1. VEKTORINES ERDVES.

Apibrezimas. Tegu K— kunas. Aibé V' | kurioje apibrézta sudéties ir daugybos is
kuno K elemento operacijos, vadinama vektorine erdve, jeigu su visais u,v,w € V
ir a,b € K ispildytos sios sqlygos:

utveV;

(ut+v)+w=u+(v+w);

U+v=v+u;

do:v+o=u;

d(—v): v+ (—v) = o

a(u+v)=au+ av;

(a+b)u = au+ ab;

8.(ab)u = a(bu);

9. 1g - u = u.

Vektorinés erdvés elementai vadinami vektoriais.

Pavyzdziai.l . Su kiekvienun K™ = {(ay,...,a,) : a; € K} - eilu¢iy su n kom-
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ponenéiy vektoriné erdvé. Si erdvé dar vadinama aritmetine n— erdve. Eiluéiy
komponentes vadinamos vektoriaus koordinatemis.

2. Visy realiyjy tolydziy intervale [0, 1] funkeijy vektoriné erdvé C'[0, 1] virs
kuno R.

3. Su visais k ir n visy k x n matricy vektoriné erdvé My, (K') virs kuno K.

4. Kompleksiniy skaiciy aibé C - vektorine erdvé virs kuno R.

Apibrezimas. [sraiskq ajvy+agvy+- - -+ a,v, vadiname vektoriy vy, v, ..., v,
tiesine kombinacija; ¢ia ay,asq,...,a, € K.
Apibrezimas. Vektoriy sistemg vy, ..., v, vadinsime tiesiskai priklausoma, jei

tarp Siy vektoriy yra toks v; , kuris yra likusiy sistemos vektoriy tiesine kombi-
nacija: v; = ayvy + -+ @101 + a1V + -+ apv,. Jeigu vektoriy sistemogje
V1, ..., U, nEra vektoriaus, tiesiskai priklausomo nuo likusiy, tai Sig sistemq vadina
teisiskai nepriklausoma.

Susitarta, kad tuscios vektoriy sistemos tiesineé kombinacija lygi noliniam vek-
toriui: v+ ---4+u=0.

N— ——
0 démeny

Examples.

1. Every two vectors in the line R are linearly dependent (one vector is
proportional to the other one).

2. Every three vectors a, b, c on a plane R? are linearly dependent. Indeed, if
a and b are parallel then one of them is a multiple of another one, and so a and b



are linearly dependent which implies that all three vectors are linearly dependent.
If @ and b are not parallel then we know that every vector on the plane, including
the vector ¢, is a linear combination of aand b. Thus a, b, ¢ are linearly dependent.

3. If a subset S of R™ consists of more than n vectors then S is linearly
dependent. ( Prove it!)

4. The set of polynomials # + 1, 2% + 2 +1,2? — 2z — 2, 2% — 32 + 1 is linearly
dependent. To prove that we need to find numbersa, b, ¢, d not all equal to 0 such
that a(z +1)+b(z*+ 2+ 1)+ ¢(2* — 22 — 2) + d(2* — 32+ 1) = 0. This leads to a
homogeneous system of linear equations with 4 unknowns and 3 equations. Such
a system must have a non-trivial solution by the theorem about homogeneous
systems of linear equations.

5. Let fi, f2, ..., [ be functions in C[0, 1] each of which has firstn — 1 deriva-
tives. The determinant of the following matrix

h(x) fo(z) .o fol)
Fi(2) Fi(e) o F1(2)
1(z) () e ()

AP0 @) J00) ()

is called the Wronskian of this set of functions.

Theorem. Let fi, fa, ..., f be functions in C[0, 1] each of which has first n —
lderivatives. If the Wronskian of this set of functions is not identically zero then
the set of functions is linearly independent

Apibrézimas. Jeigu A C {v,...,v,} C B, tai A vadinamas sistemos
vy, ..., Uy posistemiu, o B— virssistemiu.

