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Abstract

We consider linear random fields and show how an analogue of the
Beveridge—Nelson decomposition can be applied to prove limit theo-
rems for sums of such fields.
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1 Introduction

In a recent paper [15], we considered the self-normalization problem for the
particular spatial autoregressive process

}/t,s = a}/t—l,s + bY;f,s—l + Et,s) (1)

where ¢, ¢, (t, s) € Z* are i.i.d. random variables with Ee; 1 = 0 and Ee?| =
1, and |a| + [b] < 1. Investigating the limit behavior of
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we essentially used the well-known representation of the stationary process
Yis,

© ForEN
}/t,s = Z Z ( ) jbki]Et—j,s—k—&—j-
k=0 7=0 J
It was clear that the next step in the problem of self-normalization for sums
of dependent random fields is to consider general linear fields, as it was done
for time series: in [5] self-normalization was considered for a simple AR(1)
process, and in [6] for general linear processes.

Let Xy = > 70 Ckéi—k, t € Z, be a linear process, where ¢;, i € Z, are
i.i.d. random variables, and ¢; and ¢; are such that X; is correctly defined (se-
ries converges a.s.) and is a stationary process. There are several approaches
to investigate sums of (dependent) random variables ) ;' ; X;. One of them
is based on the so-called Beveridge—Nelson decomposition (BND) of linear
processes, which was successfully used in [6]. This decomposition is a purely
algebraic identity and can be easily formulated. Let, as usual, L denote the
lag operator (Le; = €;—1). Then BND can be formulated as follows.
Proposition 1. ([1] or [16]). Let C(L) = >_72 ek LF. Then

C(L)=C(1) - (1= L)C(L),
where C(L) = Y32 & LF, &, = >k G If p > 1, then

oo (o @]
D iPlelP <00 = D[P <o and |C(1)] < .
j=1 k=0

If 0 <p <1, then

o o0
Zj[cj\p <o = Z\Ek]p < 00.
j=1 k=0



It is important that this decomposition can be applied to an arbitrary
sequence {g;}; namely, if X; = C(L)ey, then

a," > X =C(1)a," > e+ Ry, (2)
t=1 t=1

where R, is of relatively simple structure. Having (2), the next step is to
prove that, under appropriate moment conditions on {e;} (which usually
are assumed to be i.i.d. or martingale differences) and on the coefficients ¢;,
R,, — 0 in probability or a.s. Thus, limit theorems for > | X; are reduced
to the corresponding limit theorems for ;' | e;. Using this approach, it is
possible to prove the Law of Large Numbers (LLN), Strong LLN (SLLN),
Central Limit Theorem (CLT'), and Invariance Principle (IP). The existence
of variances of ¢, and X, is not essential, and it is possible to investigate the
case where ¢;’s are heavy-tailed. It is also possible to use BND when con-
sidering the limit behavior of > 1 ; X? (such sums appear while considering
self-normalization, but they are also important in other problems). All these
possibilities are demonstrated in the fundamental paper [16] by Phillips and
Solo, which was inspiring for this paper.

It was not difficult to write decomposition for a general linear field (see
(4) and (12) bellow), and, as application of this decomposition, we proved
SLLN and CLT for sums Zt, seD, Xt.s, where D, is some increasing sequence
of subsets of Z2, and Xi.s is a linear field. Later we found that such a decom-
position was obtained in a recent paper [10] by Marinucci and Poghosyan;
on the other hand, working on BND analogue for fields without knowing
the results of [10] had some advantage: we proved some new relations (that
were absent in [10]) between the initial coefficients of a linear field and the
coefficients in the decomposition.

It is possible to formulate results in the case of random fields over Z¢
however, since there is no essential difference for all dimensions d > 2, except
the notation and formulations that are not so transparent, we restricted
ourselves mainly to the case d = 2, and only in Subsection 2.5.1 we formulate
the decomposition for general d. One can say that the situation for LLN and
CLT for linear fields is almost the same as that for linear processes, while
for SLLN and IP, we noticed some differences: even for the most simple sets,
squares, we were able to prove SLLN for random fields under the condition
E|€t75]1+ﬁ < 00, B> 0. On the other hand, it is clear that, for such simple
sets, the result holds for 7 = 0 and it is natural to expect that it can be
proved using BND. For rectangles, the situation is more complicated, see
Subsection 2.5.2. The same situation is for IP. If in [16] IP (the convergence



to a Wiener process) was proved under a natural second-moment condition,
all our attempts to prove (we tried direct and indirect applications of BND)
an analogous result for fields failed; all calculations showed that the existence
of moments of order > 4 is needed. The same result is in the above-cited
paper [10], where IP for linear random fields (for an arbitrary d) was proved
assuming the existence of moments of innovations of order ¢ > 2d. Thus, the
question whether the IP for linear random fields can be proved using BND
and under a second-moment condition remains open.

