5 and G5. They are
useful in direct calculations (even with MAPLE package).

G5 = (90 AR 95)7 WhAereAgerAl = hshs+1ls(lsfl+ls+1 _ls)27 S = 07 17 ) 47
g0 = (55— 11)/2) [T}_g hi (I5, hs are defined by the formula (2)).
Gs=(g:v(l=v):(1—uw?1—-v):(1-u—-2v):(1—u)(l—-0v):u(l—u)),
where g = (1 —u)(1 —wv) (assuming the vertices of a domain triangle are (0, 0),

(1,0), (0,1)).

Let us compose a map G5 with a map, defining 5-sided patch on SAs (Sabin,
1983). After calculations with MAPLE we get that Sabin patch can be rep-
resented as Tg-patch or, according to Proposition 3, as Tg’—patch. This also
means, that basis functions of Sabin patch can be taken symmetric rational
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cubics in IR”. We do not give here their explicit expressions. Similarly we get
that 5-sided Hosaka—Kimura patch can be represented as Tg- or Ti-patch.

3.4 Relations with S-patches

S-patches were introduced by Loop and De Rose (1989). Let us consider as
their domain only a regular pentagon. In this case an embedding E of a pen-
tagon into hyperplane X; + Xy + X5 + X, + X; = 1 in R®, used for a defi-
nition of 5-sided S-patch, can be described as follows. Let gs+1 = ls+1ls+gls+3,
s =0,1,...,4, Q, = (1 0,0,0,0), @ = (0,1,0,0,0),...,Q5 = (0,0,0,0,1).
Then E = 25 L 9iQi/ X5, gi. An image of E we denote by LRs.

Let Yi Xl—aX2+X3—aX4+X5+a 2, )/2 X1+X2—GX3+X4—CLX5+CL—2,
Y = —aXi+Xo4+X5—aXy+X5+a—-2, Y, = X1 —aXo+ X3+ X, —aX54+a—2,
Vsi=—-aXi+Xo—aXs+ Xy +Xs+a—-2, Y =3—-2a)(X; + Xo+ X3+
X4+ X5 +5a), where a = (V5 +1)/2. We set L = (Y, :Yy,...,Y5).

Proposition 5 A map L maps a surface SAs onto a surface LRs. Moreover,
EoH;=LoGs.

It follows from Proposition 5 that 5-sided S-patches of depth n defined over
regular pentagon can be represented as 73'- or T7'-patches.

3.5 Model surface for 6-sided patches

Here we describe a surface in IR® which can be used for a definition of 77- or
Ty-patches. So it is like analog of a surface SAs.

Let k' =3, P, = (1,0,0,0,0,0), P, = (0,1,0,0,0,0),...,P; = (0,0,0,0,0, 1),
P =(0,0,0,0,0,0). The maps Gg, Gg : IR* — RS are deﬁned by the formula
(1): if the basis functions are given by the formula (11) a map is denoted by
Gi; if the basis functions are given by the formulas (7) a map is denoted by
Gg. Direct computation shows that Gy = G4 o Hg. An image of Gy (or GG)
we denote by Wg. The map Gy is a birational parametrization of Ws. The
parametrization (Gg maps generally three points to one. A surface Wy can be
defined by nine quadric equations ¢; =0,¢=1,...,9:

g, = XiXH_g - (X1 —|—X2 —|—X3 +X4 +X5 —|—X6 - 1)2/9, 1= 1,2,3,

g3+; = XiXi+2 +Xi+1(X1 —|—X2 —|—X3 +X4 +X5 —|—X6 - 1)/3, 1= 1,2,. . .,6.
The surface Wy is a toric manifold. Deeper analysis of this surface from a point
of view of toric geometry is given by Krasauskas (1999).
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(s1,0,n)=(s,0,0) (s,0,1) (s0j) (s0,n-1) (s0,n)=(s+1,0,0)

