7 paskaita
Vektorinés erdvés dimensija.

Apibrezimas. Vektorinés erdvés bazéje esanciy vektoriy skaicius vadinamas
vektorinés erdvés V dimensija, Zymima dimg V' arba dim V.

Apibrézimas. Matricos A rangu vadinama matricos eiluciy (stulpeliy) tiesinio
apvalkalo dimensija ir zymima rankA. Tai maksimalios tiesiskai nepriklausomos
eiluciy (stulpeliy) sistemos elementy skaicius.

Vektorinés erdves dimensijos apibrézimas yra korektiskas. Tai rodo tokia teo-
rema.

Teorema( tiesiniy kombinacijy tiesinis priklausomumas).
Tegu v1, ..oy Uy, € [Uug, oy uy] , Ly

U1 = a1ty F diglz + o F Qi
Vg = d12U1 + dogUa + - - + a2,U,

Uy = Q11 + Gtz + -0+ Appliy,

ir m>n. Tada vy, ...,v,— tiesiskai priklausoma sistema.

Irodymas. Indukcija pagal n.

1. Jeigun =0,irm >ntaivy =--- =v, = 0, o sistema, kurioje yra nulinis
vektorius - tiesiskai priklausoma.

2. Tegu n > 0 . Galimi keli atvejai.

i) a;n = a2 = -+ = apy, = 0. Tada vy, ..., v, € [ug, ..., u,] ir pagal indukcijos
prielaida vy, ..., v,,,— tiesiskai priklausoma sistema.

ii) Sakykime ne visi a;; lygus 0. Tegu ay; # 0. Sudarykime naujus vektorius

I az1 J—
Wy = V3 — UL = 22Uz + YRty

a
W, = Uy — aTll U1 = TYm2U2 + - YmnUn,
b — Q41
Cla v = a;; — 2L,
Ji = T . o o
Turime, kad m — 1 vektorius ws,, ..., w,, reiskiamas n — 1 vektoriumi us, ..., u,.
Pagal indukcijos prielaida vektoriai ws, ..., w,,— tiesiskai priklausomi: egzistuoja

ne visi lygus nuliui tokie by, ..., b, (pvz. b; # 0), kad bywy + -+ + bpw, =0 by,
(_bZGA_"'_bm%)vl—l_bQUQ—l_""l’bmvm =0.

a1l



Kairéje lygybeés puséje esancioje tiesineje kombinacijoje ne visi koeficientai
lygus nuliui (pvz. b; # 0). Taigi, vektoriy sistema vy, ..., v,,— tiesiskai priklausoma
sistema.

Irodyta.

Isvada. Vektorinés erdves bazéje esanciy vektoriy skaic¢ius yra pastovus dydis.
[rodymas.[....]

Teorema.

1.5 is linearly independent. If S is a linearly dependent set in an n-dimensional
space V and V=span(S) then by removing some elements of S we can get a basis
of V.

2. If S is a linearly independent subset of V which is not a basis of V then we
can get a basis of V by adding some elements to S.

Examples.

1. Consider the following 5 vectors in R*:

(1,2,3,4),(1,1,0,0),(1,2,1,0),(0,1,2,3),(1,0,0,0).

It can be shown (check!) that these vectors span R*. Since R* is 4-dimensional
(it has the standard basis with 4 vectors), these 5 vectors must be linearly de-
pendent by the theorem about bases. By the theorem about dimension we can
through away one of these vectors and get a basis of R*. By the theorem about
throwing away extra elements from a spanning set, we can through away a vector
which is a linear combination of other vectors in the set. Let us check that the
vector (1,2,3,4) is such a vector. In order to find the linear combination which
is equal to this vector, we need to solve the system of linear equation:

(1,2,3,4) = (1,1,0,0) - @1 + (1,2,1,0) - 29 + (0,1,2,3) - 234+ (1,0,0,0) - 4 .

This system of equations has the following augmented matrix:

110 1] 1
121 0 2
0120 3
00 3 0 4

Using the Gauss-Jordan procedure, we get the following matrix:



100 0 0
0100 !
0010 2
000 1] 2

Thus @y = 0,2, = £, 25 = 5,24 = 2. So the vector (1,2,3,4) can be thrown
away. The other vectors, (1,1,0,0),(1,2,1,0),(0,1,2,3),(1,0,0,0), form a basis
of R*. Indeed, they span R* by the theorem about throwing away extra elements,
and by the theorem about dimension, every four vectors in a 4-dimensional vector
space which span the vector space, form a basis of this vector space.

