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Abstract. In this paper, we consider the problem of self-normalization for one rather simple autoregressive
model X; ;s =aX;—15s+bX;s—1+¢&: s onatwo-dimensional lattice. We show that there is some similarity
between this problem and the corresponding problem for AR(1) time series model.
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1. INTRODUCTION AND FORMULATION OF RESULTS

Nearly a hundred years passed from the famous paper by Gosset [5] written under
the pseudonym “‘Student,” and now self-normalization is widely used in probability
and mathematical statistics. Let X;, i > 1, be a stationary mean-zero sequence. Then
one considers the sum S, = Y 7 ; X; normalized by the square root of the sum of
squares Vn2 =", Xl.z. In the case of independent and identically distributed (i.i.d.)
random variables, it is justified by the fact that usually good normalization is achieved
by the square root of variance of S,, which is nEX % Due to the Law of Large Num-

bers, Vn2 is a good approximation for the last quantity. At present, limit behavior (limit
theorems with rates of convergence and asymptotic expansions, large deviations) of
self-normalized sequence Vn’lSn in the case of i.i.d. is deeply investigated. There is
a large amount of literature, and we refer to [3],[4], [9], [10]. The situation becomes
more complicated for sequences of dependent random variables, and solution of the
problem for general stationary sequences is far from being completed. Some new ef-
fects comparing with i.i.d. case were noticed in [7] for exchangeable random variables.
Recently, in [8], a specific form of dependence was considered, precisely, it was sup-
posed that X;, i € Z, is AR(1) process obtained as a solution of the equation

Xi=pXi—1+¢i,

where |p| < 1 and ¢;, i € Z, is a sequence of i.i.d. random variables with Ee; =0 and
finite variance. It is well known that, in this case, X;, i € Z, is a stationary sequence
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which can be expressed as the infinite series
o.¢]
Xi:ZPJSifj- (D
j=1

In [8], two results are proved. Let us denote by N (a, o2) the normal distribution with

mean a and variance o2.

THEOREM A [Theorem 1 of [8]]. If X;, i € Z, is defined by (1) with Eg1 = 0 and
Ee% < 00, then

D

V’lSn—>N(O 1+’°).

,l—p

In practice, having only observed values X;, 1 <i < n, the appearance of the un-
known quantity p as a parameter of the limit distribution is unpleasant. One way to
overcome this difficulty would be taking some estimator p,, (for example, the least-
square estimator) and proving that

1= 5,\1/2
(152)" s,
L+ pn

is asymptotically standard normal. However, the authors of the above-mentioned paper
suggested another (to our mind, simpler) approach by taking self-normalization by
blocks. Assuming that n =m N, with both m, N integers, they introduced the random
variables

Yi= Y X;, j=12...N,
(j—Dm<i<jm
and

Ul=Y]+...+7}%.
THEOREM B [Theorem 2 of [8]]. Under the conditions of Theorem A,

Uy 'S, 2> N, 1),

provided that m — oo and m/n — 0 as n — oo.

Juodis and Rackauskas [8] proved some results on self-normalization for more gen-
eral linear processes, but we confine ourselves with these two results, since our goal
is to consider self-normalization for sums of multi-indexed random variables (random
fields). A general problem can be formulated as follows. Let X, k € 7%, be a sta-
tionary random field, and let D, be some sequence of increasing (D, C D, ) finite
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subsets (with growing cardinality) of Z¢. Then one is interested in the limit behavior
of the self-normalized sequence

E:DnXZ
(ZD,, X%)l/i-

If X¢, k € Z4, are i.i.d. random variables, then the problem can be easily transformed
to the self-normalization problem for usual sums S, only over some subsequences (de-
pending on the cardinalities of sets D,,). But if the random field has some dependence
structure, then the problem is even more difficult comparing with processes, since this
dependence structure (spatial dependence) can be more complicated comparing with
dependence in time series. Another degree of complication is added by sets D,,, and
there can be even interplay between the dependence structure and the form of sets of
summation.

