
1. OPERATORIAI VEKTPORIN _ESE ERDV _ESE VIR�S C.

1.1. �Sakniniai poerdviai.

Pavyzdys.

Tegu operatoriaus A : R4 !R4 matrica standartin_eje baz_eje yra

A =

0
BBB@

�5 �9 18 �3
4 7 �12 2
0 0 2 0
0 0 0 2

1
CCCA,

Operatoriaus charakteristinis polinomas yra

x4 � 6x3 + 13x2 � 12x + 4 = (x� 1)2 (x� 2)2,

Operatoriaus tikrin_es reik�sm_es yra: �1 = 1; �2 = 2:

�Sakninis poerdvis ker (A� 1 � I)2

A�I =

0
BBB@

�5 �9 18 �3
4 7 �12 2
0 0 2 0
0 0 0 2

1
CCCA�

0
BBB@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1
CCCA =

0
BBB@

�6 �9 18 �3
4 6 �12 2
0 0 1 0
0 0 0 1

1
CCCA

0
BBB@

�6 �9 18 �3
4 6 �12 2
0 0 1 0
0 0 0 1

1
CCCA

0
BBB@

a

b

c

d

1
CCCA =

0
BBB@

0
0
0
0

1
CCCA, Sprendinys yra :

0
BBB@

�3

2
t1

t1
0
0

1
CCCA

ker (A� I) =
D�
�3

2
; 1; 0; 0

�E
:

0
BBB@

�6 �9 18 �3
4 6 �12 2
0 0 1 0
0 0 0 1

1
CCCA

20
BBB@

a

b

c

d

1
CCCA =

0
BBB@

0
0
0
0

1
CCCA, Sprendinys yra :

0
BBB@

t1
t2
0
0

1
CCCA

ker (A� I)2 =
D�
�3

2
; 1; 0; 0

�
; (0; 1; 0; 0)

E
� ker (A� I) :



0
BBB@

�6 �9 18 �3
4 6 �12 2
0 0 1 0
0 0 0 1

1
CCCA

30
BBB@

a

b

c

d

1
CCCA =

0
BBB@

0
0
0
0

1
CCCA, Sprendinys yra :

0
BBB@

t1
t2
0
0

1
CCCA :

Matome, kad

ker (A� I)3 = ker (A� I)2 :

Taigi, �sakninis poerdvis atitinkantis tikrin�e reik�sm�e 1, yra dvimatis poerdvis
ir minimalusis operatoriaus A polinomas �siame poerdvyje yra f1 (x) = (x� 1)2 :
Tikrin_es reik�sm_es �1 = 1 auk�stis yra lygus 2:

�Sakninis poerdvis ker (A� 2 � I)

A�2I =

0
BBB@

�5 �9 18 �3
4 7 �12 2
0 0 2 0
0 0 0 2

1
CCCA�2

0
BBB@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

1
CCCA =

0
BBB@

�7 �9 18 �3
4 5 �12 2
0 0 0 0
0 0 0 0

1
CCCA

0
BBB@

�7 �9 18 �3
4 5 �12 2
0 0 0 0
0 0 0 0

1
CCCA

0
BBB@

a

b

c

d

1
CCCA =

0
BBB@

0
0
0
0

1
CCCA, Sprendinys yra :

0
BBB@

�3

2
t1

t1
t2

1

2
t1 + 6t2

1
CCCA

ker (A� 2I) =
D�
�3

2
; 1; 0; 1

2

�
; (0; 0; 1; 6)

E
:

0
BBB@

�7 �9 18 �3
4 5 �12 2
0 0 0 0
0 0 0 0

1
CCCA

20
BBB@

a

b

c

d

1
CCCA =

0
BBB@

0
0
0
0

1
CCCA, Sprendinys yra :

0
BBB@

�3

2
t1

t1
t2

1

2
t1 + 6t2

1
CCCA

Matome, kad

ker (A� 2I)2 = ker (A� 2I) :

Taigi, �sakninis poerdvis atitinkantis tikrin�e reik�sm�e 1, yra dvimatis poerdvis
ir minimalusis operatoriaus A polinomas �siame poerdvyje yra f1 (x) = (x� 2) :
Tikrin_es reik�sm_es �2 = 2 auk�stis yra lygus 1:

Visa vektorin_e erdv_e R4 yra savo �saknini�u poerdvi�u tiesiogin_e suma:

R4 = ker (A� 1 � I)2 � ker (A� 2 � I)
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1.2. Matricos Jordano forma ir Jordano baz_e.

Pavyzdys.