2. Take two vectors (1,2,3,4),(2,1,1,1) in R*. These vectors are linearly

independent because they are not proportional (see the theorem about linearly

W

dependent sets). Thus by the theorem about dimension we can add two vec-
tors and get a basis of R'. Let us add (1,0,0,0) and (0,1,0,0). Notice that
when we add vectors we need to make sure that the added vectors are not lin-
ear combinations of the previous vectors. In order to check that the four vectors
(1,2,3,4),(2,1,1,1),(1,0,0,0),(0,1,0,0) form a basis of R* we need to check
only that they are linearly independent, that is the system of equations:

(0,0,0,0) =(1,2,3,4) a1+ (2,1,1,1) - 29 + (1,0,0,0) - 254 (0,1,0,0) - 4

has only one, trivial, solution (see the theorem about dimension). This is an
homogeneous system with 4 equations and 4 unknowns. We know that this system
has only one solution if and only if the matrix of coefficients is invertible (see the
second theorem about inverses). And we know that a square matrix is invertible if
and only if its determinant is not zero (see the third theorem about determinants).
Thus we need to check that the determinant of the matrix of coefficients of our
system is not zero. Maple says that

det

T N
— = = DN
o OO =
o O = O

Thus, our four vectors form a basis of R*.

3. Let us prove that the space of functions C[0, 1]is not finite dimensional.

By contradiction, suppose that C[0, 1] has a finite dimension n. Consider the
set of n+1 functions 1,2, 2%, ..., 2™. It is easy to check that the Wronskian of this
set of functions is non-zero (the matrix of derivatives is upper triangular). Thus by
the theorem about Wronskian, this set of functions is linearly independent. This



contradicts statement theorem about bases: if a vector space is n-dimensional
then every set of more than n vectors in this vector space is linearly dependent.

Apibendrinti vetksmai su matricomis.

Teorema. Tegu M, N, P, ), R, S - Sesios Abelio grupés, tarp kuriy apibréztos
operacijos: M XN =+ Q,NxP —- R QxP —-S MxR—S.,ty.Vme M,n €
N,p € P apibréita mn € Q,(mn)p € S,m (np) € S .Tegu visos sandaugos yra
distributyvios abiejy argumenty atzvilgiu ir ¥m,n, p teisinga (mn)p = m(np).
Jeigu Ay, Az, B, C yra matricos virs atitinkamai M, M, N, P ;tai (AB)C = A(BC)
ir (A1 + As) B=Ai1B+ A:B .

Be irodymo.

Baziy keitimo matrica, vektoriaus koordinatés.

Lema. Tegu vy, ..., v, tiesiskai nepriklausoma vektorinés erdvés (V, k) sistema,
o A ir B matricos virs k , turincios m stulpeliy ir n eiluciy. Jeigu (vy,...,v,) A =

(v1,...,0,) B, tai A= B.

[rodymas. Tegu C = A — Bir (vy,...,v,) C = 0. Tada

C11 Cin
(V15 eeey ) C = (V1,.0, 1) =
Cph1 " Cpn
e e
= Z VsCols ,Z vsCsp | = (0,...,0),
s=1 s=1
e
t.y. Z vscs; = 0 suvisais 7 = 1, ..., n. Sistema vy, ..., v, tiesiskai nepriklausoma

s=1
, todel ¢;; =0 su visais 1 <s,7 <n.

Irodyta.

Tegu (V, k) - vektoriné erdvé ir dimV =n , o vy, ...,v, - V bazé. Jeiguv € V|
231 231
tai v = a1+ Fayv, = (g, e,v,) | o0 i | -+ | vadinamas koordinatiniu
an an
stulpeliu.
Tegu v, ...,v! kita V baze. Tada



7

vy =1+ F Gy
7

U, = C1nl1 + o+ CunUnp

(v, .yvl) = (v1,.000,)-C L ClaC = ... .. ... | vadinama vienos bazeés

Cn1 *°° Cpn
keitimo kita baze keitimo matrica.

I$ lemos turime, kad taip apibrézta matrica C' yra vienintélé.
Kaip keic¢iasi vektoriaus v koordinatinis stulpelis kei¢iantis bazei 7

ay o} o}
v o= (viyenvn) | o | = (v, 0) | e | = (v e vn) - C - ] =
an, ol ol
aj
(U1, ey vn) - [C ] -+ ]
ay,
Is lemos turime, kad
o o}
_C.
an, ol

Teiginys. Keitimo matrica pasizymi Siomis savybémis:

1. Bazes keitimo ta pacia baze keitimo matrica yra vienetine.

2. Jeigu pirmosios bazeés keitimo antraja baze keitimo matrica yra C' | o
antrosios bazeés keitimo treciaja baze yra D , tai pirmosios bazeés keitimo treciaja
baze matrica yra C'D.

3. Keitimo matrica yra neissigimusi matrica.

Irodymas.l. (vy,...,v,)C = (vq,...,0,) [ = C = 1I.
2. Tegu bazés vy, ..., v, keitimo baze v{, ..., v/ matrica yra C, o bazés v}, ..., v],
keitimo baze vy, ...,v, matrica yra D. Tada

(v, v) = (v], .y ) D = ((v1, .0y 0,) C) D = (01, .y 0,) CD.

n

3. Tada, kai v = vy,...,v] = v, 1§ 2. ir 1. teiginiy turime CD = [ —= C =

n
D™ taigi, matrica C'— neissigimusi.