Vektoriy sistemuy savybes.

1. Sistema i§ vieno vektoriaus {v} yra tiesiskai priklausoma kai v = 0 ir
tiesiskai nepriklausoma kai v # 0.

2. Tiesiskai priklausomos sistemos vy, ..., v, vir§sistemis yra tiesiskai priklau-
somas.

3. Tiesiskai nepriklausomos sistemos vy, ..., v, posistemis yra tiesiskai neprik-
lausomas.

4. Vektoriy sistema, kurioje yra nulinis vektorius, yra tiesiskai priklausoma.

5. Vektoriy sistema, kurioje yra du sutampantys vektoriai, yra tiesiskai prik-

lausoma.
6. Vektoriy sistema vy, ..., v, yra tiesiskai priklausoma tada ir tik tada, kai
egzistuoja tokie aq,...,a, € K ir a; #0 ,1 <1 < n, kad ajv; + -+ + a,v, = 0.
Irodymas. (=)Tegu vy,...,v,— tiesiskai priklausoma sistema. Tada egzis-



tuoja v; = ajvy + -+ 4+ @i—1v-1 + @p1vi1 + -0 + auv, i todél avg + -+ +
ai—1vicy + (=1) v + @iy 1vip1 4 -+ apv, = 0.
(<) Tegu ajvy + -+ + a;—1vi1 + av; + aip1Vig1 + - + ayv, = 0ir a; # 0,

ai—1 Bit1

L= % .= . _ . ... 2n
tada v; = okl Vi i PR
Irodyta.
7. Vektoriy sistema vy, ..., v, yra tiesiskai nepriklausoma tada ir tik tada, kai
8 avy + - +a,v, =0 turime ¢y = -+ = a, = 0.

Irodymas. Akivaizdu.

Apibrezimas. Vektorinés erdvés V virs kuno K netuscias poaibis U vadina-
mas poerdviu, jeigu

1) uy +uy € U su visais uy,uqg € U,

2) au € U su visais a € K ir su visais u € U.

Vektorinés erdvés V' poerdvis U yra pats vektoriné erdve ty paciy operaciju
kaip ir V' atzvilgiu.

Positive Examples.

1. The whole space R™ is a subspace of itself. And the set consisting of one
vector, 0, is a subspace of any space.

2. In R?, consider the set W of all vectors which are parallel to a given line
L. It is clear that the sum of two vectors which are parallel to L is itself parallel
to L, and a scalar multiple of a vector which is parallel to L is itself parallel to L.
Thus W is a subspace.

3. A similar argument shows that in R?, the set W of all vectors which are
parallel to a given plane (line) is a subspace.

4. The set of all polynomials is a subspace of the space of continuous functions
on [0,1],C'[0,1]. The set of all polynomials whose degrees do not exceed a given
number, is a subspace of the vector space of polynomials, and a subspace of C'[0, 1].

5. The set of differentiable functions is also a subspace of C]0,1].

Negative Examples.

1. In R?, the set of all vectors which are parallel to one of two fixed non-
parallel lines, is not a subspace. Indeed, if we take a non-zero vector parallel to
one of the lines and add a non-zero vector parallel to another line, we get a vector
which is parallel to neither of these lines.

2. The set of polynomials of degree 2 is not a subspace of C[0, 1]. Indeed, the
sum of z? + x and —z? is a polynomial of degree 1.

Apibrezimas. Tegu vy,...,v, € V,— vektoriy sistema. Vektorinés erdvés V
poaibis {ajvy + -+ 4+ a,v,lay, ..., a, € K} = [v1,...,0,] vadinamas vektoriy siste-
mos vy, ..., v, tiesiniu apvalkalu. Vektoriy sistema vy, ...,v, vadinama generuo-



janéia $j tiesing apvalkalg sistema.