The goal of this paper is rather modest: to generalize above formulated two results
for the simple spatial autoregression model and very simple sets D,, in the case d = 2.
We consider one of the simplest autoregression models,

Xt,s :athl,s“‘bXt,xfl + & 5. 2)

We suppose that ¢; g, (¢, 5) € 72 are i.i.d. random variables with Eg; s =0and Ee%s =
1. We also assume that |a| + |b| < 1; this condition guarantees that there is a stationary
solution for (2) which has the expression

ook k ) )
X, =% ( j) S )
k=0 j=0

For integers [y, [», let us denote y(, 1,y = EX; s X144, s+1,» Where X, ¢ is from (2). In
[2] (see also [1]), it is shown that

Y0.0):=((14+a+b)14+a—b)(1—a+b)(l —a—b)"'2,

Vi = | (@ =a? =00 = DQ@abye)~Hif ab #0,
LD~ 0 otherwise.

Set
o(@,b)=(1—a> = b1 —a—b)"2(1 4+ 2aby_1.1) "
Finally, let us denote M, = (My,1, M, ) and

D, ={(t,9): (t,5) €Z? 1<t< My, 1<s<M,,).

(In the sequel, we suppress the index n in the notation when there is no danger of
confusion.) Now our first result can be formulated as follows.
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THEOREM 1. If X; s is a stationary solution of (2), random variables &; s satisfy
the above formulated conditions, and min{M, M} — 0o as n — 0o, then

Z(I,S)EDn Xt,_y
(Cyen, Xi)'?

2, N, 0%(@. b)). )

Such a result probably holds for more general spatial autoregression processes

X;ZZG,;X;?;;-FG; Q)
kea

or general linear fields

kezd
under some mild conditions on the coefficients a; and b;. Here t = (1, ..., tq), b=
(b1,...,by), a=(ay,...,aq), A is a subset of 74 \O, ¢,1 € 74, are i.i.d. random

variables with mean zero and finite variance. Taking the simple set
d
Ay={iez”0<) i;<1,0<ij, j=1.....d
j=1

in (5), we get the following generalization of Theorem 1 which we formulate without
proof, since it is completely similar to that of Theorem 1, only with a more complicated
expression of variance of limit law.

Denote

Hy={(t1,....19) €Z°,1 <1; < M, ;}.

THEOREM 1A. Let a stationary real-valued random field X;, t € Z%, be defined
by (5) with the set Ay and Z,;Em lag| < 1. Suppose that Ee; =0, Eetg < oo, and
min; M, ; — oo as n — oo. Then

ZI_EH,, X7

D 2
teH, 7

Here 052 is a constant depending on a = {ag, k € Ay} and dimension d.

This result shows that the dimension d of the indices is unimportant in the problem
of self-normalization (on the contrary, as is shown in [11], the dimension is very im-
portant considering the growth of variance of a spatial autoregression model with unit
root).
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The dependence of the variance of the limit normal law in (4) is more complicated as
compared with corresponding result in Theorem A. Therefore, the attempt to get rid of
this dependence by estimating unknown parameters a and b does not look promising,
while the approach proposed in Theorem B is attractive. To this aim we divide the set
D,, into smaller rectangles. Assuming that | <m| < M and 1 < my < M, are integers

(also depending on n) and such that [ := Mlnf1 and J := Mszl are integers, we
p g 1 2 g

setmy;:=mi(i —1), my;:=my(j — 1), and
Dl]_{(ts) my;+1<1t< m11+1,m21+1 RIS m2]+1}
1<i<I, 1<j<J.
If we define
Z XZ,S,
(I,S)ED,',_/'

then, since D, = Ul.1=1 UJJ=1 D; ;, we clearly have

I
2, Xes=).D Vij.

(t,s)eD, i=1 j=1

Since the two sums from the last equality will be used several times, we introduce
the notation

I
X Xe=) )
(t,5)eDy i=1j=1

THEOREM 2. If conditions of Theorem 1 are satisfied and additionally

. mimy
min(my, mp) — o0 and ——
1 M>
as n — oo, then
*
X
2 X 2, N, D).

