
1. TIESINIAI ATVAIZD�ZIAI

Apibendrinti veiksmai su matricomis.
Teorema. Tegu M;N;P;Q;R; S - �se�sios Abelio grup_es, tarp kuri�u apibr_e�ztos

operacijos: M �N ! Q;N�P ! R;Q�P ! S;M �R! S , t.y. 8m 2M;n 2
N; p 2 P apibr_e�zta mn 2 Q; (mn) p 2 S;m (np) 2 S .Tegu visos sandaugos yra
distributyvios abiej�u argument�u at�zvilgiu ir 8m;n; p teisinga (mn) p = m (np) :
JeiguA1; A2; B;C yra matricos vir�s atitinkamaiM;M;N;P ,tai (AB)C = A (BC)
ir (A1 +A2)B = A1B +A2B .

Be i�rodymo.

1.1. Bazi�u keitimo matrica, vektoriaus koordinat_es.

Lema. Tegu v1; :::; vn tiesi�skai nepriklausoma vektorin_es erdv_es (V; k) sistema, o
A ir B matricos vir�s k , turin�cios m stulpeli�u ir n eilu�ci�u. Jeigu (v1; :::; vn)A =
(v1; :::; vn)B , tai A = B:

I�rodymas. Tegu C = A�B ir (v1; :::; vn)C = 0: Tada

(v1; :::; vn)C = (v1; :::; vn)
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vscsj = 0 su visais j = 1; :::; n: Sistema v1; :::; vn tiesi�skai nepriklausoma

, tod_el csj = 0 su visais 1 � s; j � n .
I�rodyta.
Tegu (V; k) - vektorin_e erdv_e ir dimV = n , o v1; :::; vn - V baz_e. Jeigu v 2 V ,

tai v = �1v1+� � �+�nvn = (v1; :::; vn)
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stulpeliu.
Tegu v01; :::; v
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(v0
1
; :::; v0n) = (v1; :::; vn) �C , �cia C =
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CCA vadinama vienos baz_es

keitimo kita baze keitimo matrica.

I�s lemos turime, kad taip apibr_e�zta matrica C yra vienint_el_e.
Kaip kei�ciasi vektoriaus v koordinatinis stulpelis kei�ciantis bazei ?

v = (v1; :::; vn)
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Teiginys. Keitimo matrica pasi�zymi �siomis s�avyb_emis:
1. Baz_es keitimo ta pa�cia baze keitimo matrica yra vienetin_e.
2. Jeigu pirmosios baz_es keitimo antr�aja baze keitimo matrica yra C , o

antrosios baz_es keitimo tre�ci�aja baze yra D , tai pirmosios baz_es keitimo tre�ci�aja
baze matrica yra CD:

3. Keitimo matrica yra nei�ssigimusi matrica.
I�rodymas.1. (v1; :::; vn)C = (v1; :::; vn) I =) C = I:
2. Tegu baz_es v1; :::; vn keitimo baze v0

1
; :::; v0n matrica yra C; o baz_es v0

1
; :::; v0n

keitimo baze v
00

1
; :::; v

00

n matrica yra D: Tada
(v001 ; :::; v

00
n) = (v01; :::; v

0
1)D = ((v1; :::; vn)C)D = (v1; :::; vn)CD:

3. Tada, kai v001 = v1; :::; v
00
n = vn i�s 2. ir 1. teigini�u turime CD = I =) C =

D�1; taigi, matrica C� nei�ssigimusi.

1.2. Tiesinio atvaizd�zio apibr_e�zimas, branduolys ir vaizdas.

Apibr_e�zimas. Tegu U ir V - vektorin_es erdv_es vir�s k�uno k .
Funkcija A : U ! V vadinama tiesiniu atvaizd�ziu, jeigu
1. A (u1 + u2) = A (u1) +A (u2) su visais u1; u2 2 U .
2. A (�u) = �A (u) su visais � 2 k ir u 2 U .
Pastaba d_el termin�u.Tuo atveju, kai U = V; tiesini� atvaizdi� vadina tiesiniu

operatoriumi. Transformacijomis( tiesin_emis transformacijomis) vadina ir tiesinius
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atvaizd�zius ir tiesinius operatorius tuo atveju kai i�s konteksto ai�sku apie k�a kalbama.
Pavyzd�ziai. 1.Trimat_es erdv_es judesiai : centrin_e simetrija, a�sin_e simetrija,

veidrodin_e simetrija, lygiagretusis post�umis ,- yra tiesiniai trimat_es erdv_es at-
vaizd�ziai.

