6 paskaita
Vektorinés erdves. Vektoriy sistemos.

Apibrezimas. Teqgu K— kunas. Aibé V | kurioje apibréita sudéties ir dau-
gybos i kuno K elemento operacijos, vadinama vektorine erdve, jeigu su visais
u,v,w €V ir a,b € K ispildytos sios sglygos:

l.u4+veV;

2. (u+v)+w=u+(v+w);
3. u+tv=v+4u;

4. do:v+o=v;

5. I(=v): v+ (—v) = o

6. a(u+wv)=au+ ay;

7. (a4 b)u = au+ ab;

8.(ab)u = a(bu);
9. 1g - u = u.
Vektorinés erdvés elementai vadinami vektoriais.

Pavyzdziai.l . Su kiekvienun K™ = {(ay,...,a,) : a; € K} - eilu¢iy su n kom-
ponenciy vektoriné erdvé. Si erdvé dar vadinama aritmetine n— erdve. Eiluciy
komponentes vadinamos vektoriaus koordinatemis.

2. Visy realiyjy tolydziy intervale [0, 1] funkeijy vektoriné erdvé C'[0, 1] virs
kuno R.

3. Su visais k ir n visy k x n matricy vektoriné erdvé My, (K') virs kuno K.

4. Kompleksiniy skai¢iy aibé C - vektorine erdvé virs kuno R.

Apibrezimas. [sraiskq ajvy+agvy+- - -+ a,v, vadiname vektoriy vy, v, ..., v,
titesine kombinacyja; éia ay,as,...,a, € K.
Apibrezimas. Vektoriy sistemq vy, ..., v, vadinsime tiesiskat priklausoma,

jei tarp Siy vektoriy yra toks v; , kuris yra likusiy sistemos vektoriy tiesiné kombi-
nacija: v; = ayvy + -+ @101 + a1V + -+ apv,. Jeigu vektoriy sistemogje
V1, ..., U, nEra vektoriaus, tiesiskai priklausomo nuo likusiy, tai Sig sistemq vadina
tetsidkar nepriklausoma.

Susitarta, kad tuscios vektoriy sistemos tiesiné kombinacija lygi nuliniam vek-
toriui: v+ ---4+u=0.
N— ——
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Examples.

1. Every two vectors in the line R are linearly dependent (one vector is
proportional to the other one).

2. Every three vectors a, b, c on a plane R? are linearly dependent. Indeed, if
a and b are parallel then one of them is a multiple of another one, and so a and b
are linearly dependent which implies that all three vectors are linearly dependent.
If @ and b are not parallel then we know that every vector on the plane, including
the vector ¢, is a linear combination of aand b. Thus a, b, ¢ are linearly dependent.

3. If a subset S of R™ consists of more than n vectors then S is linearly
dependent. ( Prove it!)

4. The set of polynomials # + 1, 2% + 2 +1,2? — 2z — 2, 2% — 32 + 1 is linearly
dependent. To prove that we need to find numbersa, b, ¢, d not all equal to 0 such
that a(z +1)+b(z*+ 2+ 1)+ ¢(2* — 22 — 2) + d(2* — 32+ 1) = 0. This leads to a
homogeneous system of linear equations with 4 unknowns and 3 equations. Such
a system must have a non-trivial solution by the theorem about homogeneous
systems of linear equations.

5. Let fi, f2, ..., [ be functions in C[0, 1] each of which has firstn — 1 deriva-
tives. The determinant of the following matrix

h(x) fo(z) .o fol)
Fi(2) Fi(e) o F1(2)
1(z) () e ()

A @) A7 (@) e f I ()

is called the Wronskian of this set of functions.

Theorem. Letfy, fo,..., fu be functions in C[0,1] each of which has first
n — lderivatives. If the Wronskian of this set of functions is not identically zero
then the set of functions is linearly independent.

Apibrézimas. Jeigu A C {v,...,v,} C B, tai A vadinamas sistemos
vy, ..., Uy posistemiu, o B— virssistemiu.

Vektoriy sistemuy savybes.

1. Sistema i§ vieno vektoriaus {v} yra tiesiskai priklausoma kai v = 0 ir
tiesiskai nepriklausoma kai v # 0.

2. Tiesiskai priklausomos sistemos vy, ..., v, vir§sistemis yra tiesiskai priklau-
somas.



3. Tiesiskai nepriklausomos sistemos vy, ..., v, posistemis yra tiesiskai neprik-
lausomas.

4. Vektoriy sistema, kurioje yra nulinis vektorius, yra tiesiskai priklausoma.

5. Vektoriy sistema, kurioje yra du sutampantys vektoriai, yra tiesiskai prik-
lausoma.

6. Vektoriy sistema vy, ..., v, yra tiesiskai priklausoma tada ir tik tada, kai
egzistuoja tokie ne visi lygus nuliui ay, ...,a, € K , kad ayvy +--- + a,v, = 0.

