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8 paskaita. Vektorin·es erdv·es. Vektoriu¾sistemos.

8.1 Apibr·eµzimas. Tegu K� kūnas(arba Q, arba R, arba C). Aib·e V ,
kurioje apibr·eµzta sud·eties ir daugybos i� kūno K elemento operacijos, vadinama
vektorine erdve, jeigu su visais v;v1;v2;v3 2 V ir a; b 2 K i�pildytos �ios
s ¾alygos:
1. (v1 + v2) + v3 = v1 + (v2 + v3) ;
2. v1 + v2 = v2 + v1;
3. 9o 2V : v + o = v;
4. 9 (�v) : v + (�v) = o;
5. a (v1 + v2) = av1 + av2;
6. (a+ b)v = av + bv;
7.(ab)v = a (bv) ;
8. 1K � v = v:
Vektorin·es erdv·es elementai vadinami vektoriais.

8.2 Pavyzdµziai.1) Vektoriai plok�tumoje ir vektoriai erdv·eje sudaro vek-
torines erdves vir�R.
2) Su kiekvienu n 2 N eiluµciu¾ aib·e Kn = M1;n = f(a1; :::; an) : ai 2 Kg ir

stulpeliu¾aib·e Kn = Mn;1 =

8<:
0@ a1
� � �
an

1A : ai 2 K

9=; yra vektorin·es erdv·es vir�K .

3) Su visais k ir n visu¾k � n matricu¾vektorin·e erdv·e Mk;n (K) vir�kūno K:
4) Kompleksiniu¾skaiµciu¾aib·e C yra vektorin·e erdv·e vir�kūno R.

8.3 Apibr·eµzimas. I�rai�k ¾a a1v1 + a2v2 + � � � + anvn vadiname vektoriu¾
v1;v2; :::;vn tiesine kombinacija; µcia a1; a2; :::; an 2 K:

8.4 Apibr·eµzimas. Vektoriu¾ sistem ¾a v1; :::;vn vadinsime tiesi�kai priklau-
soma, jei tarp �iu¾vektoriu¾yra toks vi , kuris yra likusiu¾sistemos vektoriu¾tiesin·e
kombinacija: vi = a1v1 + � � � + ai�1vi�1 + ai+1vi+1 + � � � + anvn: Jeigu vektoriu¾
sistemoje v1; :::;vn n·era vektoriaus, tiesi�kai priklausomo nuo likusiu¾, tai �i ¾a sis-
tem ¾a vadina teisi�kai nepriklausoma.



8.5 Pastaba. Susitarta, kad tu�µcios vektoriu¾sistemos tiesin·e kombinacija lygi
nuliniam vektoriui: v + � � �+ u| {z }

0 d·emenu¾

= o .

8.6 Examples.
1) Every two vectors in the line R are linearly dependent (one vector is pro-

portional to the other one).
2) Every three vectors a; b; c on a plane R2 are linearly dependent. Indeed, if

a and b are parallel then one of them is a multiple of another one, and so a and b
are linearly dependent which implies that all three vectors are linearly dependent.
If a and b are not parallel then we know that every vector on the plane, including
the vector c, is a linear combination of aand b. Thus a; b; c are linearly dependent.
3) If a subset S of Rn consists of more than n vectors then S is linearly

dependent. ( Prove it!)
4) The set of polynomials x+ 1; x2 + x+ 1; x2 � 2x� 2; x2 � 3x+ 1 is linearly

dependent. To prove that we need to �nd numbersa; b; c; d not all equal to 0 such
that a(x+1)+ b(x2+x+1)+ c(x2� 2x� 2)+ d(x2� 3x+1) = 0: This leads to a
homogeneous system of linear equations with 4 unknowns and 3 equations. Such
a system must have a non-trivial solution by the theorem about homogeneous
systems of linear equations.