Aisku, kad vektoriy sistemos vy, ..., v, tiesinis apvalkalas [vy, ..., v,] yra poerd-
vis, o bet koks generuojancios sistemos virs- sistemis yra generuojanti sistema.

Examples.

1. Let V = R®. Let S consist of one non-zero vector A. Then spanA consists
of all vectors of the form xA. In other words, spanA consists of all vectors which
are proportional to A, or span(A) is the set of vector parallel to A.

2. Let V.= R* S = (1,0,0),(0,1,0). Then span(S) consists of all vectors of
the form #(1,0,0) 4+ y(0,1,0) = (x,y,0), that is span(S) consists of all vectors
parallel to the (x, y)-plane. More generally, if we take any two non-parallel vectors
A and B in R? then spanA, B is the subspace of all vectors which are parallel to
the plane containing A and B.

3. Let V = R* S = (1,0,0),(0,1,0),(0,0,1). Then span(S) coincides with
the whole R>. More generally if V = R™ thenV is spanned by the set of basic
vectors(1,0,...,0),(0,1,...,0),...,(0,0,...,1).

Theorem. Two subsets 57 and S; of a vector space V' span the same subspace
if and only if every vector of 5 is a linear combination of vectors of S5 and every
vector of 55 is a linear combination of vectors of 5;.

The proof is left as an exercise.

Examples.

1. Vectors a = (1,2,3),b = (0,1,2),and ¢ = (0,0, 1) span R*. Indeed, we know
that R® is spanned by the vectors i = (1,0,0),5 = (0,1,0) and k& = (0,0, 1).Thus
we need to show that the sets a,b,¢ and 17, 7, k span the same subspace. By the
previous theorem, we need to show that every vector from the first subset is a
linear combination of vectors from the second subset and conversely every vector
from the second subset is a linear combination of vectors of the first subset. It
is clear that a,b, ¢ are linear combinations of 7, j, k (as any vector in R?). So we
need to show only that 7,5,k are linear combinations of a,b,c. This is easy to
check i =a—2b+¢;5=b—-2c;k =c.

2. Polynomials f; = 2?2 4+ 2z + 1, f, =  + land f3 = 2 + 2 in the space of all
polynomials P span the subspace P, of all polynomials of degree not exceeding
2. Indeed, it is clear that P, is spanned by the polynomials p; = 1,py = = and
p3 = 2. So we need to show that the setsfi, fo, f3 and pi, ps, p3 span the same
subspace. It is clear that fi, fs, f3 are linear combinations of py, ps, p3. Conversely,
it is easy to check that py = fs — fa;p2 = 2f2 — fa;ps = f1 = 3f2 + [

3. Leta = (1,2,3,4),b = (3,—1,5,2),¢ = (—1,2,0,1),d = (2,1,4,5). Deter-

mine whether spana, b=spanc,d. We need to check if ¢ and bare linear combina-



tions of vectors candd, and whetherc and d are linear combinations of vectors a
and b. By definition of a linear combination, the vector a is a linear combination
of ¢ and d if there exist  and y such that a = z¢ 4 yd This gives the following
system of linear equations:

1l=—242y
2=2x+4+y
3 =0z + 4y
4 =z+5y.

This system does not have a solution, so a is not a linear combination of ¢ and
d, so spana, b is not equal to spanc, d.

Apibrezimas. Generuojandéiq sistemqg vadiname minimalia, jeigu bet koks jos
posistemis néera generuojantt sistema.

Tiesiskai nepriklausoma sistema vadinama maksimalia, jeigu bet koks jos virs-
sistemis yra tiesiskai priklausoma sistema.

Dabar pateiksime svarbias tiesiniy apvalkaly savybes.

Teiginys 1. Jeigu vektoriy sistemos vy, ..., v, vektoriai yra vektoriy sistemos
ULy oeey Uy, VEKLOTIY tiesinés kombinacijos, L.y. vy, ...,v, € [ur, ..., U], ir vektorius
U E (U1, Uy], tai v € [ug, .y ).