The paper is organized as follows. In Section 2 we formulate the obtained
results. In Subsection 2.1 BND for random fields and some properties of
coefficients are formulated. In Subsection 2.2 we directly apply BND to
prove SLLN and CLT. In Subsection 2.3, as in [16], we indirectly use BND
to obtain new results for SLLN and CLT. In Subsection 2.4 a limit theorem
for the sum Zt,se D, Xt%s is formulated. In the last Subsection 2.5 various
generalizations and some directions of further research are discussed. In
Section 3 we collected auxiliary lemmas, and Section 4 contains the proofs
of the results stated in Section 2.

2 Formulation of results

2.1 Decomposition of linear random fields

Let

Xis= Y ¢riciksts (L,s) €27 (3)
1120

be a linear random field. We assume that the i.i.d. random variables &, 5, (¢,s) €
Z? and coefficients ¢r, are such that the series defining X; s converges a.s.
Let L = (L1, L2) be the lag operators defined by

ngt,s = €t—1,s, L25t,s = Et,5—1-

We denote by £, the condition

> (BT pralP < oo,
fd>0

where ¢* =i for ¢ > 1 and 0* = 1; we also denote £, := L, . Let

(L) = > prLiLh.
fd>0
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To formulate the main result of this subsection, we need the following nota-
tion:

H1 = ¢(17 1) = Z Pk,

k>0

As(L) = @*(L)As(L), Ag(L) = (1—Lq)(1 — Lo),

* _ * Tkl *
o (L) - Z SOkJLlLQa @k,l - Z Pijs
k>0 i>k+1,52>1+1

A1(L) = B(L1)A1(L1) + D(L2)Ar(L2),  Ai(Li) = (1= L),

B(Ly) =Y "biL], bi=¢5 1= Y o

j=0 1>2j+1,k>0
_ J % _
D(Lz) = E diLy, dj=¢Z,;= E Di k-
>0 i>0,k>j+1

Theorem 2. The following identity holds:
®(L) = p1 + Ax(L) — Ay (L). (4)
The relations

D letalP < oo, D Ibil? < oo, Y IdslP < 00, < oo (5)

k,l>0 j=0 j=0

hold if either condition L, in the case 1 < p < 0o or condition L, in the
case 0 < p < 1 is satisfied.

As already mentioned, relation (4) was proved in [10], while the relation
for the coefficients is new. Since there is an interplay between the moment
conditions for innovations e;5, (t,s) € Z?, and conditions on the coeffi-
cients ¢y, such relations are important. In [10] the only condition on the
coefficients is formulated as

Y el < oo

k1>0i>k+1,7>1+1

which is essentially condition £; in our notation.



2.2 Direct application of the decomposition

One and probably the main application of BND of linear random fields is
limit theorems for appropriately normalized sums Zt, seD, Xt,s; where Dy,
is some increasing sequence of subsets of Z?, and normalizing constants
depend on the cardinality of sets D,. We shall take the most simple sets
D, ={(i,j) € Z%:1<i<n, 1<j<n}. In the last subsection we discuss
the possibility to consider more general sets, but in Subsections 2.2-2.4 the
notation ), .. means summation over the above-written square. Let us

denote
Sn = § Xt,87 Zn = § Et,s-
t,s€Dy, t,s€Dy,

Remark 3. Since the main goal of the paper is to show the reduction from
Sy, (sum of dependent random variables) to Z, (sum of i.i.d. random vari-
ables), choosing simple sets D,, has the following advantage. Limit theorems
for Z, can be obtained from classical one-dimensional sequences if we take
amap h:{(i,j):4>1, j > 1} — N such that Z, = Z,2, where

n
Zn: § glm
k=1

and &, = g4 if k = h(t, s).

