11 paskaita.
Tiesintai atvaizdZial.

Tiesinio atvaizdzZio apibrézimas, branduolys ir vaizdas.

Apibrezimas. Tegu U ir V - vektorinés erdvés virs kuno & .
Funkcija A : U — V vadinama tiesiniu atvaizdZiu, jeigu

Lo A(ug + ug) = A(uy) + A(uz) su visais ug,ug € U .

2. Alou) = aA(u) suvisais o € kiru e U .

Pastaba del terminy.Tuo atveju, kai U =V, tiesinj atvaizdj vadina tiesiniu
operatoriumi. Transformacijomis( tiesinémis transformacijomis) vadina ir tiesinius
atvaizdzius ir tiesinius operatorius tuo atveju kai is konteksto aisku apie ka kalbama.

Pavyzdziai. 1. Trimatés erdvés judesiai : centriné simelrija, asiné simetrija,
veidrodiné simetrija, lygiagretusis postumis ,- yra tiesinial trimateés erdves at-
vaizdziai.

2. Tegu R[0,1] yra realiyjy tolydziyjy funkcijy vektoriné erdvé. Funkcija
A(f) = f(0) yra tiesinis atvaizdis.

3. Tegu R, [x] polinomy, kuriy laipsnis nevirsija n , vektoriné erdvé. Diferen-
cijavimo funkcija D (f) = [ yra tiesinis atvaizdis.

Teiginys. Tiesinio atvaizdzio A : U — V savybes:

1. A(0)=0.

2. Jeigu uy,...,u, yra tiesiskai priklausoma U sistema, tai A (u1), ..., A (u,)
yra tiesiskai priklausoma V' sistema.

3. Jeigu uy, ..., u,, yra generuojanti U sistema, tai A (uq), ..., A (u,) yra generuo-

janti A (U) sistema.
Irodyti paliekama studentamsO

Apibrézimai. Tiesinio atvaizdzio A : U — V branduoliu vadinama U aibé
ker A = {u € UlAu = 0}.
Tiesinio atvaizdzio A : U — V wvaizdu vadinama V aibe

imA={veV|FuelU: Au="v}.



Jeigu ker A = 0, tai A vadinamas injektyvivoju tiesiniu atvaizdZiu ( monomor-

Jeigu im A =V | tai A vadinamas siurektyviuvoju tiesiniu atvaizdziu ( epimor-

Jeigu ker A = 0 irem A =V | tai A vadinamas bijektyvivoju tiesiniu atvaizdZiu
( izomorfizmu).

Examples.

1. Let P be the projection of R? on a line L from RZ.

Then the kernel of P is the set of all vectors in R* which are perpendicu-
lar to L and the image of P is the set of all vectors parallel to L. Indeed, the
vectors which are perpendicular to L and only these vectors are annihilated by
the projection. This proves the statement about the kernel. The projection on
L of every vector is parallel to L (by the definition of projection) and conversely,
every vector which is parallel to L is the projection of some vector from R?, for
example, it is the projection of itself. This proves the statement about the image.

2. Let R be the rotation of R* through angle Z; counterclockwise.

Then the kernel of R is 0 (no non-zero vectors are annihilated by the rotation).
The image of the rotation is the whole R%. Indeed, for every vector w in R? let
v be the vector obtained by rotating w through angle Z; clockwise. Then w is
the result of rotating v through Z counterclockwise, thus w is in the range of our
transformation. Since w was an arbitrary vector in R?, the range of the rotation

is the whole R2.

3. Let RF be the reflection of R? about a line L.
Then the kernel of RF is 0. Indeed, no non-zero vectors are annihilated by
the reflection. The image is the whole R? (prove it!).

4. Let Z be the zero transformation from V' to W which takes every vector in

V' to the zero of W.
Then the kernel of Z is V' and the image is 0 (prove it!).

5. Let D be the linear operator of the vector space of Plz] polynomials which
takes every polynomial to its derivative.

Then the image of D is the whole P[x] (every polynomial is a derivative of
another polynomial) and the kernel of D is the set of all constants (prove it!).



6. Let Z be the linear operator on the space P[z] of polynomials which takes
every polynomial g(x) to the polynomial [ g(¢)dt . Then the image of 7 is the set
0

of all polynomials h(x) such that h(0) = 0 (every such polynomial is the image
under 7 of its derivative) and the kernel of Z is 0 (the only function with 0 anti-
derivative is 0).

7. Let T be the linear transformation from the space of all n by n matrices
M, (R) to R which takes every matrix to its trace.