Fig. 4. Combinatorial structure of SH K-patches

4 Sabin and Hosaka—Kimura like patches

4.1 Combinatorial structure and definition

For a simplicity we denote Sabin and Hosaka-Kimura like surface patches
as S H K-patches. Control points and weights of m-sided SH K-patches are
labeled by the triples (s,0,7), (s,1,k), 0 < s <m—-1,0<j <n, 1<
k < n—1, where (s — 1,0,n) = (s5,0,0) and (s — 1,1,n — 1) = (s,1,1)
(index s is treated in a cyclic fashion; n is degree of the boundary curves).
A graph H" is displayed in Figure 4. Note, Sabin pattern has only one inner

point (0,1,1) = (1,1,1) = ... = (m — 1,1,1). The SH K-patches possess
following nice property: for each boundary Bézier curve with control points
Pyy; and weights wso;, 7 = 0,1,...,n, a patch can be so reparametrized, that

crossderivative along this curve is the same as crossderivative of rectangular
Bézier patch with two layers of control points (and corresponding weights)
Psoo, Psoy..., Psonand Po_19pn—1, Ps 11, .., Psy11,1, Psy1,0,1. This property
is as an unformal definition of SH K-patch. Here we give a definition, that
actually outlines a method for a construction of S H K-patches.

Definition 6 Suppose on the domain D there are fized the functions g4, q €
H™, and there exist the maps reg : [0,1] X [0,1] = D, 0 < s < m — 1, called
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reparametrization maps, satisfying following conditions:

1) gsoj(res(0,u)) = Bj(u), 0<j <mn;

2) 9gsoj(res(t, u))/0t |i=o = —nBj(u), 0 < j < n;
3) 0gs-1.0,n-1(res(t, u)) /0t |1—0 = nBf (u);

4) 0gs41,0,1(res(t,u)) /0t |i=0 = nBy (u);

(
(
(
(
(5) 0gsij(res(t,u))/0t ;= = nBj(u), 1 <j<n—1;
(

)
)
)
)
)
6) gq(res(0,u)) =0 for all functions g,, except of listed (1), and
04, (reg(t,u)) /0t |i—o forall g,, except of listed in (1) — (5).

A rational SHK -patch of order n is a map G™ : D — IR® defined by the
formula

qu‘ﬂ" wqpng (p)

G"(p) =
(p) Zq&?—[" wng (p)

(18)

Though Definition 6 differs from that in (Karc¢iauskas, 1999), practically they
are equivalent. Obviously we have

9(By (t) B} (u))/0t |i=0 = —nB} (u), O(BY(t)B]} (u))/0t |i=0 = nB} (u),
G"(p) = > qenn Wy ng( )/qu‘ﬂ" wng( ).

These identities implies, that after reparametrization a crossderivative of S H K -
patch of order n behaves like a crossderivative of Bézier patch of bidegree
(n,n). It allows to join smoothly SH K-patches with adjacent Bézier patches
and to build smooth spline surfaces of arbitrary topology.

A following technical lemma from (Karc¢iauskas, 1999) is essentially used in a
proof of the theorem 8.

Lemma 7 Suppose the functions h;;(t,u) ,; = 0,1, 0 < ] < n, satisfy
h,gj(O,u) = B]TL(U)A(U), h,lj(() ’LL) = 0 Gh,g]/at |t 0=
Ohy;/0t |i=o = nBj}(u)A(u) for some functions A(u),

( ) Then
8(h0j/zgéhir)/6t li=0 = —n.B} (u),
8(17,1]/22”%]1”)/815 |t:0 = TLB;L(U)
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4.2 Main theorem

Basis functions g¢,, ¢ € H", for SH K-patches are build as the linear combina-
tions of the basis functions f;', ¢ € T", defined by the formulas (5) or (7). In
the main theorem only the functions f?; ;, (s,7,5) € T, with 7 < 1 are used.

We set kg; = (7;), kT; = 1. Following notions help to avoid possible confusion
indexing basis functions of SH K- and T-patches:

if ¢ = (s,1,7) € H" then g5 = gy

if ¢ = (s,1,5) € T" then f,,5 = f.

’(fgldeorem 8 Leta =n, b, :j(?), cj = (n—j)(?), dj = n(?), 1<j<n-—1,
® 9500 = f15,0,0] T a.f[s,1,0];
® 9s0j = fs,05] T 0S5 -11+Cifsnyp 1< <n—1;
e g1 =d X7 fis,0 tf n=2;
gs11 = i (flo—1m—2 + frs,0,00 + frsp0]) 0f n>3;
9517 = dj(fispjy+ fsng), 2<3<n—=2,if n>4.