In the sequel, we shall use this observation without mentioning.
From relation (4) we get the following result.

Proposition 4. The following relation holds:
Sn = 1112y + Ry, (6)
where

R, = fn,n - gn,O - gﬂ,n + §0,0

+ nn,n - nO,n + Cn,n - Cn,Oy (7)
57575 = Q*(L)gt,s = Z @Z,lgt_k75_l7
k>0
n
Ntn = th,& Et,s = B(Ll)gt,s = Z bj€t—j,s,
s=1 7>0

n

s = A” A’ — s = i€t,5—j-

Cn,s ths 6t3_D(L2)5tS_Zd35ts j
t=1

Jj=0



From this proposition it is clear that limit theorems for S,, are reduced
to limit theorems for sums of i.i.d. random variables if we prove that, after
appropriate normalization, the remainder term R,, tends to zero (in proba-
bility or a.s.). By direct application of BND, as in [16], we mean that for
estimation of R,,, we use (7), while indirect application means the estimation
of R, using the equality

R, =5, — p1 Zn,

that is, only the fact that .S, is approximated by w1 Z,. We say that SLLN
and CLT hold for S, if

— a.s.
n=28, L% 0

and
nilsn i> N(Ovu%)a

respectively. Here N(0,0?) stands for a normal random variable with mean
zero and variance o2 (and, as is usual in limit theorems, the same notation
is used for the distribution of this normal random variable).

The first and rather easily obtained result can be formulated as follows.

Theorem 5. Suppose that 15, (t,8) € Z? are i.i.d. random variables with
Eeoo = 0, Eedy =1, condition Lo holds, and puy # 0. Then SLLN and CLT
for Sy hold.

The existence of the second moment of €g ¢ is natural for CLT to hold
(most probably, it is possible to prove CLT for S,, with appropriate normal-
ization using BND under the assumption that o belongs to the domain
of the attraction of a normal law), but this is not the case for SLLN. The
assumptions Fegp = 0 and Flegg| < oo, together with some condition on
coefficients {yy,;}, would be natural for SLLN to hold. Such a result for
linear processes is obtained in [16]. Our result is a little bit weaker.

Theorem 6. Suppose that €15, (t,s) € Z? are i.i.d. random variables with
Eego = 0 and Elego|'TP < oo and that condition L1445 holds for some 1 >
8> 0. Then SLLN for S, holds.

By direct approach it is not difficult to prove a limit theorem in the case
where innovations have infinite variance. Let us assume that €9 belongs
to the normal domain of attraction of a stable random variable n, with
0<a<?2, FEep=0,if a>1, and ggp is a symmetric random variable if
a = 1. The normal domain of attraction is assumed only for simplicity, in
order to avoid slowly varying functions in formulations. Such assumptions
mean that

n_Q/O‘Zn -4, Na-



Theorem 7. If 9o satisfies the above-formulated assumptions, condition
Liaif0<a<lorLlyifl <a<2 holds, and 1 # 0, then

n72/aSn i> M1

In [11] such a limit result for rectangles instead of squares and under a
weaker assumption on the coefficients ¢y, ; is proved in the case 1 < a < 2,
but the proof is much more involved.

2.3 Indirect application of the decomposition

In this subsection from the decomposition we use only the fact that 5, is
approximated by p1Z,. We have the following result.

Theorem 8. Suppose that et 5, (t,s) € Z?, are i.i.d. random variables with
Eepo = 0, and conditions Zk,l>0 lok,i| < 0o and py # 0 hold. If Blego|? = 1,
then CLT for Sy holds, and if Elego|'t? < oo for some 1/2 < 8 < 1, then
SLLN for S,, holds.