Irodymas.Paliekame irodyti studentams.

Teiginys 2. Tegu vy, ...,v,— tiesiskai nepriklausoma sistema, o v, vy, ..., V,—
tiesiskai priklausoma sistema. Tada vektorius v € [vy,...,v,)].

Irodymas.Paliekame irodyti studentams.

Teorema. Tequ vy, ...,v,— vektorinés erdvés V vektoriy sistema. Sie trys
teiginiai yra ekvivalentus:

1. vy,...,v,— tiesiskai nepriklausoma ir vektorine erdve V generuojanti sis-
tema.

2. vy, ...,v,— maksimali tiesiskai nepriklausoma sistema.

3. vy, ..., v,— mintmali vektorine erdve V' generuojanti sistema.

Irodymas. 1=-2. Kadangi vy, ...,v,— generuojanti erdve V' sistema, tai kiek-
vienas vektorius v € V yra tiesiné vektoriy sistemos vy, ..., v, kombinacija, t.y.
v € [v1,...,v,] = sistema v, vq,...,v,— tiesiSkai priklausoma = vy, ...,v,—
maksimali tiesiskai nepriklausoma vektoriy sistema.

2=3. Su kiekvienu v € V sistema v, vy,...,v, yra tiesiskai priklausoma sis-
tema. pagal teigini 1 v € [vy,...,v,] = v1,...,v,— generuojanti vektoriy sis-
tema. Sakykime, vektoriy sistema vy, ..., v, irgi yra vektorine erdve V' generuo-
janti sistema= kiekvienas vektorius v € V' ( tame tarpe ir vy,...,v, ) yra vek-
toriy vy, ..., v, tiesiné kombinacija=—> v1, ..., v, € [vVa,...,v,] = v1 = aqva + -+ +



a,v, = sistema vy, ..., v,— tiesiskai priklausoma, priestaravimas prielaidai.

3= 1. Sakykime, v; = avy + -+ + a,v, = v1 € [vg,...,v,] . [§ teiginio 2
turime, kad kiekvienas vektorinés erdvés V' vektorius v € [vg, ..., v,] , priestaravimas
prielaidai.

Irodyta.

Apibrezimas. Vektorinés erdvés V' vektoriy sistema, tenkinanti vieng i3
teoremos sglygy, vadinama vektorinés erdvés V' baze. Bazéje esanciy vektoriy
skaiéius vadinamas vektorinés erdvés V- dimensija, Zymima dimg V' arba dim V.

Positive examples.

1.The set of vectors Vi = (1,0,...,0),V2 = (0,1,...,0),...., V5 = (0,...,1) is a
basis of R".

2.The set of vectors(1,2),(2,3) is a basis of R*. Indeed, these vectors are
linearly independent because they are not proportional. In order to check that R?
is spanned by these vectors, it is enough to check that (1,0) and (0, 1) are linear
combinations of them (theorem about spans):

(1,0) ==3-(1,2)+2-(2,3);

(0,1)=2-(1,2) — (2,3).

In fact, every two non-parallel vectors in the plane R* form a basis
of R%.

3. The set of polynomials 1,z x
degree at most 2.

4. The set of functionsz, e, 2" is a basis of the subspaceV of C]0,1] spanned
by these functions. Indeed, these functions are linearly independent and V' is

2 is a basis of the space of polynomials of

spanned by these functions by the definition of V.

) 10 0 1 0 0 0 0
5.Thesetofmatrlces.(0 0),(0 0),(1 0),(0 1)

is a basis of the space of all 2 by 2 matrices. First we need to prove that these
matrices are linearly independent. Indeed, if we take a linear combination of these

matrices with coefficients a,b, ¢, d, we get the matrix Z I This matrix is

equal to the zero matrix only if a = b = ¢ = d = 0. Second, we need to show that

these 4 matrices span the space of all 2 by 2 matrices. Indeed, every 2 by 2 matrix

a b

d
Negative examples

1.The set of two vectors u = (1,2,3) and v = (2,3,4) is not a basis of R>.