Tegu duota matrica A :

A =

0
BBBBBBBBBBBBB@

4 0 0 1 0 0 0 2
�2 8 �4 4 �1 �10 0 8
0 �1 5 �1 0 5

2
0 �2

8 �16 16 �12 4 40 0 �32
0 0 0 �2 4 0 0 �4
0 2 �2 2 0 �1 0 4
4 �8 9 �9 2 41

2
4 �18

�4 8 �8 8 �2 �20 0 20

1
CCCCCCCCCCCCCA

.

Jos charakteristinis polinomas : x8 � 32x7 + 448x6 � 3584x5 + 17920x4 �
57344x3 + 114688x2 � 131072x + 65536 = (x� 4)8

Matricos tikrin_e reik�sm_e yra viena � = 4; tod_el visa vektorin_e erdv_e yra
�sakninis poerdvis.

Apibr_e�ziame matric�a B = A� 4I :

B =

0
BBBBBBBBBBBBB@

0 0 0 1 0 0 0 2
�2 4 �4 4 �1 �10 0 8
0 �1 1 �1 0 5

2
0 �2

8 �16 16 �16 4 40 0 �32
0 0 0 �2 0 0 0 �4
0 2 �2 2 0 �5 0 4
4 �8 9 �9 2 41

2
0 �18

�4 8 �8 8 �2 �20 0 16

1
CCCCCCCCCCCCCA

:

Nagrin_esime poerdvius 0 = kerB0 � kerB � kerB2 � ::: ir rasime j�u bazes.

kerB

Sprend�ziame lyg�ci�u sistem�a BX = 0 :
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0
BBBBBBBBBBBBB@

0 0 0 1 0 0 0 2
�2 4 �4 4 �1 �10 0 8
0 �1 1 �1 0 5

2
0 �2

8 �16 16 �16 4 40 0 �32
0 0 0 �2 0 0 0 �4
0 2 �2 2 0 �5 0 4
4 �8 9 �9 2 41

2
0 �18

�4 8 �8 8 �2 �20 0 16

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

a

b

c

d

e

f

g

h

1
CCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBB@

0
0
0
0
0
0
0
0

1
CCCCCCCCCCCCCA

.

Sistemos bendrasis sprendinys yra :

0
BBBBBBBBBBBBB@

t1
�4t2
t2
�2t4
�2t1
�2t2
t3
t4

1
CCCCCCCCCCCCCA

; ti 2 C:

Matome , kad dimkerB = 4: Poerdvio baz_e yra vektoriai

u11 =

0
BBBBBBBBBBBBB@

1
0
0
0
�2
0
0
0

1
CCCCCCCCCCCCCA

; u12 =

0
BBBBBBBBBBBBB@

0
�4
1
0
0
�2
0
0

1
CCCCCCCCCCCCCA

; u13 =

0
BBBBBBBBBBBBB@

0
0
0
0
0
0
1
0

1
CCCCCCCCCCCCCA

; u14 =

0
BBBBBBBBBBBBB@

0
0
0
�2
0
0
0
1

1
CCCCCCCCCCCCCA

kerB2

Lyg�ci�u sistemos sprendimas B2X = 0

0
BBBBBBBBBBBBB@

0 0 0 1 0 0 0 2
�2 4 �4 4 �1 �10 0 8
0 �1 1 �1 0 5

2
0 �2

8 �16 16 �16 4 40 0 �32
0 0 0 �2 0 0 0 �4
0 2 �2 2 0 �5 0 4
4 �8 9 �9 2 41

2
0 �18

�4 8 �8 8 �2 �20 0 16

1
CCCCCCCCCCCCCA

20
BBBBBBBBBBBBB@

a

b

c

d

e

f

g

h

1
CCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBB@

0
0
0
0
0
0
0
0

1
CCCCCCCCCCCCCA

.
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Sistemos bendrasis sprendinys yra :

0
BBBBBBBBBBBBB@

t1
t2
t3
t4
�2t1
t5
t6
t7

1
CCCCCCCCCCCCCA

; ti 2 C:

Matome , kad dimkerB2 = 7: Poerdvio baz_e yra

u21 =

0
BBBBBBBBBBBBB@

1
0
0
0
�2
0
0
0

1
CCCCCCCCCCCCCA

; u22 =

0
BBBBBBBBBBBBB@

0
1
0
0
0
0
0
0

1
CCCCCCCCCCCCCA

; u23 =

0
BBBBBBBBBBBBB@

0
0
1
0
0
0
0
0

1
CCCCCCCCCCCCCA

; u24 =

0
BBBBBBBBBBBBB@

0
0
0
1
0
0
0
0

1
CCCCCCCCCCCCCA

;

u25 =

0
BBBBBBBBBBBBB@

0
0
0
0
0
1
0
0

1
CCCCCCCCCCCCCA

; u26 =

0
BBBBBBBBBBBBB@

0
0
0
0
0
0
1
0

1
CCCCCCCCCCCCCA

; u27 =

0
BBBBBBBBBBBBB@

0
0
0
0
0
0
0
1

1
CCCCCCCCCCCCCA

:

Rasime vektorius ,kurie poerdvio kerB baz�e u11; u12; u13; u14 papildo iki po-
erdvio kerB2 baz_es.