(Z*YZ )1/2

2. AUXILIARY RESULTS

In this section, we collected some supplementary results which are used in the proof
of Theorems 1 and 2. To formulate them we need some additional notation. The inner
radius d(G) of a set G C Z< is defined by

d(G) = sup{r: 3 ¢ such that B(r,c) N 74 c G}l.
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Here B(r,c) denotes the ball of radius r and center ¢ with respect to ||Xx|co =
max| g j<m X1

Letzj, j€ 74, be the translation operator defined on (R)Zd byt;j(§)=1{5+j. i €
7). Denote by A the o-algebra of invariant sets of (R)Zd: a Borel set A € A if and
onlyifz;(A) = Aforall j € 74 By T =&~ 1(A) we denote the o-algebra of invariant
sets of the field &. The random field & is called ergodic if its o -algebra 7 is trivial. For
example, if £ ={§;, i € 74} are i.i.d. random variables, then & a is stationary ergodic
random field. If n = {n; = g(7;(§)), i € Zd}, where g is a measurable mapping from

(R)Zd to any measurable space and if £ is ergodic, then 7 also is ergodic. The following
result is the law of large numbers for ergodic random fields.

THEOREM C [Theorem 3.1.1 in [6]]. Let X = {X;,i € Zd} be a stationary real-
valued random field with E|X;|P < oo for some 1 < p < o0.

() Let G, C Z8 be a sequence of convex and bounded sets such that d(G,) — oo.
Then

_ L?
Gal™" ) Xi = E(X|D). (6)
ieGy

Here 1 is a translation invariant o -algebra of the process X.
(1) If additionally G, C G,41, then convergence in (6) is a.s.

In our proofs, we need the following lemma, which is a corollary of Theorem C.

LEMMA 1 [Corollary 3.1.1 in [6]]. Let X ={X;,i € Zd} be an ergodic stationary

field, and let g: RZ' — R be an integrable function.
(a) If G, is a sequence of bounded convex sets such that d(G,) — 00, then

Gl Y g (X 0 7) > E(e(X)).

ieGy
(b) If the sequence (G,,,n > 1) is increasing, then the limit relation holds a.s.

The next two lemmas were proved in [4].

LEMMA 2 [Lemma 2.1 in [4]]. Let r,k,n,my,...,m, be positive integers such
that 1 <r<k<n, mj =21 foralli,and m| + ...+ m, =k. Definen, = [%] and s =
#{i <r: m; =1}. Then, for any set of i.i.d. random variables &;, i < n, the following
inequality holds:

).

N N I A 2
o Ko ) i < (3] 7
1y eees My (Zlglgnsl) / (Zléiénr Sl) /
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LEMMA 3. [4]. Let (§;, j € Z) be a sequence of i.i.d. r.v’s with E§y =0 and
& € DAN. Then the sequence

—1/2
(Y a) (X e s
1<i<n 1<i<n
is stochastically bounded and

Yi<i<nbi
QCrcicnEDV?
Here the abbreviation X € DAN means that X belongs to the domain of attraction

of normal law. Lemmas 2 and 3 are important tools in the proof of our results. We also
use the following theorem from [1].

supE‘ ‘<oo.
n

THEOREM D [Proposition 1.3 in[1]]. Suppose that X, s is the process defined by (2)
with |a| + |b| < 1. Then

_ Xi_ D
M M 1/2 EZ,S t—1,s N O, 2 ,
(M1 M>) . S)ZED € Xis1 —> N(0, Zy 5)

where N(0, X, ;) denotes the two-dimensional normal law with mean zero and the
covariance matrix
Tap = Y0.0 V=11 )
Y(-1,1) Y0,0)

The quantities y(,0) and y 1,1y were defined before the formulation of Theo-
rem 1. The original formulation of Theorem D in [1] was slightly different from
ours. The result in [1] was actually proved for triangular domains 7, = {¢,s: 0 <
t+s, max(t,s) < n}; however, it is easy to see that the same result can be proved for
the domains D,, considered in this paper. One would have to follow the original proof
and make some minor changes.

3. PROOF OF THEOREMS

We start the proof of Theorem 1 by introducing more notation:

Xo =Y "€l Ry:=|Dyl =M, My >,
Zni=3"Xrs FFi=3"X7,.