Indeed, although these vectors are linearly independent, they do not span R*. For

is the linear combination of our four matrices with coefficientsa, b, ¢, d.



example, the vector (1,0,0) is not equal to a linear combination of « andwv.

2. The set of four vectors u = (1,2,3),7 = (1,0,0),57 = (0,1,0),k = (0,0,1) is
not a basis of R®. Indeed, although these vectors span R® (even i, j, k span R®),
these vectors are not linearly independent because u =1 + 25 + 3k.

3.The set of functions u = sin(x),v = cos(x),w = x is not a basis of C[0,1]
because the function e” does not belong to the spanu,v,w ( prove it using the
Wronskian).

In fact C[0,1] does not have a finite basis at all.

Vektorinés erdves dimensijos apibrézimas yra korektiskas. Tai rodo tokia teo-
rema.

Teorema( tiesiniy kombinacijy tiesinis priklausomumas).

Tegu viy .o,V € (U, .oy ty) , Ly,

U1 = a1ty F diglz + o F Qi
Vg = d12U1 + dogUa + - - + a2,U,

Uy = Q11 + Gtz + -0+ Appliy,

ir m>n. Tada vy, ...,v,— tiesiskai priklausoma sistema.
Irodymas. Indukcija pagal n.
1. Jeigun =0,irm >ntaivy =--- =v, = 0, o sistema, kurioje yra nulinis

vektorius - tiesiskai priklausoma.
2. Tegu n > 0 . Galimi keli atvejai.

i) a;n = a2 = -+ = apy, = 0. Tada vy, ..., v, € [ug, ..., u,] ir pagal indukcijos
prielaida vy, ..., v,,,— tiesiskai priklausoma sistema.

ii) Sakykime ne visi a;; lygus 0. Tegu ay; # 0. Sudarykime naujus vektorius

wy = vy — v = YUz + - Youln

a1l

— a —
W, = Uy — aTll U1 = 7m2u2 —I' te anuna

Cla Yi; = Q5 — Zﬁ .

Turime, kad m — 1 vektorius ws,, ..., w,, reiskiamas n — 1 vektoriumi us, ..., u,.
Pagal indukcijos prielaida vektoriai ws, ..., w,,— tiesiskai priklausomi: egzistuoja
ne visi lygus nuliui tokie by, ..., b, (pvz. b; # 0), kad bywy + -+ + bpw, =0 by,

(=ba22 — o = by 2 ) vy o byvy + o+ by, = 0.

Kairéje lygybeés puséje esancioje tiesineje kombinacijoje ne visi koeficientai
lygus nuliui (pvz. b; # 0). Taigi, vektoriy sistema vy, ..., v,,— tiesiskai priklausoma
sistema.

Irodyta.



Isvada. Vektorinés erdves bazéje esanciy vektoriy skaic¢ius yra pastovus dydis.

[rodymas.[....]

Teorema.

1.5 is linearly independent. If S is a linearly dependent set in an n-dimensional
space V and V=span(S) then by removing some elements of S we can get a basis
of V.

2. If S is a linearly independent subset of V which is not a basis of V then we
can get a basis of V by adding some elements to S.

Examples.

1. Consider the following 5 vectors in R*:

(1,2,3,4),(1,1,0,0),(1,2,1,0),(0,1,2,3),(1,0,0,0).

It can be shown (check!) that these vectors span R*. Since R* is 4-dimensional
(it has the standard basis with 4 vectors), these 5 vectors must be linearly de-
pendent by the theorem about bases. By the theorem about dimension we can
through away one of these vectors and get a basis of R*. By the theorem about
throwing away extra elements from a spanning set, we can through away a vector
which is a linear combination of other vectors in the set. Let us check that the
vector (1,2,3,4) is such a vector. In order to find the linear combination which
is equal to this vector, we need to solve the system of linear equation:

(1,2,3,4) = (1,1,0,0) - @1 + (1,2,1,0) - 29 + (0,1,2,3) - 234+ (1,0,0,0) - 4 .