8.7 Apibr·eµzimas. Jeigu A � fv1; :::;vng � B , tai A vadinamas sistemos
v1; :::;vn posistemiu, o B� vir�sistemiu.

8.8 Vektoriu¾ sistemu¾ savyb·es.
1. Sistema i� vieno vektoriaus fvg yra tiesi�kai priklausoma kai v = o ir

tiesi�kai nepriklausoma kai v 6= o:
2. Tiesi�kai priklausomos sistemos v1; :::;vn vir�sistemis yra tiesi�kai priklau-

somas.
3. Tiesi�kai nepriklausomos sistemos v1; :::;vn posistemis yra tiesi�kai neprik-

lausomas.
4. Vektoriu¾sistema, kurioje yra nulinis vektorius, yra tiesi�kai priklausoma.
5. Vektoriu¾ sistema, kurioje yra du sutampantys vektoriai, yra tiesi�kai prik-

lausoma.
6. Vektoriu¾ sistema v1; :::;vn yra tiesi�kai priklausoma tada ir tik tada, kai

egzistuoja tokie ne visi lygūs nuliui a1; :::; an 2 K ; kad a1v1 + � � �+ anvn = o:
I¾rodymas. ())Tegu v1; :::;vn� tiesi�kai priklausoma sistema. Tada egzis-

tuoja vi = a1v1 + � � �+ ai�1vi�1 + ai+1vi+1 + � � �+ anvn ir tod·el
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a1v1 + � � �+ ai�1vi�1 + (�1)vi + ai+1vi+1 + � � �+ anvn = o:

(() Tegu

a1v1 + � � �+ ai�1vi�1 + aivi + ai+1vi+1 + � � �+ anvn = o

ir ai 6= 0 , tada

vi = �a1
ai
v1 � � � � � ai�1

ai
vi�1 � ai+1

ai
vi+1 � � � � � an

ai
vn:

I¾rodyta.
7. Vektoriu¾ sistema v1; :::; vn yra tiesi�kai nepriklausoma tada ir tik tada, kai

i�a1v1 + � � �+ anvn = o turime a1 = � � � = an = 0:
I¾rodymas. Akivaizdu.

8.9 Apibr·eµzimas. Tegu v1; :::;vn 2 V;� vektoriu¾sistema. Vektorin·es erdv·es
V poaibis fa1v1 + � � �+ anvnja1; :::; an 2 Kg = [v1; :::; vn] vadinamas vektoriu¾sis-
temos v1; :::;vn tiesiniu apvalkalu. Vektoriu¾sistema v1; :::;vn vadinama generuo-
janµcia �i¾ tiesini¾apvalkal ¾a sistema.

Ai�ku, kad vektoriu¾ sistemos v1; :::; vn tiesinis apvalkalas [v1; :::;vn] yra vek-
torin·e erdv·e, o bet koks generuojanµcios sistemos vir�sistemis yra generuojanti
sistema.

8.10 Examples.
1. Let V = R3. Let S consist of one non-zero vector A. Then spanA consists

of all vectors of the form xA. In other words, spanA consists of all vectors which
are proportional to A, or span(A) is the set of vector parallel to A.
2. Let V = R3; S = (1; 0; 0); (0; 1; 0). Then span(S) consists of all vectors of

the form x(1; 0; 0) + y(0; 1; 0) = (x; y; 0), that is span(S) consists of all vectors
parallel to the (x; y)-plane. More generally, if we take any two non-parallel vectors
A and B in R3 then spanA;B is the subspace of all vectors which are parallel to
the plane containing A and B.
3. Let V = R3; S = (1; 0; 0); (0; 1; 0); (0; 0; 1). Then span(S) coincides with

the whole R3: More generally if V = Rn thenV is spanned by the set of basic
vectors(1; 0; :::; 0); (0; 1; :::; 0); :::; (0; 0; :::; 1).

8.11 Theorem. Two subsets S1 and S2 of a vector space V span the same
subspace if and only if every vector of S1 is a linear combination of vectors of S2
and every vector of S2 is a linear combination of vectors of S1.
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The proof is left as an exercise.

8.12 Examples.
1. Vectors a = (1; 2; 3); b = (0; 1; 2);and c = (0; 0; 1) span R3. Indeed, we know

that R3 is spanned by the vectors i = (1; 0; 0); j = (0; 1; 0) and k = (0; 0; 1):Thus
we need to show that the sets a; b; c and i; j; k span the same subspace. By the
previous theorem, we need to show that every vector from the �rst subset is a
linear combination of vectors from the second subset and conversely every vector
from the second subset is a linear combination of vectors of the �rst subset. It
is clear that a; b; c are linear combinations of i; j; k (as any vector in R3). So we
need to show only that i; j; k are linear combinations of a; b; c. This is easy to
check :i = a� 2b+ c; j = b� 2c; k = c:
2. Polynomials f1 = x2 + 2x+ 1; f2 = x+ 1and f3 = x+ 2 in the space of all