Irodymas. (=)Tegu vy,...,v,— tiesiskai priklausoma sistema. Tada egzis-
tuoja v; = ajvy + -+ 4+ @i—1v-1 + @p1vi1 + -0 + auv, i todél avg + -+ +
ai—1vimy + (=) vy + aip1vipr + - - - + ayv, = 0.

(<) Tegu ajvy + -+ + a;—1vi1 + av; + aip1Vig1 + - + ayv, = 0ir a; # 0,

S Ggy ... Biml o ikl L. gn
tada v; = — %o, Ui i By,
Irodyta.
7. Vektoriy sistema vy, ..., v, yra tiesiskai nepriklausoma tada ir tik tada, kai
8 avy + - +a,v, =0 turime ¢y = -+ = a, = 0.

Irodymas. Akivaizdu.

Apibrezimas. Tegu vy,...,v, € V,— vektoriy sistema. Vektorinés erdvés V
poaibis {ajvy + -+ 4+ a,v,lay, ..., a, € K} = [v1,...,0,] vadinamas vektoriy siste-
mos vy, ..., v, trtestniu apvalkalu. Vektoriy sistema vy, ..., v, vadinama generuo-

janéia $j tiesing apvalkalg sistema.

Aisku, kad vektoriy sistemos vy, ..., v, tiesinis apvalkalas [vq,...,v,] yra vek-
toriné erdve, o bet koks generuojancios sistemos virssistemis yra generuojanti
sistema.

Examples.

1. Let V = R®. Let S consist of one non-zero vector A. Then spanA consists
of all vectors of the form xA. In other words, spanA consists of all vectors which
are proportional to A, or span(A) is the set of vector parallel to A.

2. Let V.= R* S = (1,0,0),(0,1,0). Then span(S) consists of all vectors of
the form #(1,0,0) 4+ y(0,1,0) = (x,y,0), that is span(S) consists of all vectors
parallel to the (x, y)-plane. More generally, if we take any two non-parallel vectors
A and B in R? then spanA, B is the subspace of all vectors which are parallel to
the plane containing A and B.

3. Let V = R* S = (1,0,0),(0,1,0),(0,0,1). Then span(S) coincides with
the whole R>. More generally if V = R™ thenV is spanned by the set of basic
vectors(1,0,...,0),(0,1,...,0),...,(0,0,...,1).



Theorem. Two subsets 57 and S; of a vector space V' span the same subspace
if and only if every vector of 5 is a linear combination of vectors of S5 and every
vector of 55 is a linear combination of vectors of 5;.

The proof is left as an exercise.

Examples.

1. Vectors a = (1,2,3),b = (0,1,2),and ¢ = (0,0, 1) span R*. Indeed, we know
that R® is spanned by the vectors i = (1,0,0),5 = (0,1,0) and k& = (0,0, 1).Thus
we need to show that the sets a,b,¢ and 17, 7, k span the same subspace. By the
previous theorem, we need to show that every vector from the first subset is a
linear combination of vectors from the second subset and conversely every vector
from the second subset is a linear combination of vectors of the first subset. It
is clear that a,b, ¢ are linear combinations of 7, j, k (as any vector in R?). So we
need to show only that 7,5,k are linear combinations of a,b,c. This is easy to
check i =a—2b+¢;5=b—-2c;k =c.

2. Polynomials f; = 2?2 4+ 2z + 1, f, =  + land f3 = 2 + 2 in the space of all
polynomials P span the subspace P, of all polynomials of degree not exceeding
2. Indeed, it is clear that P, is spanned by the polynomials p; = 1,py = = and
p3 = 2. So we need to show that the setsfi, fo, f3 and pi, ps, p3 span the same
subspace. It is clear that fi, fs, f3 are linear combinations of py, ps, p3. Conversely,
it is easy to check that py = fs — fa;p2 = 2f2 — fa;ps = f1 = 3f2 + [

3. Let a = (1,2,3,4),b = (3,—1,5,2),¢ = (—1,2,0,1),d = (2,1,4,5). De-
termine whether span{a,b}=span{c,d}. We need to check if a and bare linear
combinations of vectors candd, and whetherc and d are linear combinations of
vectors a and b. By definition of a linear combination, the vector a is a linear
combination of ¢ and d if there exist x and y such that a = z¢+ yd This gives the
following system of linear equations:

1l=—242y
2=2x+4+y
3 =0z + 4y
4 =z+5y.

This system does not have a solution, so a is not a linear combination of ¢ and
d, so span{a,b} is not equal to spanc, d.

Apibrezimas. Generuojandéiq sistemqg vadiname minimalia, jeigu bet koks jos
posistemis néera generuojantt sistema.



Tiesiskai nepriklausoma sistema vadinama maksimalia, jeigu bet koks jos virs-
sistemis yra tiesiskai priklausoma sistema.

Dabar pateiksime svarbias tiesiniy apvalkaly savybes.