This system of equations has the following augmented matrix:

110 1] 1
121 0 2
0120 3
00 3 0 4

Using the Gauss-Jordan procedure, we get the following matrix:

100 0 0
0100 !
0010 2
000 1] 2

Thus x; = 0,22 = $,23 = 3,74 = 5. So the vector (1,2,3,4) can be thrown
away. The other vectors, (1,1,0,0),(1,2,1,0),(0,1,2,3),(1,0,0,0), form a basis
of R*. Indeed, they span R* by the theorem about throwing away extra elements,
and by the theorem about dimension, every four vectors in a 4-dimensional vector

space which span the vector space, form a basis of this vector space.
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2. Take two vectors (1,2,3,4),(2,1,1,1) in R*. These vectors are linearly
independent because they are not proportional (see the theorem about linearly
dependent sets). Thus by the theorem about dimension we can add two vec-
tors and get a basis of R'. Let us add (1,0,0,0) and (0,1,0,0). Notice that
when we add vectors we need to make sure that the added vectors are not lin-
ear combinations of the previous vectors. In order to check that the four vectors
(1,2,3,4),(2,1,1,1),(1,0,0,0),(0,1,0,0) form a basis of R* we need to check
only that they are linearly independent, that is the system of equations:

(0,0,0,0) =(1,2,3,4) a1+ (2,1,1,1) - 29 + (1,0,0,0) - 254 (0,1,0,0) - 4

has only one, trivial, solution (see the theorem about dimension). This is an
homogeneous system with 4 equations and 4 unknowns. We know that this system
has only one solution if and only if the matrix of coefficients is invertible (see the
second theorem about inverses). And we know that a square matrix is invertible if
and only if its determinant is not zero (see the third theorem about determinants).
Thus we need to check that the determinant of the matrix of coefficients of our
system is not zero. Maple says that

det

= o DN
— = = DN
o O O =
o O = O

Thus, our four vectors form a basis of R*.

3. Let us prove that the space of functions C[0, 1]is not finite dimensional.

By contradiction, suppose that C[0, 1] has a finite dimension n. Consider the
set of n+1 functions 1,2, 2%, ..., 2™. It is easy to check that the Wronskian of this
set of functions is non-zero (the matrix of derivatives is upper triangular). Thus by
the theorem about Wronskian, this set of functions is linearly independent. This
contradicts statement theorem about bases: if a vector space is n-dimensional
then every set of more than n vectors in this vector space is linearly dependent.

Pastaba. Matricos A rangas - tai matricos eiluciy ( stulpeliy) tiesinio ap-
valkavo dimensija, zymima rankA . Tai maksimalios tiesiskai nepriklausomos
eiluciy (stulpeliy) sistemos elementy skaicius.

Svarbiu vektorinio poerdvio pavyzdziu yra homogenines tiesiniy lygciy siste-
mos sprendiniy aibe.

Teorema. Homogeninés tiesiniy lygciy sistemos



apxy + -+ apr, =0
arba AX = O

Ap1T1 + *  + ATy, = 0

sprendiniy atbé yra stulpeliy aritmetinés erdveés K, poerdvis, kurio dimensija
lygi n—rankA.

[rodymas. Homogenine tiesiniy lygciy sistema uzrasykime taip

Ty + -+ ru, =0,

¢la uq, ..., u,— matricos A stulpeliai.

aq 51
Teguu=1| -+ [iro=| .-
an ﬁn
%igi i . i g:z: ;8 , todeél (aay 4+ b61)ug + - -+ (ac, + 003,) u, =0 ir vek-
torius au + bv yra sistemos sprendinys. Gavome, kad sprendiniy aibé yra stulpeliy
aritmetines erdves K, poerdvis.