Using (2), we have

Z, :az*xtfl,s +bZ*Xt,s71 +Z*€t,s- (7)
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Since

M, M»
Z, = Z*XZ*I,S + ZXMl,s - ZXO,s,
s=1 s=1

M, M,
Zn=Y"Xis 14+ Xemy— Y _ X0,
t=1 t=1

we easily obtain

Zy=(0—-a-b)"Y ¢ —(1—a—b)"'RD. (8)
Then we get
Fy'Zy = Co(An + RO 17D,
where
*
Al’l == Z et d ’
Xn
M, My M, M,
RV=bY"Ximy+a) Xuys—a) Xos—bY Xio,
t=1 s=1 s=1 t=1
and

C2=(1—a—b) >x2F>.
From the classical theorem for the self-normalized sequences we know that

A, B N (0, 1). We will show that Xn’lR,(ll) —P> 0 and C, —P> o(a,b). From these three
relations we shall get (4).

The proof of the fact R,(ll) Xy 1 £ 0 consists of two parts: the first one is the classical
law of large numbers,

2
X a.s.
R 9
R, 9
and the second one is the relation
Ry 'PRD Ls o, (10)

To prove (10) we use the Chebyshev inequality: for all # > 0,

2
P (|R,(11>| > hR,i/z) <h72E (R,gD) R

n
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We have
ER\")? =Ky + K2 + K3 + Ka,

where

My, M, My M,
Ky =+42ab) > EX;p,Xuys +2ab Y Y EXosX10.

t=1 s=1 t=1 s=1

M, M, M, M,
K3y=—2ab) > EX;m,Xos—2abY Y EX;0Xu,.s.
t=1 s=1 t=1 s=1
My M, M, M

Ky=—2b"Y "> EX;m,X10—2a> Y Y EXpy s Xos-

t=11=1 s=1s=1

Having stationary solution (3), it is easy to estimate the covariances of the process X; g
and we use such estimates from [1]:

Va,) < (1= (lal + b))~ (Jal + [pplIHE (11)

This estimate of the covariances together with the stationarity of the process allows us
to get the following bounds for all K;:

|K1| < C4b>M, + 4a’M>),
K2l <C, |K3|<C,
K4l < C@b*(Jal + bDM2 M, + 4a>(la| + [b)™ My).

From these estimates we get (10).
The last step in the proof of Theorem 1 is the estimation of C,,.
We can rewrite C,, as

C2=(1—a—b)’x2R,'F,*R,. (12)

We have (9), therefore, it remains to find a limit for F, ZR,.



A note on self-normalization for a simple spatial autoregressive model 229
We split the quantity Fn2 into four parts:
F2=FVY+F? +R® + ¥ ",
where

1 a? 2

Fn() ZXI 1s+bZth 1’

Fi? =2aby " X 1,5 X151,

R,gz) = ZaZ*Xt,LSGLS + ZbZ*Xt’Sflet’s.

Using the obvious identities
M,
*y2 2
Z Xt,s t 1s+ZXM1S ZXO,s’
s=1

YXL =YX 1+sz M szo’

we get
FV) =@+ 01y * X2 +RP
and
F2=(1—a?—b»~" (F(2>+R(2>+R(”+Z = S). (13)
Here

R® = bZZXt(ﬁ—aZZXOS —bZZXt iy —aZZxM1 .

Due to the stationarity of the process X, ; we can write

M,

E inz = My, 1Y0,0)
t=1

therefore,

IZXI M,

Since all the other summands in R,({) can be dealt in the same way, we get

RR® L. (14)
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Setting g(X) = Xo,0X—_1,1, from Lemma 1 we find

_ P
R7'E® 5 2aby_1 1y (15)

Theorem D implies that R, l 2R,(12) £> N(0,6, ). The expression of the variance

B4 = (4a® +4b%)y(0.0) + 8aby(_1.1)) can be also found from Theorem D. Therefore,

R'RD Ly, (16)

Collecting the obtained relations (12)—(16), we get

C, 25 o(a.b).

