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We shall consider formulas of quantified modal logic. G.Mints described in [1] a re-
duction of an arbitrary formulk of quantified modal logic to a finite set of such formulas
Gy, ..., Gy that- Fis derivable ins4 if and only if G4, ..., G, - is derivable in S4. Mo-
reover, the formulds; i = 1,2, ..., m has one of the following forms:

OV*(Ly V Ly), OV*(Ly V Ly V L), OV*3(Ly V Ly), OV*(L; vV OLy),

Ov*(Ly V L), L,
whereLy, Lo, ... are the literals of classical logic ant! is a complex of universal gan-
tifiers. In addition, the formulas can contain the constants. We assume for simplicity that
the variables bounded by universal quantifiers are denoted:by x-, ... and the variab-
les bounded by existential quantifiers are denotegl, by, 21, ...

We will consider below the formulas of the more general form. We examine the
sequents, ..., ), |, in which F; ¢ = 1,...,n are the formulas having the following
form

VOV I* (A V...VA, VOB V... VOB, VOO V...V OCy), (1)

where A, By, C1, Ay, By, C,, ... are literals of classical logid. = 0,1. O'F = OF.
0° = F. In addition, the formulas (1) can contain the constants.

DEerINITION 1. The formulas of the forni, L, L, whereL is a literal of classical
logic, will be called modal literals.

We can define the sequents under consideration and in the other way. There are the
sequents whose antecedents contain only one closed formula of the following form:

I (V' OV* 3y Fyp(Af Di) AV 321324 (N KS)), (2)

whereD;, K; are the clauses of modal literals. Each individual varighle; occurs only
in one clause.

M. Fitting in [2] described the skolemization for the modal loiicM.Cialdea in [3]
presented another method of skolemization for the modal sysdemns$4. The Herbrand
properties are proved in [2], [3] for correponding modal logics. We will use below only
the skolemization described in [3].
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We shall present the Herbrand expansions for the formulas of the form (2). In this case
we can obtain a simple method of presentation of Herbrand expansion. The quantifier-free
formulasD;, K; in (2) have the following form

A1V .. NVANVOBLV...VOB, VOCLV ...V OC, (3)

We shall use the notations as in [3]. We denote a set containing only one formula (2)
by S

DEFINITION 2. The expression (term, formula) will be called ground if it does not con-
tain individual variables.

Theorem 1. The set of Herbrand expansion of a formula (2) of the quantified modal logic
A consists of ground formulas of the form F'o, where F' is a formula of the form (3) and
o isa substitution of the ground terms.

Proof. Since the modal degreg(S) of a formula (2) is equal to number 2, a formula
SH(5) has the form

FF(Vh O IR (AL, D)) A VRN K)))),

whereD’, K’ are obtained fronD;, K; replacing inD;, K; all occurrences dfl by [12.
The formulasS+ has the form

IR (VO (AL, DY) ANDVT P (A DY) AV FP(AS, DY) AV IUN_ KY)).

The claused)}, K/’ are of the form
ALV...VAN(O?By AOBy AB)V..NV(O?B, AOBy, AB,)VOCLV ...V OC,.(4)
We bring all quantifiers in front of formula.

Hkal...Vxl+T3h’((|:l2Vx2+T+l V), 5, 3P (N DY)
ANOVzyy, Va0, FP (N2 DE) A (AN DF) A (N KT).

| = max{l1,lo}, h = p+q. The clauseD}, DZ, D3 can differ fromD/’ only on that
the some individual variables are renamed. We obkgirin a similar manner.

Therefore we may successively eliminate all occurrences of the existential quantifiers.
For this reason we dele® and we replace the occurrences of corresponding individual
variables by new constant$, aJ, ..., a. The modal degrees of the constants are equal to
0. We deleted® and we change the occurrences of corresponding individual variables by
the new! + r-place functional symbolg} (z1, ..., zi4s), ..., P (21, ..., Ti4r). the modal
degree of functional symbols is 0. The degree will be denoted by a superscript of the func-
tional symbol. A termf? occurs only in one subformula of type (4). Let us the variables
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Zj,, ..., 5, form a complete list of individual variables occurring in this subformula. We
introduce a new functional symbgf (z;,, ..., z;.)(i = 1,..., h).