Tarp tiesinés lygciy sistemos stulpeliy yra r = rank A tiesiskai neprikausomuy
stulpeliy. Tegu tai stulpeliai wuy, ..., u,. Tada likusius n — r stulpelius uzrasykime
ju tiesinémis kombinacijomis:

Upp1 = bry1gur + -+ by puy

— sistemos sprendiniai, t.y.

un — bnlul —I_ Tt —I_ bnrur

br—l—l,l bnl
br—l—l,r bnr
Stulpeliai z,.1 = —1 yeey 2 = 0 yra homogenine tiesiniy lygciy
0 e
e 0
0 —1
sistemos sprendinys. Sie stulpeliai yra tiesigkai nepriklausomi.
l‘?
20
Tegu x = xOT — koks nors sistemos sprendinys.
r+1
20

Tada y = x4 a7, 2,41+ - -+ 20z, irgl yra sistemos sprendinys. Sio sprendinio
komponentés, pradedant (r + 1) — aja, lygios 0. Lygiomis nuliui bus ir likusios r
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komponenciy, nes vektoriy sistema uyq, ..., u,— tiesiskai nepriklausoma.

Taigi, y = 0ir @ = —x), 2z 41 — - - — 20 2, by, stulpeliai 2,44, ..., z,— tiesikai
neprikausoma generuojanti sistemos sprendiniy vektorinio poerdvio sistema. Ji
vadinama fundamentaliaja sprendiniy sistema.

Irodyta.

Istirkime taip pat nehomogeninés tiesiniy lygciy sistemos sprendiniy aibes
struktura.

Teorema. Nehomogeninés tiesiniy lygcéiy sistemos

ancy+ -+ ar, = by
arba AX =5

A1y + -+ Gy = by

sprendiniy aibé yra vo+U = {vg+u : u € U}, ¢ia vo— atskiras nehomogeninés
sistemos sprendinys, o U— atitinkamos homogeninés sistemos AX = O spren-
diniy poerdvis.

[rodymas. Tegu vy— koks nors atskiras sistemos AX = b sprendinys, o u—
bet koks atitinkamos homogenines sistemos AX = O sprendinys, u € U. Tada
A(vg4u) = Avg+ Au=>b+ O = b ir vy + u— sistemos AX = b sprendinys.

Priesingai.Tegu vy— atskiras sistemos AX = b sprendinys, o v— bet koks Sios
sistemos sprendinys. Tada A (vg —v) = Avg — Av=b—b=0irvy —v € U, t.y.
vVg— UV =ulrv=v9+u € vy+ U.

Irodyta.

Apibrezimas. Tegu U yra vektorinés erdves V poerdvis, o v € V. Aibé
v+ U = {v+u:u € U} vadinama tiesine daugdara arba plokituma erdvéje V.
Jeigu dim U =1, tai tiesiné daugdara vadinama tiese.

Taigi, nehomogenineés tiesiniy lygciy sistemos sprendiniy aibé yra tiesine daug-
dara stulpeliy aritmetinéje erdvéje K.

Pavyzdys. Nagrinekime homogenine lygti

axr + by = 0.
5 . : C : —b .
Sios homogeninés lygties sprendiniy aibée yra stulpelio " tiesinis apval-
—b ey C. : .. S
kalas T' = [( ; )] .Geometriskai - tai tiesé [ dvimateje plokstumoje, einati per

. : : —b .
koordinaciy pradzia vektoriaus ; kryptimi.

Nagrinékime dabar nehomogenine lygti
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ar+by=c,c#0

Turime a (—b)+b (a + %) = cir todél aibé ( 2 )—I—T = ( 2 )—I— [( _ab )] yra
b b
lygties sprendiniy aibe. Geometriskai - tai tiesé dvimateje plokstumoje lygiagreti

tiesel [ ir paslinktai vektoriaus ( . ) kryptimi.
b
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Figure 1.1:
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