Nagrin_esime matricos
�
u11 u12 u13 u14 x y z

�
;

�cia x; y; z 2 fu2j; j = 1; :::; 7g ; rang�a:
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rank

0
BBBBBBBBBBBBB@

1 0 0 0 0
0 �4 0 0 1
0 1 0 0 0
0 0 0 �2 0
�2 0 0 0 0
0 �2 0 0 0
0 0 1 0 0
0 0 0 1 0

1
CCCCCCCCCCCCCA

= 5 ; rank

0
BBBBBBBBBBBBB@

1 0 0 0 0 0
0 �4 0 0 1 0
0 1 0 0 0 1
0 0 0 �2 0 0
�2 0 0 0 0 0
0 �2 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

1
CCCCCCCCCCCCCA

= 6 ;

rank

0
BBBBBBBBBBBBB@

1 0 0 0 0 0 0
0 �4 0 0 1 0 0
0 1 0 0 0 1 0
0 0 0 �2 0 0 1
�2 0 0 0 0 0 0
0 �2 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0

1
CCCCCCCCCCCCCA

= 7:

Taigi vektoriai u22 =

0
BBBBBBBBBBBBB@

0
1
0
0
0
0
0
0

1
CCCCCCCCCCCCCA

; u23 =

0
BBBBBBBBBBBBB@

0
0
1
0
0
0
0
0

1
CCCCCCCCCCCCCA

; u24 =

0
BBBBBBBBBBBBB@

0
0
0
1
0
0
0
0

1
CCCCCCCCCCCCCA

� tiesi�skai nepriklau-

somi kerB at�zvilgiu.

kerB3

Lyg�ci�u sistemos sprendimas B3X = 0

0
BBBBBBBBBBBBB@

0 0 0 1 0 0 0 2
�2 4 �4 4 �1 �10 0 8
0 �1 1 �1 0 5

2
0 �2

8 �16 16 �16 4 40 0 �32
0 0 0 �2 0 0 0 �4
0 2 �2 2 0 �5 0 4
4 �8 9 �9 2 41

2
0 �18

�4 8 �8 8 �2 �20 0 16

1
CCCCCCCCCCCCCA

30
BBBBBBBBBBBBB@

a

b

c

d

e

f

g

h

1
CCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBB@

0
0
0
0
0
0
0
0

1
CCCCCCCCCCCCCA

.
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Sistemos bendrasis sprendinys yra :

0
BBBBBBBBBBBBB@

t6
t7
t8
t5
t1
t2
t3
t4

1
CCCCCCCCCCCCCA

; ti 2 C:

Matome, kad dimkerB3 = 8; taigi kerB3 = V:

Rasime vektori�u, kuris poerdvio kerB2 baz�e u11; u12; u13; u14; u22; u23; u24 pa-
pildo iki visos erdv_es baz_es.

rank

0
BBBBBBBBBBBBB@

1 0 0 0 0 0 0 1
0 �4 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 0 �2 0 0 1 0
�2 0 0 0 0 0 0 0
0 �2 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0

1
CCCCCCCCCCCCCA

= 8:

Taigi vektorius u31 =

0
BBBBBBBBBBBBB@

1
0
0
0
0
0
0
0

1
CCCCCCCCCCCCCA

� tiesi�skai nepriklausomas kerB2 at�zvilgiu.