polynomials P span the subspace P2 of all polynomials of degree not exceeding
2. Indeed, it is clear that P2 is spanned by the polynomials p1 = 1; p2 = x and
p3 = x2: So we need to show that the setsf1; f2; f3 and p1; p2; p3 span the same
subspace. It is clear that f1; f2; f3 are linear combinations of p1; p2; p3. Conversely,
it is easy to check that p1 = f3 � f2; p2 = 2f2 � f3; p3 = f1 � 3f2 + f3:
3. Let a = (1; 2; 3; 4); b = (3;�1; 5; 2); c = (�1; 2; 0; 1); d = (2; 1; 4; 5): De-

termine whether spanfa; bg=spanfc; dg. We need to check if a and bare linear
combinations of vectors candd, and whetherc and d are linear combinations of
vectors a and b. By de�nition of a linear combination, the vector a is a linear
combination of c and d if there exist x and y such that a = xc+ yd This gives the
following system of linear equations:

1 = �x+ 2y
2 = 2x+ y
3 = 0x+ 4y
4 = x+ 5y:

This system does not have a solution, so a is not a linear combination of c and
d, so spanfa; bg is not equal to spanc; d:
8.13 Apibr·eµzimas. Generuojanµci ¾a sistem ¾a vadiname minimalia, jeigu bet

koks jos posistemis n·era generuojanti sistema.
Tiesi�kai nepriklausoma sistema vadinama maksimalia, jeigu bet koks jos vir�-

sistemis yra tiesi�kai priklausoma sistema.
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Dabar pateiksime svarbias tiesiniu¾apvalkalu¾savybes.

8.14 Teorema. Jeigu vektoriu¾ sistemos v1; :::;vn vektoriai yra vektoriu¾ sis-
temos u1; :::;um vektoriu¾ tiesin·es kombinacijos, t.y. v1; :::;vn 2 [u1; :::;um] ; ir
vektorius v 2 [v1; :::;vn] ; tai v 2 [u1; :::;um] :
I¾rodymas.Paliekame i¾rodyti studentams.

8.15 Teorema . Tegu v1; :::;vn� tiesi�kai nepriklausoma sistema, o v;v1; :::;vn�
tiesi�kai priklausoma sistema. Tada vektorius v 2 [v1; :::;vn] :
I¾rodymas.Paliekame i¾rodyti studentams.

8.16 Teorema. Tegu v1; :::;vn� vektorin·es erdv·es V vektoriu¾ sistema. �ie
trys teiginiai yra ekvivalentūs:
1. v1; :::;vn� tiesi�kai nepriklausoma ir vektorin ¾e erdv ¾e V generuojanti sis-

tema.
2. v1; :::;vn� maksimali tiesi�kai nepriklausoma sistema.
3. v1; :::;vn� minimali vektorin ¾e erdv ¾e V generuojanti sistema.

I¾rodymas. 1)2:
Jei v1; :::;vn� generuojanti erdv¾e V sistema, tai kiek- vienas vektorius v 2 V

yra tiesin·e vektoriu¾sistemos v1; :::;vnkombinacija, t.y. v 2 [v1; :::;vn] =)
sistema v; v1; :::;vn� tiesi�kai priklausoma =)
v1; :::;vn� maksimali tiesi�kai nepriklausoma vektoriu¾sistema.
2)3:
Su kiekvienu v 2 V sistema v; v1; :::;vn yra tiesi�kai priklausoma sistema.

pagal teigini¾1 v 2 [v1; :::;vn] =)
v1; :::;vn� generuojanti vektoriu¾sistema. Sakykime, vektoriu¾sistema v2; :::;vnirgi

yra vektorin¾e erdv¾e V generuojanti sistema=)
kiekvienas vektorius v 2 V ( tame tarpe ir v1; :::;vn ) yra vektoriu¾v2; :::;vn

tiesin·e kombinacija=)
v1; :::;vn 2 [v2; :::;vn] =)
v1 = a2v2 + � � �+ anvn =)
sistema v1; :::;vn� tiesi�kai priklausoma, prie�taravimas prielaidai.
3) 1.
Sakykime, v1 = a2v2 + � � � + anvn =) v1 2 [v2; :::;vn] . I�teiginio 2 turime,

kad kiekvienas vektorin·es erdv·es V vektorius v 2 [v2; :::;vn] ; prie�taravimas
prielaidai.
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I¾rodyta.