Teiginys 1. Jeigu vektoriy sistemos vy, ..., v, vektoriai yra vektoriy sistemos
ULy oeey Uy, VEKLOTIY tiesinés kombinacijos, L.y. vy, ...,v, € [ur, ..., U], ir vektorius
U E (U1, Uy], tai v € [ug, .y ).

Irodymas.Paliekame irodyti studentams.

Teiginys 2. Tegu vy, ...,v,— tiesiskai nepriklausoma sistema, o v, vy, ..., V,—
tiesiskai priklausoma sistema. Tada vektorius v € [vy,...,v,)].
Irodymas.Paliekame irodyti studentams.

Teorema. Tegu vy,...,v,— vektorinés erdvés V vektoriy sistema. Sie trys
teiginiai yra ekvivalentus:

1. vy,...,v,— tiesiskai nepriklausoma ir vektorine erdve V generuojanti sis-
tema.

2. vy, ...,v,— maksimali tiesiskai nepriklausoma sistema.

3. vy, ..., v,— mintmali vektorine erdve V' generuojanti sistema.

Irodymas. 1=-2. Kadangi vy, ...,v,— generuojanti erdve V' sistema, tai kiek-
vienas vektorius v € V yra tiesiné vektoriy sistemos vy, ..., v, kombinacija, t.y.
v € [v1,...,v,] = sistema v, vq,...,v,— tiesiSkai priklausoma = vy, ...,v,—
maksimali tiesiskai nepriklausoma vektoriy sistema.

2=3. Su kiekvienu v € V sistema v, vy,...,v, yra tiesiskai priklausoma sis-
tema. pagal teigini 1 v € [vy,...,v,] = v1,...,v,— generuojanti vektoriy sis-
tema. Sakykime, vektoriy sistema vy, ..., v, irgi yra vektorine erdve V' generuo-
janti sistema= kiekvienas vektorius v € V' ( tame tarpe ir vy,...,v, ) yra vek-
toriy vy, ..., v, tiesiné kombinacija=—> v1, ..., v, € [vVa,...,v,] = v1 = aqva + -+ +
a,v, = sistema vy, ..., v,— tiesiskai priklausoma, priestaravimas prielaidai.

3= 1. Sakykime, vy = avy + -+ + a,v, = v1 € [vg,...,v,] . [§ teiginio 2
turime, kad kiekvienas vektorinés erdvés V' vektorius v € [vg, ..., v,] , priestaravimas
prielaidai.

Irodyta.

Apibrezimas. Vektorinés erdvés V' vektoriy sistema, tenkinanti vieng i$ teo-



remos sglygy, vadinama vektorinés erdvés V' baze.

Positive examples.

1.The set of vectors Vi = (1,0,...,0),V2 = (0,1,...,0),...., V5 = (0,...,1) is a
basis of R".

2.The set of vectors(1,2),(2,3) is a basis of R*. Indeed, these vectors are
linearly independent because they are not proportional. In order to check that R?
is spanned by these vectors, it is enough to check that (1,0) and (0, 1) are linear
combinations of them (theorem about spans):

(1,0) ==3-(1,2)+2-(2,3);

(0,1)=2-(1,2) — (2,3).

In fact, every two non-parallel vectors in the plane R* form a basis
of RZ.

3. The set of polynomials 1,z x
degree at most 2.

4. The set of functionsz, e, 2" is a basis of the subspaceV of C]0,1] spanned

2 is a basis of the space of polynomials of

by these functions. Indeed, these functions are linearly independent and V' is
spanned by these functions by the definition of V.

) 10 0 1 0 0 0 0
5.Thesetofmatrlces.(0 0),(0 0),(1 0),(0 1)

is a basis of the space of all 2 by 2 matrices. First we need to prove that these
matrices are linearly independent. Indeed, if we take a linear combination of these

matrices with coefficients a,b, ¢, d, we get the matrix Z . This matrix is

d

equal to the zero matrix only if a = b = ¢ = d = 0. Second, we need to show that
these 4 matrices span the space of all 2 by 2 matrices. Indeed, every 2 by 2 matrix

d
Negative examples
1.The set of two vectors u = (1,2,3) and v = (2,3,4) is not a basis of R>.
Indeed, although these vectors are linearly independent, they do not span R*. For

( Z ) is the linear combination of our four matrices with coefficientsa, b, ¢, d.

example, the vector (1,0,0) is not equal to a linear combination of « andwv.

2. The set of four vectors u = (1,2,3),7 = (1,0,0),57 = (0,1,0),k = (0,0,1) is
not a basis of R®. Indeed, although these vectors span R® (even i, j, k span R?),
these vectors are not linearly independent because u =1 + 25 + 3k.

3.The set of functions u = sin(x),v = cos(x),w = x is not a basis of C[0,1]
because the function e” does not belong to the spanu,v,w ( prove it using the



Wronskian).
In fact C[0,1] does not have a finite basis at all.