Turime Jordano baz_es sudarymo lentel�e:

V = kerB3 v1 - baz_e poerdvio kerB2 at�zvilgiu
kerB2 Bv1 v2 v3 - baz_e poerdvio kerB at�zvilgiu
kerB B2v1 Bv2 Bv3 v4 - kerB baz_e
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v1 = u31 =

0
BBBBBBBBBBBBB@

1
0
0
0
0
0
0
0

1
CCCCCCCCCCCCCA

; Bv1 =

0
BBBBBBBBBBBBB@

0
�2
0
8
0
0
4
�4

1
CCCCCCCCCCCCCA

:

Vektoriai v2 ir v3 turi papildyti sistem�a, sudarytos i�s poerdvio kerB kokios nors
baz_es( sakykime u11; u12; u13; u14) ir vektoriausBv1; iki poerdvio kerB2 baz_es. Na-

grin_esime matric�a
�
u11 u12 u13 u14 u22 u23 u24 Bv1

�
ir rasime vektori�u

i�s u21; u22; u23; kuri� pa�salinus, matricos rangas lieka maksimalus, t.y. lygus 7:

rank

0
BBBBBBBBBBBBB@

1 0 0 0 0 0 0 0
0 �4 0 0 0 0 0 �2
0 1 0 0 0 1 0 0
0 0 0 �2 0 0 1 8
�2 0 0 0 0 0 0 0
0 �2 0 0 0 0 0 0
0 0 1 0 0 0 0 4
0 0 0 1 0 0 0 �4

1
CCCCCCCCCCCCCA

= 7:

Taigi v2 = u23 =

0
BBBBBBBBBBBBB@

0
0
1
0
0
0
0
0

1
CCCCCCCCCCCCCA

; v3 = u24 =

0
BBBBBBBBBBBBB@

0
0
0
1
0
0
0
0

1
CCCCCCCCCCCCCA

:

Turime
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B2v1 =

0
BBBBBBBBBBBBB@

0
�8
2
32
0
�4
16
�16

1
CCCCCCCCCCCCCA

; Bv2 =

0
BBBBBBBBBBBBB@

0
�4
1
16
0
�2
9
�8

1
CCCCCCCCCCCCCA

; Bv3 =

0
BBBBBBBBBBBBB@

1
4
�1
�16
�2
2
�9
8

1
CCCCCCCCCCCCCA

Surasime v4: �Sis vektorius papildo tikrini�u vektori�u poerdvio vektor�u sistem�a
B2v1; Bv2; Bv3 iki baz_es.Vektoriaus v4 ie�skosime tarp poerdvio kerB bazini�u vek-
tori�u u11; u12; u13; u14:

rank

0
BBBBBBBBBBBBB@

0 0 1 0
�8 �4 4 0
2 1 �1 0
32 16 �16 0
0 0 �2 0
�4 �2 2 0
16 9 �9 1
�16 8 8 0

1
CCCCCCCCCCCCCA

= 4, tod_el v4 =

0
BBBBBBBBBBBBB@

0
0
0
0
0
0
1
0

1
CCCCCCCCCCCCCA

:

Matricos A Jordano matrica rastoje Jordano baz_eje yra

A =

0
BBBBBBBBBBBBB@

4 0 0 0 0 0 0 0
1 4 0 0 0 0 0 0
0 1 4 0 0 0 0 0
0 0 0 4 0 0 0 0
0 0 0 1 4 0 0 0
0 0 0 0 0 4 0 0
0 0 0 0 0 1 4 0
0 0 0 0 0 0 0 4

1
CCCCCCCCCCCCCA

Matricos A Jordano baz_e:

9



0
BBBBBBBBBBBBB@

1
0
0
0
0
0
0
0

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

0
�2
0
8
0
0
4
�4

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

0
0
1
0
0
0
0
0

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

0
0
0
1
0
0
0
0

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

0
�8
2
32
0
�4
16
�16

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

0
�4
1
16
0
�2
9
�8

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

1
4
�1
�16
�2
2
�9
8

1
CCCCCCCCCCCCCA

0
BBBBBBBBBBBBB@

0
0
0
0
0
0
1
0

1
CCCCCCCCCCCCCA

Matricos Jordano forma..Pavyzdys.

Tegu duota matrica A =

0
BBB@

5 1 �1 �1
1 5 �1 �1
1 1 3 �1
1 1 �1 3

1
CCCA.

Matricos charakteristinis polinomas: x4�16x3+96x2�256x+256 = (x� 4)4 :
Matricos tikrin_e reik�sm_e yra viena � = 4:
Rasime matricos A Jordano form�a, remdamiesi j� osios eil_es Jordano blok�u

skai�ciaus formule

kj = 2sj � sj+1 � sj�1;

�cia si = dimker (A� �I)i = n�rank(A� �I)i :
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Turime
rank(A� 4I)0 = 4; rank(A� 4I)1 = 1 , rank(A� 4I)2 = 0;
tod_el
s0 = 4� 4 = 0; s1 = 4 � 1 = 3; s2 = 4 � 0 = 4; ir si = 4; i � 3:
Tada

k1 = 2s1 � s2 � s0 = 2;
k2 = 2s2 � s3 � s1 = 1;
k3 = 2s3 � s4 � s2 = 0;
ki = 0 su visais i � 4:

Gavome, kad matrica A turi du 1- osios eil_es ir vien�a 2- osios eil_es Jordano
blokus, atitinkan�cius tikrin�e reik�sm�e 4:

Matricos A Jordano forma yra

A =

0
BBB@

4 0 0 0
1 4 0 0
0 0 4 0
0 0 0 4

1
CCCA

Operatoriaus matricos Frobeniuso-�Zordano formos pavyzdys.