8.17 Apibr·eµzimas. Vektorin·es erdv·es V vektoriu¾ sistema, tenkinanti vien ¾a
i� teoremos s ¾alygu¾, vadinama vektorin·es erdv·es V baze.

8.18 Positive examples.
1.The set of vectors V1 = (1; 0; :::; 0); V2 = (0; 1; :::; 0); :::; V2 = (0; :::; 1) is a

basis of Rn.
2.The set of vectors(1; 2); (2; 3) is a basis of R2. Indeed, these vectors are

linearly independent because they are not proportional. In order to check that R2

is spanned by these vectors, it is enough to check that (1; 0) and (0; 1) are linear
combinations of them (theorem about spans):

(1; 0) = �3 � (1; 2) + 2 � (2; 3);
(0; 1) = 2 � (1; 2)� (2; 3).

In fact, every two non-parallel vectors in the plane R2 form a basis
of R2.
3. The set of polynomials 1; x; x2 is a basis of the space of polynomials of

degree at most 2.

4.The set of matrices:
�
1 0
0 0

�
;

�
0 1
0 0

�
;

�
0 0
1 0

�
;

�
0 0
0 1

�
is a basis of the space of all 2 by 2 matrices. First we need to prove that these

matrices are linearly independent. Indeed, if we take a linear combination of these

matrices with coe¢ cients a; b; c; d, we get the matrix
�
a b
c d

�
: This matrix is

equal to the zero matrix only if a = b = c = d = 0. Second, we need to show that
these 4 matrices span the space of all 2 by 2 matrices. Indeed, every 2 by 2 matrix�
a b
c d

�
is the linear combination of our four matrices with coe¢ cientsa; b; c; d.

8.19 Negative examples
1.The set of two vectors u = (1; 2; 3) and v = (2; 3; 4) is not a basis of R3.

Indeed, although these vectors are linearly independent, they do not span R3. For
example, the vector (1; 0; 0) is not equal to a linear combination of u andv.
2.The set of four vectors u = (1; 2; 3); i = (1; 0; 0); j = (0; 1; 0);k = (0; 0; 1) is

not a basis of R3. Indeed, although these vectors span R3 (even i; j;k span R3),
these vectors are not linearly independent because u = i+ 2j+ 3k:
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Vektorin·es erdv·es dimensija.

8.20 Apibr·eµzimas. Vektorin·es erdv·es baz·eje esanµciu¾ vektoriu¾ skaiµcius vadi-
namas vektorin·es erdv·es V dimensija, µzymima dimK V arba dimV:

8.21 Apibr·eµzimas. Matricos A rangu vadinama matricos eiluµciu¾(stulpeliu¾)
tiesinio apvalkalo dimensija ir µzymima rankA: Tai maksimalios tiesi�kai neprik-
lausomos eiluµciu¾(stulpeliu¾) sistemos elementu¾skaiµcius.

Vektorin·es erdv·es dimensijos apibr·eµzimas yra korekti�kas. Tai rodo tokia teo-
rema.

8.22 Teorema( tiesiniu¾kombinaciju¾ tiesinis priklausomumas).
Tegu v1; :::;vm 2 [u1; :::;un] , t.y.

v1 = a11u1 + a12u2 + � � �+ a1nun
v2 = a12u1 + a22u2 + � � �+ a2nun

� � �
vm = a1mu1 + a2mu2 + � � �+ amnun

ir m > n: Tada v1; :::;vm� tiesi�kai priklausoma sistema.

I¾rodymas. Indukcija pagal n:
1. Jeigu n = 0; ir m > n tai v1 = � � � = vm = o , o sistema, kurioje yra nulinis

vektorius - tiesi�kai priklausoma.
2. Tegu n > 0 . Galimi keli atvejai.
i) a11 = a12 = � � � = a1m = 0: Tada v1; :::;vm 2 [u2; :::;un] ir pagal indukcijos

prielaid ¾a v1; :::;vm� tiesi�kai priklausoma sistema.
ii) Sakykime ne visi ai1 lygūs 0: Tegu a11 6= 0: Sudarykime naujus vektorius

w2 = v2 � a21
a11
v1 = 
22u2 + � � � 
2nun
� � �

wm = vm � am1
a11
v1 = 
m2u2 + � � � 
mnun;

µcia 
ij = aij � ai1
a11
:

Turime, kad m� 1 vektorius w2; :::;wm rei�kiamas n� 1 vektoriumi u2; :::;un:
Pagal indukcijos prielaid ¾a vektoriai w2; :::;wm� tiesi�kai priklausomi: egzistuoja
ne visi lygūs nuliui tokie b2; :::; bm (pvz. bi 6= 0) ; kad b2w2 + � � �+ bmwm = o ,t.y.
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�
�b2 a21a11 � � � � � bm

am1
a11

�
v1 + b2v2 + � � �+ bmvm = o:

Kair·eje lygyb·es pus·eje esanµcioje tiesin·eje kombinacijoje ne visi koe�cientai
lygūs nuliui (pvz. bi 6= 0). Taigi, vektoriu¾ sistema v1; :::;vm� tiesi�kai priklau-
soma sistema.
I¾rodyta.