Then the image of T is the whole R(every number is the trace of some matrix)
and the kernel consists of all n by n matrices with zero trace.

Theorem. Let A be a linear transformation from U to V..Then ker A is a
subspace of U and imA is a subspace of V.

Proof. We need to prove that ker A is closed under addition and scalar
multiplication. Let uy; and ug be elements from ker A. Then A(u;) = 0 and
A (uy) = 0 (the definition of a kernel). Hence A(uq) + A(uz) =040 =0. But A
is a linear transformation, soA(uy) + A(ug) = A(uy + uz). Hence A(ug + ug) =0
. By the definition of a kernel this implies that w; + uy is in ker A . Thus ker A
is closed under taking sums.

Now let u be an element of ker A and let @ be a number. Since « is in ker A4,
A(u) = 0. Then aA(u) = au = 0 (prove the last equality!). On the other hand,
since A is a linear transformation, aA(u) = A(au) . So A(au) = 0, whence au is
in ker A. This shows that ker A is closed under scalar multiplication.

The proof that im.A is a subspace is left as an exercise.

Theorem. Fvery subspace of a vector space is a kernel of some linear trans-
formation and the image of some other linear transformation.

Irodymas. Tegu U yra vektorinés erdvés V' poerdvis ir vektoriy sistema
Uy, ..., up - poerdvio U bazé. Papildykime Sia sistema iki vektorines erdves V
bazés: Uy, ..o, Ug, Vg1, .-, Uy Turime kad U = [uq,...,ux] ir tiesinis apvalkalas
[Vkt1, --0, U] poerdvio U tiesioginis papildinys: V = U @ [vgg1, ..., v, -

Tiesinius atvaizdius A, B : V — V apibrézkime formulémis

A(ayuy + -+ agpuy + arprvpsr + - a,0,) = ayuyg + -+ - + agug,



B(ajuy + -+ + aptp + app1Vpgr 0 @) = Qpgp1 Vs + -0 Q0.
Tada ker A = [vig1,...,v,], imA = U ir ker B = U, imB = [vp41, ..., V) -
Irodyta.

Example. Let FE be the subspace of R® consisting of vectors which are
parallel to a plane P. Then F is the kernel of the projection of R? on the line
perpendicular to the plane and E is the image of the projection on the plane P.

The theorem about kernel and images implies the following important prop-
erty of homogeneous systems of linear equations.

Theorem. Let Av = 0 be a homogeneous systems of linear equations with
n unknowns and m equations. Then the set of solutions of this system coincides
with the kernel of the linear transformation A from R” to R™ with standard
matrix A and so it is a subspace of R".

Indeed the set of solutions of the system Av = 0 is precisely the set of vectors
annihilated by the linear transformation A.

Izomorfizmy teoremos.

Teorema apie izomorfizma. Teqgu A: U — V& tiesinis atvaizdis. Poerdvis

imA izomorfinis faktorerdvei U/ ker A .

Irodymas. Apibrézkime funkcija ¢ : U/ ker A — imA formule 1 (u) = A(u).
Parodysime, kad tai ir yra ieskomas izomorfizmas.

Funkcija 7 yra tiesinis atvaizdis:

i (a1ty 4 axtiy) = 1 (a1uy + aguz) = A(aiur + agug) = a1 A(ur) + azA(ug) =
are (uy) + asi (ug).

Tiesinis atvaizdis ¢ yra monomorfizmas:

i(u)=05 Au)=0& uekerd s u=0.

Tiesinis atvaizdis ¢ yra epimorfizmas:

su kiekvienu v € imA egzistuoja u € U, kad A(u) = v, t.y. i (u) = A(u) = v.

Irodyta.

Teorema apie izomorfizma daznai reiskiama tokia komutatyvia diagrama:
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cia p(u) =u, 1(u) = A(u), taigi, A(u) =1 (p(u)).

Pastaba. Paskutiniyjy teoremy déka matome, kaip galétume mastyti faktor-

erdve. Kiekvienam vektorines erdvés poerdviui galime apibrezti tiesini atvaizdi,
kurio vaizdas yra $is poerdvis, o branduolys - poerdvio tiesioginys papildinys. Pa-

gal teorema apie izomorfizma faktorerdve galime mastyti kaip poerdvio tiesiogini
papildini.

Teorema. Vektorine erdvé U, k . dimU = n, yra izomorfiné aritmetinei erdvet

ky .