Then a patch, defined by the formula (18), is a rational SHK -patch of order n.

Proof. Suppose we try to find the functions g,, ¢ € H", in a form declared in
Theorem 8, but with still unknown coefficients a, b;, ¢;, d;, satisfying symmetry
conditions bn—j = ¢y, dn—j = d]'.

Step 1. Let Qo = Vi, Q1 = (Vo +2V1)/3, Qs = (Vo + 2V3)/3, Q@5 = V3 and
Q(u) = Yi_, QrBi(u). Reparametrization map re, : [0,1] x [0,1] — D is
defined by the formula rey(t,u) = (Vi (1 — u) + Vou)(1 —t) + Q(u)t. It follows
from the second and third properties of blown-up patches (Section 2.5), that
conditions (1) and (6) from Definition 6 are satisfied respect to a map re, for
arbitrary constants a, b;, ¢;, d;. We also define the functions h;;(t,u), i =0, 1,
j=0,1,...,n, by the formulas

2,00 + afi21,0]) © re2, hop = (f2,0m] + afi2,1,n—1]) © T€2;
f20]+bf21] 1+C]f21])01"62, 1<57<n-1;
:(f[IOn 1+Cn 1f210)ore2; (19)

=
= (

J3,01) + 01fj2,1,n—1]) © Tey;

=
d](f[?,l,] 1] +f21,])ore2, 1<j<n-—1.

@
| |
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and set H = Y1, >_j—0 hij. Second and third properties from Section 2.5
insures, that:

0ga0j(rex(t,u)) /0t |i=o = O(hoj/H)/Ot |1=0, 0 < j < n;
041,0m—1(rea(t,u))/0t |i=o = O(h1o/H) /0t |1—o;
Ogso1(rea(t, u)) /0t |1—o = O(h1n/H) /Ot |i=0;

09215 (rea(t, u)) /0t |i=0 = O(h1;/H) /0t |1=0, 1 <j <n—1.

(20)

In the next three steps it will be shown, that for the appropriate values of
a,bj, ¢;, d; there exist the functions A(u), D(u), satisfying the assumptions of
Lemma 7.

Step 2. Here we compute functions f,(res(¢,u)) as the polynomials respect to
t. In further computations important are only the restrictions of the functions
hi; and their derivatives respect to ¢t on ¢ = 0. Therefore we do not include
in calculated expressions the terms containing ¥, k& > 2. This really does not
lead to a confusion. For a simplicity the same letter f is used for any function

f and f(rey(t,u)).

Simple calculations give [y = (1—u)ut, l; = (1—u)(1—u?t), ly = u(1—(1—u)*?).
The functions f,, we are interested in, now are the same both for a 5- or 6-
sided patches, except fi1,0,,—1] and fj30,1. Calculating them we get that in both
cases fl10n-1] = (1 —u)® T u"t, fiz01 = (1 — u)"u?"'t. Therefore there is no
difference in a proof between 5- or 6-sided patches. Let A(u) = (1 — u)™u™.
Here is a list of the expressions f,, we are interested in:

fizog) = Al (2) (1= w)™ I (1= ((n+ ) (1 — ) + (20 — j)u)t);
f[21j] = A(u (1 — u)nfjujJrlt; (21)

firon-1 = A(W)n(l — u)""t, fizon = A(u)nu™*'t.

)
)

Step 8. Obviously ho;(0,u) = A(u)B} (u). For j =1,...,n — 1 simple calcula-
tion gives

Ohyj /Ot |1—o = A(u)d;(1 — u)™ 7.
Ifd; = n(?), part of conditions of Lemma 7 are satisfied. Since
Ohi1o/0t |i—o = A(u)n(l — u)"(1 — u+ (cu1/n)u),
one more condition Ohy/0t ;=g = A(u)nBj(u) is true, if ¢,y = n. If by =

cn—1 = n it follows from a symmetric definition of the functions h;;, that
Ohyy /0t |1—0 = A(u)nB](u)
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Step 4. Calculating in the same fashion as before we get following results:
8h00/8t |t:0 = Do(l — U)n, where