2. Tegu R [0; 1] yra reali�uj�u tolyd�zi�uj�u funkcij�u vektorin_e erdv_e. Funkcija
A(f) = f (0) yra tiesinis atvaizdis.

3. Tegu Rn [x] polinom�u, kuri�u laipsnis nevir�sija n , vektorin_e erdv_e. Diferen-
cijavimo funkcija D (f) = f 0 yra tiesinis atvaizdis.

Teiginys. Tiesinio atvaizd�zio A : U ! V savyb_es:
1. A (0) = 0:
2. Jeigu u1; :::; un yra tiesi�skai priklausoma U sistema, tai A (u1) ; :::;A (un)

yra tiesi�skai priklausoma V sistema.
3. Jeigu u1; :::; un yra generuojanti U sistema, taiA (u1) ; :::;A (un) yra generuo-

janti A (U) sistema.
I�rodyti paliekama studentams2

Apibr_e�zimai. Tiesinio atvaizd�zio A : U ! V branduoliu vadinama U aib_e

kerA = fu 2 U jAu = 0g :

Tiesinio atvaizd�zio A : U ! V vaizdu vadinama V aib_e

imA = fv 2 V j9u 2 U : Au = vg :

Jeigu kerA = 0 , taiA vadinamas injektyviuoju tiesiniu atvaizd�ziu (monomor-

�zmu).
Jeigu imA = V , tai A vadinamas siurektyviuoju tiesiniu atvaizd�ziu ( epimor-

�zmu).
Jeigu kerA = 0 ir imA = V , tai A vadinamas bijektyviuoju tiesiniu atvaizd�ziu

( izomor�zmu).
Examples.

1. Let P be the projection of R2 on a line L from R2.
Then the kernel of P is the set of all vectors inR2 which are perpendicular to L

and the image of P is the set of all vectors parallel to L. Indeed, the vectors which
are perpendicular to L and only these vectors are annihilated by the projection.
This proves the statement about the kernel. The projection on L of every vector
is parallel to L (by the de�nition of projection) and conversely, every vector which
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is parallel to L is the projection of some vector from R2, for example, it is the
projection of itself. This proves the statement about the image.

2. Let R be the rotation of R2 through angle �

3
; counterclockwise.

Then the kernel ofR is 0 (no non-zero vectors are annihilated by the rotation).
The image of the rotation is the whole R2. Indeed, for every vector w in R2 let
v be the vector obtained by rotating w through angle �

3
; clockwise. Then w is

the result of rotating v through �
3
counterclockwise, thus w is in the range of our

transformation. Since w was an arbitrary vector in R2, the range of the rotation
is the whole R2.

3. Let RF be the re
ection of R2 about a line L.
Then the kernel of RF is 0. Indeed, no non-zero vectors are annihilated by

the re
ection. The image is the whole R2 (prove it!).
4. Let Z be the zero transformation from V to W which takes every vector in

V to the zero of W .
Then the kernel of Z is V and the image is 0 (prove it!).
5. Let D be the linear operator of the vector space of P [x] polynomials which

takes every polynomial to its derivative.
Then the image of D is the whole P [x] (every polynomial is a derivative of

another polynomial) and the kernel of D is the set of all constants (prove it!).
6. Let I be the linear operator on the space P [x] of polynomials which takes

every polynomial g(x) to the polynomial
xR
0

g(t)dt . Then the image of I is the

set of all polynomials h(x) such that h(0) = 0 (every such polynomial is the
image under I of its derivative) and the kernel of I is 0 (the only function with
0 anti-derivative is 0).

7. Let T be the linear transformation from the space of all n by n matrices
Mn�n (R) to R which takes every matrix to its trace.

Then the image of T is the whole R(every number is the trace of some matrix)
and the kernel consists of all n by n matrices with zero trace.

Theorem. Let A be a linear transformation from U to V::Then kerA is a

subspace of U and imA is a subspace of V .
Proof. We need to prove that kerA is closed under addition and scalar

multiplication. Let u1 and u2 be elements from kerA. Then A (u1) = 0 and
A (u2) = 0 (the de�nition of a kernel). Hence A(u1) +A(u2) = 0 + 0 = 0. But A
is a linear transformation, soA(u1) +A(u2) = A(u1 + u2): Hence A(u1 + u2) = 0
. By the de�nition of a kernel this implies that u1 + u2 is in kerA . Thus kerA
is closed under taking sums.
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Now let u be an element of kerA and let a be a number. Since u is in kerA,
A(u) = 0. Then aA(u) = au = 0 (prove the last equality!). On the other hand,
since A is a linear transformation, aA(u) = A(au) . So A(au) = 0, whence au is
in kerA. This shows that kerA is closed under scalar multiplication.

The proof that imA is a subspace is left as an exercise.