8.23 I�vada. Vektorin·es erdv·es baz·eje esanµciu¾vektoriu¾skaiµcius yra pastovus
dydis.

I¾rodymas.[....]

8.24 Teorema.
1.S is linearly independent. If S is a linearly dependent set in an n-dimensional

space V and V=span(S) then by removing some elements of S we can get a basis
of V.
2. If S is a linearly independent subset of V which is not a basis of V then we

can get a basis of V by adding some elements to S.

8.25 Examples.
1. Consider the following 5 vectors in R4:
(1; 2; 3; 4); (1; 1; 0; 0); (1; 2; 1; 0); (0; 1; 2; 3); (1; 0; 0; 0):
It can be shown (check!) that these vectors spanR4. SinceR4 is 4-dimensional

(it has the standard basis with 4 vectors), these 5 vectors must be linearly de-
pendent by the theorem about bases. By the theorem about dimension we can
through away one of these vectors and get a basis of R4. By the theorem about
throwing away extra elements from a spanning set, we can through away a vector
which is a linear combination of other vectors in the set. Let us check that the
vector (1; 2; 3; 4) is such a vector. In order to �nd the linear combination which is
equal to this vector, we need to solve the system of linear equation:
(1; 2; 3; 4) = (1; 1; 0; 0) � x1 + (1; 2; 1; 0) � x2 + (0; 1; 2; 3) � x3 + (1; 0; 0; 0) � x4 .
This system of equations has the following augmented matrix:0BB@

1 1 0 1j 1
1 2 1 0j 2
0 1 2 0j 3
0 0 3 0j 4

1CCA
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Using the Gauss-Jordan procedure, we get the following matrix:0BB@
1 0 0 0j 0
0 1 0 0j 1

3

0 0 1 0j 4
3

0 0 0 1j 2
3

1CCA
Thus x1 = 0; x2 = 1

3
; x3 =

4
3
; x4 =

2
3
. So the vector (1; 2; 3; 4) can be thrown

away. The other vectors, (1; 1; 0; 0); (1; 2; 1; 0); (0; 1; 2; 3); (1; 0; 0; 0), form a basis
of R4. Indeed, they span R4 by the theorem about throwing away extra elements,
and by the theorem about dimension, every four vectors in a 4-dimensional vector
space which span the vector space, form a basis of this vector space.
2. Take two vectors (1; 2; 3; 4); (2; 1; 1; 1) in R4. These vectors are linearly

independent because they are not proportional (see the theorem about linearly
dependent sets). Thus by the theorem about dimension we can add two vec-
tors and get a basis of R4. Let us add (1; 0; 0; 0) and (0; 1; 0; 0). Notice that
when we add vectors we need to make sure that the added vectors are not lin-
ear combinations of the previous vectors. In order to check that the four vectors
(1; 2; 3; 4); (2; 1; 1; 1); (1; 0; 0; 0); (0; 1; 0; 0) form a basis of R4, we need to check
only that they are linearly independent, that is the system of equations:
(0; 0; 0; 0) = (1; 2; 3; 4) � x1 + (2; 1; 1; 1) � x2 + (1; 0; 0; 0) � x3 + (0; 1; 0; 0) � x4
has only one, trivial, solution (see the theorem about dimension). This is an

homogeneous system with 4 equations and 4 unknowns. We know that this system
has only one solution if and only if the matrix of coe¢ cients is invertible (see the
second theorem about inverses). And we know that a square matrix is invertible if
and only if its determinant is not zero (see the third theorem about determinants).
Thus we need to check that the determinant of the matrix of coe¢ cients of our
system is not zero. Maple says that

det

0BB@
1 2 1 0
2 1 0 1
3 1 0 0
4 1 0 0

1CCA = �1

Thus, our four vectors form a basis of R4.
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