Tegu operatoriaus A : R8 !R8 matrica yra

A =

0
BBBBBBBBBBBBB@

0 1

2
0 �1

2
0 0 0 0

2 �2 0 1 0 0 �1 �1

2

0 4

3
0 �1 0 0 1

3
0

2 0 3 �1 0 0 �1 �1

2

0 0 0 0 0 �1

4
0 0

0 0 0 0 4 �1 0 0
0 4 0 �3 0 0 1 1

2

0 0 6 0 0 0 �2 �1

1
CCCCCCCCCCCCCA

:

Operatoriaus A charakteristinis polinomas yra lygus

�A (x) = x8 + 4x7 + 10x6 + 16x5 + 19x4 + 16x3 + 10x2 + 4x+ 1:

�Sio polinomo kanoninis skaidinys vir�s reali�uj�u skai�ci�u k�uno yra

�A (x) = (x2 + x+ 1)
4
:
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Charakteristinis polinomas yra neredukuojamo polinomo x2 + x + 1 laipsnis,
tod_el visa vektorin_e erdv_e R8 yra primarusis poerdvis.

Operatoriaus A minimalusis polinomas f (x) yra charakteristinio polinomo
daliklis, tod_el

f (x) = (x2 + x+ 1)
s
;

�cia 1 � s � 4: Rasime �si� polinom�a.
Norint rasti matricos A kanonin�e Frobeniuso-�Zordano form�a, neb�utina ie�skoti

Frobeniuso-�Zordano baz_es. Pakanka suskai�ciuoti sekoje

0 = kerf0 (A) � kerf1 (A) � � � � � kerf s (A) = kerf s+1 (A)

esan�ci�u poerdvi�u dimensijas:

si = dimker f i (A) = n�rankf i (A) ;

i = 1; 2; :::; s ; n = 8
ir pasinaudoti j� osios eil_es Frobeniuso-�Zordano blok�u skai�ciaus kj formule:

kj =
2sj � sj+1 � sj�1

d
;

�cia d = deg f (x) = 2:
Maple pagalba turime
s0 = 0;

rank(A2 +A+ I) =rank

0
BBBBBBBBBBBBB@

1 �1

2
�3

2

1

2
0 0 0 0

0 0 0 0 0 0 0 0
2

3
0 �2 1

3
0 0 1

3
0

0 1 �3 0 0 0 1 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
2 0 �6 1 0 0 1 0
0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCA

= 2

ir s1 = 8�rank(A2 +A+ I) = 8� 2 = 6;
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rank(A2 +A+ I)
2
=rank

0
BBBBBBBBBBBBB@

1 �1

2
�3

2

1

2
0 0 0 0

0 0 0 0 0 0 0 0
2

3
0 �2 1

3
0 0 1

3
0

0 1 �3 0 0 0 1 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
2 0 �6 1 0 0 1 0
0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCA

2

=rank

0
BBBBBBBBBBBBB@

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

1
CCCCCCCCCCCCCA

= 0

ir s2 = 8�rank(A2 +A+ I)
2
= 8 � 0 = 8:

Taigi s0 = 0; s1 = 6; s2 = 8; si = 8 su visais i � 3: Tada

k1 =
2 � 6� 8� 0

2
= 2;

k2 =
2 � 8� 8� 6

2
= 1;

k3 =
2 � 8� 8� 8

2
= 0:

Operatoriaus A matricos Frobeniuso-�Zordano formoje yra du pirmos ir vienas
antros eil_es Frobeniuso-�Zordano blokai:

0
BBBBBBBBBBBBB@

0 �1 0 0 0 0 0 0
1 �1 0 0 0 0 0 0
0 1 0 �1 0 0 0 0
0 0 1 �1 0 0 0 0
0 0 0 0 0 �1 0 0
0 0 0 0 1 �1 0 0
0 0 0 0 0 0 0 �1
0 0 0 0 0 0 1 �1

1
CCCCCCCCCCCCCA

:
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