Do = —A(u)(n(l —u)? + 2nu* — au); if 1 < j <n —1, then

Ohg; /0t |=0 = D; (n) (1 —u)" 7w/, where
J

D; = —A(w)((n + /)1 — uw)* + 2n — ju = (b;/(}) (A = w) = (¢;/(]))w)-
The expressions D; must be independent of j (D; = D(u)). Simplifying an
equation D; — Dy = 0 we get it can be written in a form Z, + Z,u = 0, where

Zon—bj/C;): lea—2j+bj/<?> —Cj/<?>-

Solving the system Zy =0, Z; = 0 we get

=i(0) o =@-a()

So by is the same as derived in Step 3. Obviously ¢,_; also must coincide with
the ¢, 1 from Step 3. This gives an equation n(a — n + 1) = n and we get
a = n. The final expression for the coefficients ¢; becomes ¢; = (n — j) (?) It

follows from a symmetric definition of the functions h;;, that Ohg, /0t |1=¢ =
D(u)B}(u).

Step 5. In the steps 2,3,4 we have shown, that if a = n, b; = j(?), ¢ =

(n — ])(?), dj = n(?), then for the functions from (19) are satisfied the
conditions of Lemma 7. Therefore this lemma and the formulas (20) implies,
that the conditions 2,3,4,5 of Definition 6 are satisfied respect to the map
re; (the conditions 1 and 6 are satisfied for any values of a, b;, ¢;, d;). Rest
of the maps re, are defined by the formula re;, = rot’ ~ o rey (rotation rot of
a blown-up plane was introduced in Section 3.2). It follows from a symmetry
of T7"- and TP-patches (formula (17)), that the conditions of Definition 6 are
satisfied for all maps re,. O

Let us to note, that after proving the conditions of Definition 6 respect to res,
we can simply lift to a patch, defined over regular domain, and hence with
obvious symmetric properties.

4.3  Properties o SHK -patches

Here we consider some features of SH K-patches constructed using Theorem
8.
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1. Convex hull property. Since all coefficients a, b;, c;, d; are positive, basis
functions g,, ¢ € H", are nonnegative on a domain D. It implies S H K -patches
from Theorem 8 possess convex hull property.

2. Plotting SH K -patches. The basis functions g,, ¢ € H", of m-sided SHK-
patch of order n are linear combinations of the basis functions of T7-patches.
It means SHK-patch can be represented as a 7)-patch. Therefore: 5-sided
patch SH K-patch of order n can be represented as a collection of three ra-
tional Bézier patches of bidegree (2n,2n); 6-sided patch SH K-patch of order
n can be represented as a collection of six rational Bézier patches of bide-
gree (2n,2n). The corresponding estimations for 5- and 6-sided patches from
(Karciauskas, 1999) are respectively (2n+1,2n+1) and (3n+1,3n+1). They
are better as the estimations for the patches derived by the methods known
before. So Theorem 8 gives most efficient 5- and 6-sided S H K-patches.

In (Loop and De Rose, 1990) S H K -patches are constructed elevating a depth
of S-patches. The calculations show, that it is possible to construct 5-sided
S H K-patches of order 3 without elevating a depth. Such patches can be rep-
resented as a collection of five Bézier patches of bidegree (6,6). But 5-sided
patch of order 3 from Theorem 8 can be represented as a collection of three
patches of the same bidegree (so remains a little bit better). We have not done
calculations for n > 4. In any case it is clear that the estimations can not be
improved using basis functions of S-patches. The same is true for 6-sided
patches.

Remark 9 We compare various patches using following criteria: a patch is
more efficient as another one if it can be represented as a collection of Bézier
patches with lower bidegree. Here is possible a confusion. We compare only
the methods, that produce multisided patch as an entire algebraic manifold.
Subdivision into rectangular patches is important for its representation. The
methods producing multisided patch as a collection of smoothly joined rect-
angular patches may give lower bidegrees. On the other hand, entire patches
have, as a rule, better shape.

3. Extended SH K -patches. In Theorem 8 for a construction of SH K-patches
are used only the functions f¢; . with ¢ < 1. The functions f; ; with i > 2
have no effect on the position and on the crossderivatives along the boundary
of a patch. Therefore they can be treated as the additional basis functions
of SH K-patches. Some features of this additional freedom are discussed in
(Karciauskas, 1999). They remain true with one difference in a favor for the
just derived patches: adding new basis functions does not increase a degree of
a representation.