Irodymas.Tegu vektoriy sistema vy, ..., v,& vektorines erdveés U bazeé.
Apibrézkime tiesini atvaizdi A : k, — U formule
aq aq
Al - | = (v1,..,00)
a, a,
imA = U, nes sistema vy, ..., v,< generuojanti erdve U sistema.
ker A = 0, nes sistema vy, ..., v,< tiesiskai nepriklausoma sistema.
Gavome, kad U yra izomorfiné aritmetinei erdvei k.
Irodyta.

Pastaba. U =~ k,, bet §is izomorfizmas néra kanoninis,- jis priklauso nuo

baziy.
Paskutinioji teorema rodo, kad baigtinés dimensijos vektorine erdve galima
231
reiksti aritmetineés erdves elementais, t.y. stulpeliais: ajuy+- - -+a,u, —
Oy

Tiesinio atvaizdZio matricos.

Dabar parodysime kaip reiksti tiesini atvaizdi A : U — V . Tuo paciu realizu-

osime $ia diagrama:
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Tegu A : U — V - tiesinis atvaizdis, o uy,...,u, U bazé, vq,...,v,, V bazé.

Tada

Auy = apvy + -+ apivm

Aun = A1mV1 +  F CnmUnm

11 0 dim
Matrica A = vadinama tiesinio atvaizdZzio A matrica

m1 - Amm
duoty matricy atzvilgiu. Turime

A(ury oy ty) = (01, o0, 0m) A.

Matrica A apibrézta vienareiksmiskai.
Koks rysys tarp vektoriaus ir jo tiesinio vaizdo koordinaciy?

a1 by
Tegu Au=wv, &lau= (up,...;u,) | - |,v="_(v1,.c,0m) .
ap b
Turime
a1 a1
A(u) = A | (ug,coyun) | -+ =(A(ug,..,u,)) | -+ | =
ap ap
a1 a1
= ((Ulv'-'vvm) A) = (Ulv'-'vvm) A
ap ap
by a1
Tada | --- | = A
b ap

Kaip keiciasi tiesinio atvaizdzio matrica kei¢iantis vektoriniy erdviy matri-
coms?

Tegu € ir D baziy keitimo matricos:
(ufy ey tl) = (Uty ooy ti) - C
(V] .y vl ) = (U1, ey 0m) - D.

Tada, jeigu A (U1, ..., tty) = (01, .., vp) A ir A(ul, .. ul) = (v, ...,v] ) A, tai



A= D TAC.

Pastaba. rankA’ = rankA.
Irodymas.&

Kaip parinkti bazes vektorinése erdvése U ir V | kad tiesinio atvaizdzio A
matrica A buty parasciausia?

Teorema. Teqgu A : U — V - tiesinis atvaizdis. Tada egzistuoja bazés vek-
torinése erdvése U ir V | kad tiesinio atvaizdzio A matrica A yra

_ [r Orxn—r
A= ( Om—rxr Om—rxn—r ) ‘
Irodymas.|[............... ]

Veitksmai su tiesiniais atvaizdiiais.

Apibrezimas. Tegu A, B : U — V - tiesiniai atvaizdZiai. Jy suma vadiname
funkeijg :

(A4 B)(u) = A(u) + B (u).

Teiginys. Tiesiniy atvaizdzZiy suma - tiesinis atvaizdis.
Irodymas.&

Apibréezimas. Tegu A : U — V - tiesinis atvaizdis, o o € k. Tada oA :
U — V apibréziama

(@A) (u) = a (A(u)).

Teiginys. Jeigu A - tiesinis atvaizdis, tai aA - tiesinis atvaizdis.
Irodymas.&

Apibrézimas. Teqgu A:V — W , B: U — V - tiesiniai atvaizdZiai. Siy
tiesiniy atvaizdzZiy sandauga AB : U — V vadinsime funkcijg:

(AB) (u) = A(B (u)).



Teiginys. AB - tiesinis atvaizdis.

Uzdavinys. Tegu U, V. W - trys vektorinés erdvés virs to pacio kuno k, o {u;}
- bazé erdvéje U, {v;} - bazé erdvéjeV, {wy} - bazé erdvéje W. Tegu B,C : U — V
, o AV = W tiesiniai atvaizdzZiai ir o € k. Tegu B, Cyra tiesiniy atvaizdZiy
B,C matricos bazése {u;} ir {v;}, A - tiesinio atvaizdzio A matrica bazése {v;}
ir {wg}.

Irodykite, kad

B + Cyra B 4 C matrica bazése {u;},{v,};

aB yra aB matrica bazése {u;}, {v;};

AB yra AB matrica bazése {u;}, {wy}.