Theorem. Every subspace of a vector space is a kernel of some linear trans-

formation and the image of some other linear transformation.
I�rodymas. Tegu U yra vektorin_es erdv_es V poerdvis ir vektori�u sistema

u1; :::; uk - poerdvio U baz_e. Papildykime �si�a sistem�a iki vektorin_es erdv_es V
baz_es: u1; :::; uk; vk+1; :::; vn: Turime ,kad U = [u1; :::; uk] ir tiesinis apvalkalas
[vk+1; :::; vn] poerdvio U tiesioginis papildinys: V = U � [vk+1; :::; vn] :

Tiesinius atvaizdius A;B : V ! V apibr_e�zkime formul_emis
A (a1u1 + � � �+ akuk + ak+1vk+1 + � � � anvn) = a1u1 + � � �+ akuk;
B (a1u1 + � � �+ akuk + ak+1vk+1 + � � � anvn) = ak+1vk+1 + � � � anvn:
Tada kerA = [vk+1; :::; vn] ; imA = U ir kerB = U; imB = [vk+1; :::; vn] :
I�rodyta.
Example. Let E be the subspace of R3 consisting of vectors which are

parallel to a plane P . Then E is the kernel of the projection of R3 on the line
perpendicular to the plane and E is the image of the projection on the plane P .

The theorem about kernel and images implies the following important property
of homogeneous systems of linear equations.

Theorem. Let Av = 0 be a homogeneous systems of linear equations with
n unknowns and m equations. Then the set of solutions of this system coincides
with the kernel of the linear transformation A from Rn to Rm with standard
matrix A and so it is a subspace of Rn.

Indeed the set of solutions of the system Av = 0 is precisely the set of vectors
annihilated by the linear transformation A.

1.3. Izomor�zm�u teoremos.

Teorema apie izomor�zm�a. Tegu A : U ! V � tiesinis atvaizdis. Poerdvis

imA izomor�nis faktorerdvei U= kerA .
I�rodymas. Apibr_e�zkime funkcij�a i : U= kerA ! imA formule i (�u) = A (u) :

Parodysime, kad tai ir yra ie�skomas izomor�zmas.
Funkcija i yra tiesinis atvaizdis:
i (a1�u1 + a2�u2) = i (a1u1 + a2u2) = A (a1u1 + a2u2) = a1A (u1) + a2A (u2) =

a1i (�u1) + a2i (�u2) :
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Tiesinis atvaizdis i yra monomor�zmas:
i (�u) = 0 ,A (u) = 0, u 2 kerA, �u = �0:
Tiesinis atvaizdis i yra epimor�zmas:
su kiekvienu v 2 imA egzistuoja u 2 U; kad A (u) = v; t.y. i (�u) = A (u) = v:
I�rodyta.
Teorema apie izomor�zm�a da�znai rei�skiama tokia komutatyvia diagrama:

U
A
�! V

&p i %
U= kerA

;

�cia p (u) = �u; i (�u) = A (u) ; taigi, A (u) = i (p (u)) :
Pastaba. Paskutini�uj�u teorem�u d_eka matome, kaip gal_etume m�astyti faktor-

erdv�e. Kiekvienam vektorin_es erdv_es poerdviui galime apibr_e�zti tiesini� atvaizdi�,
kurio vaizdas yra �sis poerdvis, o branduolys - poerdvio tiesioginys papildinys. Pa-
gal teorem�a apie izomor�zm�a faktorerdv�e galime m�astyti kaip poerdvio tiesiogini�
papildini�.

Teorema. Vektorin_e erdv_e U; k ,dimU = n; yra izomor�n_e aritmetinei erdvei

kn .
I�rodymas.Tegu vektori�u sistema v1; :::; vn� vektorin_es erdv_es U baz_e.
Apibr_e�zkime tiesini� atvaizdi� A : kn ! U formule

A

0
B@ a1
� � �
an

1
CA = (v1; :::; vn)

0
B@ a1
� � �
an

1
CA :

imA = U; nes sistema v1; :::; vn� generuojanti erdv�e U sistema.
kerA = 0; nes sistema v1; :::; vn� tiesi�skai nepriklausoma sistema.
Gavome, kad U yra izomor�n_e aritmetinei erdvei kn:
I�rodyta.
Pastaba. U � kn; bet �sis izomor�zmas n_era kanoninis,- jis priklauso nuo bazi�u.
Paskutinioji teorema rodo, kad baigtin_es dimensijos vektorin�e erdv�e galima

reik�sti aritmetin_es erdv_es elementais, t.y. stulpeliais: �1u1+� � �+�nun !