4. Tunst incompatibility. Suppose we want to fill smoothly with S H K-patch 5-

or 6-sided hole, but at the corner P;( there appears "twist incompatibility”:
a point P}, |, insuring (with some other control points) tangent plane conti-
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nuity along boundary curve between P; o and Py ,0, does not coincide with
a point Pf:ll,l’n,l, insuring tangent plane continuity along boundary curve
between P ;o and F; . This problem is solved using method of variable
control points, proposed by Hosaka and Kimura (1984). One possibility is to
lift blown-up patch to a patch over regular pentagon or hexagon. In this case
the formulas for the variable control points are given in (Karc¢iauskas, 1999).
Another possibility is to work directly with blown-up patches without loosing
a symmetry property.

Let kgy = 1, ki, = 2. If m = 5, basis functions f, are defined by the formula
(5); if m = 6, basis functions f, are defined by the formula (7). We set

_ 1 1 1 : _E.
ls = fs+2,0,0 + fs+3,0,0 + fs+4,0,0 + f0,1,07 if m =5;
7 _ r1 1 1 1 1 : _ A
ls = fs+2,0,0 + fs+3,0,0 + fs+4,0,0 + fs+5,0,0 + f0,1,07 if m = 6;

L, = l~s+1l~s+2 S ls—l—m—l-
If n > 3, a variable control point P,;; is defined by the formula
Pgy = (ispssjll,l,n—l + Zsflpss,l,l)/(zsfl + ZS)

If n = 2, inner variable control point FPy; is defined by the formula
m—1 m—1
P[]ll = Z LsPss,Ll/ Z Ls-
s=0 5=0

From an algebraic point of view plotting blown-up S H K-patches is a repeated
blown-up procedure.

5 Conclusion and future work

In this paper we have presented new construction of 5- and 6-sided Sabin
and Hosaka—Kimura like surface patches. They are called SH K-patches and
can meet surrounding rectangular patches with G! continuity. Introduced here
method is most efficient compared with other methods, producing a patch as
an entire surface. Thoroughly is considered a relationship with the classical
pentagonal Sabin and Hosaka-Kimura patches and S-patches from (Loop and
De Rose, 1990). We also describe new patches from the point of view of alge-
braic geometry. Main interest of a current research are rational blown-up 5-
and 6-sided patches, meeting surrounding rectangular patches with G? conti-
nuity.

21



References

[1] Hartshorne, R. (1977), Algebraic Geometry, Springer, New York.

[2] Hosaka, M. and Kimura, F. (1984), Non-four-sided patch expressions with
control points, Computer Aided Geometric Design 1, 75-86.

[3] Karc¢iauskas, K. (1998), Rational m-sided surface patches, in: Cripps, R., ed.,
The Mathematics of Surfaces VIII, Information Geometers, 355-368.

[4] Karciauskas (1999), Rational m-sided Sabin and Hosaka-Kimura like surface
patches, preprint, Vilnius University.

[5] Krasauskas, R. (1999), Toric varieties in CAGD, preprint (in preparation).

[6] Loop, Ch. and De Rose, T. (1989), A multisided generalization of Bézier
surfaces, ACM Transactions on Graphics 8, 204-234.

[7] Loop, Ch. and De Rose, T. (1990), Generalized B-spline surfaces of arbitrary
topology, Computer Graphics 24, 347-356.

[8] Sabin, M.A. (1983), Non rectangular surfaces for inclusion in B-spline surfaces,
in: Hagen, T., ed., Furographics’83, 57-69.

[9] Sabin, M.A. (1991), A symmetric domain for a 6-sided patches, in: Bowyer,
A, ed., Computer-Aided Surface Geometry and Design — The Mathematics of
Surfaces IV, Clarendon Press, Oxford,185-193.

[10] Shafarevic, I.R. (1974), Basic Algebraic Geometry, Springer, New York.

[11] J. Warren, J. (1992), Creating multisided rational Bézier surfaces using base
points, ACM Transactions on Graphics, 11, 127-236.

[12] Zheng, J.J. and Ball, A.A. (1997), Control point surfaces over non-four-sided
areas, Computer Aided Geometric Design 14, 807-821.

22