Theorem 1 is proved.
Proof of Theorem 2 uses some steps of the proof of Theorem 1. We want to prove
the relation

> Vi
172

The nominator in (17) is simply Z,, and, since we already have relations (8) and (10),
it is easy to see that, in order to prove (17), we need to show that

L, N, D). (17)

Y2,
hi(l —a—b)2 (18)

n
Similarly to relation (7), using the definition of the process (2), we can write
Yij=¢C;+wij+n;
and
Yi%j = fz‘%j + Kiz,j + fliz,j +2(&i, jki,j + Cijmi,j ki jnij)- (19)
Here

myi+1 m2, j+1

Gi=(U—a=b)~" 3" Y e

t=my;+1s=mj j+1

myi+1

Ki j = b(l—a— b)71 Z (Xt,mz’_/- - Xt,mz,_/-ﬂ)’

t=mp ;+1
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my j+1
Ni,j = a(l —a — b)il Z (Xml,,-,s - Xml,,-ﬂ,s)-

s=my j+1

We will show that the main input into sum (19) is given by the term {f i while all
the remaining terms are negligible. From the definition of ¢; ; we have the equality

A—a=bY¢ki= > e+ D > eseny. (20)

(t,S)ED,',_/' (t,S)ED,',_/' (tl,Sl)ED,"_/'
(1.9)#(t1,51)

Lemmas 2 and 3 give the following estimate for the expectations of summands in (20)
with (7, 5) # (11, 51):

et,setl,sl

LIS CR,.
Xin

n

‘ E

Simple calculations lead to the estimate of the expectation

~ _ mipmy
Z* Ex, 2 Z Z €1,5€1,5 | S CIJ(mlmZ)an g <C )
(t,5)€D; j (t1,51)€D; '
(t,8)#(11,51)

This estimate gives us

Y, Y Y fstm B 21)

2
(t,5)€D;,j (t1,51)€D;, Xn
(t,5)#(11,51)

and from (20) and (21), taking into account (9), we get

RN ¢ —a—b) 22)
irj

Now we estimate the remaining terms in (19). From the definition of «; ; we have

myi+1 myi+1

(U—a=b?7%C = 3 3 Xem Xum,

t=my ;+1t1=my ;+1

myi+1 myi+1

-2 Z Z Xt,mz’_/'XthmZ,_H»l

t=my ;+1t1=my ;+1



232 V. Paulauskas, R. Zové

miyi+1 myi+1

+ Z Z Xf~m2,./+1Xf1~m2,./+1'

t=my ;+1t1=my ;+1

The stationarity of the process X; s ensures that the expectation E /cl.2 i is estimated by
the sums of covariances:

myi+1 myi+1

E Z Z Xf’mz,./ Xf1~m2,./

t=my ;+1t1=my ;+1

mj
<2m1 Y Ivol,
k=0

myi+1 miyi+1 mp mi
E E E Xt,mz’_/th,mz’j+1 < E E |yl*t1,m2 s
t=my ;+1t1=my ;+1 t=1 =0
Mii+l Mgl

E Z Z Xf’mz,./‘ﬂxfhmz,./ﬂ

t=my ;+1t1=my ;+1

mi
<2mi ) lyiol.
k=0

Using estimates of covariances (11) in the same way as in estimating quantities
K;,i=1,...,4, we easily get

RVEY 7 <CIImR; ' < Cmj3'.
From this it follows that
_ P
R'Y kP —>0, (23)

and in a similar way one can get

2
2Tl £0. 24)

n

Having relations (22), (23), and (24), the remaining sums of products of ¢; ;, n; ;,
and «; ; are estimated using the Cauchy inequality; for example,

172 172

LR k| <€ (LuekiRy ) (S Ry
From (22)and (23) we get
—1 P
|R, 'Y i jki j| — 0. (25)

The same relation holds for other two sums. From (22), (23), (24), and (25) relation
(18) follows, and Theorem 2 is proved.
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REZIUME

V. Paulauskas, R. Zové. Pastaba apie paprasto erdvinio autoregresinio modelio autonormavimq

Straipsnyje nagrinéjamas gana paprasto autoregresinio modelio X; ; = aX;—1 s +bX; s—1+ &5, apibrézto
dvimatéje sveiky skaiciy gardeléje, autonormavimas. [rodomos dvi teoremos, apibendrinancios analogiSkus
[8] darbo rezultatus autoregresinio proceso AR(1) atveju.