0
B@ �1
� � �
�n

1
CA.

1.4. Tiesinio atvaizd�zio matricos.

Dabar parodysime kaip reik�sti tiesini�atvaizdi�A : U ! V . Tuo pa�ciu realizuosime
�si�a diagram�a:
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U
A
! V

iU # # iV
kn !

A
km

Tegu A : U ! V - tiesinis atvaizdis, o u1; :::; un U baz_e, v1; :::; vm V baz_e.
Tada

Au1 = a11v1 + � � �+ am1vm
...

Aun = a1mv1 + � � �+ ammvm

Matrica A =

0
B@ a11 � � � a1m
� � � � � � � � �
am1 � � � amm

1
CA vadinama tiesinio atvaizd�zio A matrica

duot�u matric�u at�zvilgiu. Turime

A (u1; :::; un) = (v1; :::; vm)A:

Matrica A apibr_e�zta vienareik�smi�skai.
Koks ry�sys tarp vektoriaus ir jo tiesinio vaizdo koordina�ci�u?

Tegu Au = v , �cia u = (u1; :::; un)

0
B@ a1
� � �
an

1
CA ; v = (v1; :::; vm)

0
B@ b1
� � �
bm

1
CA .

Turime

A (u) = A

0
B@(u1; :::; un)

0
B@ a1
� � �
an

1
CA
1
CA = (A (u1; :::; un))

0
B@ a1
� � �
an

1
CA =

= ((v1; :::; vm)A)

0
B@

a1
� � �
an

1
CA = (v1; :::; vm)

0
B@A

0
B@

a1
� � �
an

1
CA
1
CA :

Tada

0
B@ b1
� � �
bm

1
CA = A

0
B@ a1
� � �
an

1
CA :

Kaip kei�ciasi tiesinio atvaizd�zio matrica kei�ciantis vektorini�u erdvi�u matri-
coms?

Tegu C ir D bazi�u keitimo matricos:
(u01; :::; u

0
n) = (u1; :::; un) � C ,

(v01; :::; v
0
m) = (v1; :::; vm) �D:

Tada, jeigu A (u1; :::; un) = (v1; :::; vm)A ir A (u0
1
; :::; u0n) = (v0

1
; :::; v0m)A

0; tai
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A0 = D�1AC:

Pastaba. rankA0 = rankA:
I�rodymas.3

Kaip parinkti bazes vektorin_ese erdv_ese U ir V , kad tiesinio atvaizd�zio A
matrica A b�ut�u paras�ciausia?

Teorema. Tegu A : U ! V - tiesinis atvaizdis. Tada egzistuoja baz_es vek-

torin_ese erdv_ese U ir V , kad tiesinio atvaizd�zio A matrica A yra

A =

 
Ir 0r�n�r

0m�r�r 0m�r�n�r

!
:

I�rodymas.[::::::::::::::::]

1.5. Veiksmai su tiesiniais atvaizd�ziais.

Apibr_e�zimas. Tegu A;B : U ! V - tiesiniai atvaizd�ziai. J�u suma vadiname

funkcij�a :

(A+ B) (u) = A (u) + B (u) :

Teiginys. Tiesini�u atvaizd�zi�u suma - tiesinis atvaizdis.

I�rodymas.3

Apibr_e�zimas. Tegu A : U ! V - tiesinis atvaizdis, o � 2 k: Tada �A :
U ! V apibr_e�ziama

(�A) (u) = � (A (u)) :

Teiginys. Jeigu A - tiesinis atvaizdis, tai �A - tiesinis atvaizdis.

I�rodymas.3

Apibr_e�zimas. Tegu A : V ! W , B : U ! V - tiesiniai atvaizd�ziai. �Si�u

tiesini�u atvaizd�zi�u sandauga AB : U ! V vadinsime funkcij�a:

(AB) (u) = A (B (u)) :
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Teiginys. AB - tiesinis atvaizdis.

U�zdavinys. Tegu U; V;W - trys vektorin_es erdv_es vir�s to pa�cio k�uno k, o fuig
- baz_e erdv_eje U , fvjg - baz_e erdv_ejeV , fwkg - baz_e erdv_eje W . Tegu B; C : U ! V
, o A : V ! W tiesiniai atvaizd�ziai ir � 2 k . Tegu B;Cyra tiesini�u atvaizd�zi�u

B; C matricos baz_ese fuig ir fvjg ; A - tiesinio atvaizd�zio A matrica baz_ese fvjg
ir fwkg.

I�rodykite, kad
B + Cyra B + C matrica baz_ese fuig ; fvjg ;
�B yra �B matrica baz_ese fuig ; fvjg ;
AB yra AB matrica baz_ese fuig ; fwkg :
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