We delete similarly two occurrences #f and we change the occurrences of corres-
ponding individual variables by the néw- 2r-place functional symbols of modal degree
2 and of modal degree 1:

2 / / 2 / /
S (@1 ooy B Ty ey Ty ey Iy (T1y oo Ty Ty 1500 Ty 0y),

1 i i 1 1’ "
fl ('rla vy Llgers Tpgpaqs '--7'rl+2r)a ey fp (.131, s Lltrs Ty pyqs "'7'rl+27“)'

We introduce similarly and the new functional symb@!éz;,, ..., z;.), 67 (xj,, ..., ¥j,)-
We replace all occurrences of variables respectivelyz; andz? by the variables?,
respectively,z? andz;. We delete the complexes of quantifier beginning withThe
obtained formulais denoted by

0 0 1 1 2 2
F(x7, s Ty T 15 o Tl o Tir 1 "'7£l+2r)'

Using the obtained terms we introduce a set of ground terms. We denﬁ? by=
0,1,2; j > 0) a set of ground terms in which the modal degree of terms does oetéx
i and the height of terms does not exc¢ed addition, we assume that a 9&f contains
a new constard of modal degree 0 not occurring in a initial formula, that is, the constant
adiffers froma?, ..., a. A setUs2, H? will be denoted byH".

Let us fix a natural numbef. The propositional Herbrangtth expansion of a
formula F(z?9, ---»3312+2r) is a conjunction of formulas of propositional modal logic
M = Agygn Fty, oo tl,,), wherety, .ty € HY, b, oty € Hj,

Vi42r
rpits s tloy € HJ2

According to Theorem 3 of [3], a formula (2) of quantifier modal logicS%
contradictory if and only if for som¢ a propositional formulaV is S4-contradictory.
This means that a sequett - is derivable inS4. We replace a formull! by a sequence
of propositional formulas. For this reason we change:

1) the formulas of type (4) b¥o<y,... ju<2) (A1 V... VANV VI By V... VV“B, vV

OCL V...V OCy,),

2) the formulas of typ&l1F by OF,

3) the formulas of typ&l(A A B) by (A and(B,

4) all conjunctions by the comma,

5) the termsf; by g'.

The obtained formulais derivable 84 if and only if M + is derivable ins4.

Herbrand expansion can be defined using only an initial formula. First of all, to every
constant occurring in (1) assign a modal degree 0. We assume that there not two bound
variables with the same name in a set of formulas under consideration. We eliminate in
(1) all occurrences of existential quantifier. After the elimination we obtain three formulas
(if ¢ = 1) or one formula (ifi = 0).

Let 3* bedy;...dy,. We deleted* and we replace in the matrix all occurrencespf
(j=1,...k)by Iy, (z1, ..., xn), Wherexy, .., z,, is @a complete list of universal individual
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variables occurring in a considered formulaslf= 1 in (1), then we construct three
formulas withr = 0, = 1 andr = 2. In addition, in the case = 0 we delete the
occurences of modal operafat. If i = 0, thenr = 0 also. The obtained set of formulas
will be calleda set of initial formulas.
We can obtain all propositional formulas frgrath expansion using only two substitu-
tion rules. We apply the rules of substitution only to formulas of a set of initial formulas.
Substitutionrules:

V21 VT OV g1 - VTR F (X1, ooy Tony Ty o5 T
DF(tla seey tm; tm—i—la -tn)

(S1)

a) if F contains a functional symbol of modal degree= 1,2, thenty,..,t,, €
Hﬁ');tm—i-la ---atn S H},
b) if F does not contain the functional symbols, then... ¢, € H]Q; bty ooy tn €
H?.
J

V1. Ve, F(x, ... Tn)

(52) F(t1, ..., tn)

t1,...,tn € Hﬁ]

Remark. A formulaF in the rules (S1), (S2) is a quantifier-free formula.
Theorem is proved.
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Herbrand skleidinysvienai modalumo logikos S4 formuliu klasel
S. Norggla

Darbe apraSyta viena kvantogeim modalumo logiko$4 formuliy klase, kurios Herbrand sklei-
dini_.galima gauti i$ atitinkam skulemizuag formuliu naudojanttik k#inius.