2.4 Limit theorem for sums of squares

In [16] it is shown that BND can be useful to prove limit results for Y, X7,
where {X;, t € Z} is a linear process. Similarly, decomposition (4) can
be used to investigate limit properties of D XZ s with X; ¢ being a linear
random field. Although we must admit that the notation and proofs become
more complicated, on the other hand, it is difficult to believe that there can
be a very simple approach to deal with such sums. To formulate our result,
we need some more notation. We set (always keeping in mind that ¢ ; =0
if k<0orl<D0)

Uil tptr = PkiPhtpltrs Kk, L,p,m >0,
Uk ltptr = Z Vijtptrs K lLpr =0,

i>k+1
J>l+1

Vipir(L) = D piaperLiLh, i, o0 (L) = Y ¥h, 14, LYLS,
k>0 k,1>0

* .
bjtptr =5 1 4ptr = Z i kPitpktrs J, P, 7 =0,
k>0
i>j+1
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* .
dj,:l:p,:l:T’ = lpfl,j,ip,ir = Z QOk,iSOk:tp,i:tra 5,P,T 2 0.
k>0
i>j41

We also define that lag operators act for product of random variables in the
following way:

L]lezgt,snu,v = &t—k,s—1Mu—k,v—1-
Proposition 9. a) The following formal relation holds:
Xty = poei,+ (Aop(L) — Boo(L1) — Coo(L2))ei s (8)
+ o1 (Bap e + Aup ar(L) = Bapar(L1) — Cuapar(L2))et s€tap,srs

where >." means that there are four sums with all possible combinations of
signs, and, for all p,r > 0,

M2 = Z 1/}]3,[’

k>0

ptptr = Vip +r(1,1) Z Wi, p,£rs

k,1>0
Ay (L) =05 (L)Ao(L) = T LYLL(1 — L1)(1 — L)
+p,Er +p,Er 2 kl+p,£rt142 1 2),
k,1>0
B:I:p,:l:r Ll Z bj +p, :I:’/‘ 1 - Ll)
7>0
Cip+r(L2) Z dj+p+rLh(1 — Ly).
Jj=0

b) Summing relations (8), we get

Z Xt2,s = K2 Z €t2,S + Rn2, 9)
Dn

Dp,

where R, 2 is obtained in obvious way, and its expression will be given in
the proof of the proposition.

The properties of the coefficients involved in (8) will be given in Lemma
15.

Relation (9) means that SLLN or CLT for squares of X; 4 is reduced for
SLLN or CLT for squares of €, if we are able to prove that after appropriate
normalization the remainder term in (9) tends to zero a.s. or in probability.



As an example of the result obtained in this way, we formulate the following
theorem. Without loss of generality we may assume that, for all k,1 > 0,
o1 # 0. We shall require the following technical condition: for some C' > 1
and all k,1 >0,

9012+k,j+l < C%Z,j- (10)

Theorem 10. Assume that Ecog = 0, Eaao =1, and Li4c2 for some
e >0 and (10) hold. Then

2 2 as. 2 2
n E Xis — 2 = EX§y= E Dk i-
Dn ke 1>0

2.5 Various generalizations

In this section we present several possible generalizations of the results stated
in the previous subsections.

2.5.1 Decomposition in higher dimensions

As was mentioned, BND for general d-dimensional linear fields was written
n [10], but it seems that, for practical work with this decomposition, it is
better to write it in a little bit different form, separating terms having the
same “degree” of differencing operator 1 — L;, as this was done in (4). To
make this statement more clear, we shall write this form of decomposition
in the case d = 3. Let now L = (L1, Lo, L3), let L be obtained from L
by dropping L; from the latter, and let Az(L) = (1 — L1)(1 — La)(1 — L3).
Denote
L) = S g SLLLE.
k,l,m>0

Then we have the formal decomposition

(L) = (1) — A3(L) + Ax(L)) — Ay (L), (11)
e Az(L) = @*(L)As(L),
3 5
Ap(L) = ; 03 ;(Lj)Ax(Ly),  Ai(L) = jz_:l @7 5(Lj)A1(Ly),
L) = > GrmIA ALY, O = > iy

k,l,m>0 i>k+1,j>1+1,h>m+1

10



and it is clear how to write expressions for @3 ;(L;) and ®7 ;(L;). For arbi-
trary d, BND has the form

B(L) = (1) + 3 (-1 Ai(L), (12)

where now L = (Lq,...,Lg), 1 = (1,...,1), with obvious definitions of
polynomials A;(L). The relations between coefficients in the general case
also can be easily obtained.

Having the decomposition (11), one can obtain limit theorems for sums
> p, Xt,s,us where now Dy, = [1,n]> N Z* (the same can be said about the
case of arbitrary d). To this aim, one can write

Z Xt,s,u = CD(]-) Z Et,su + Rna
Dy, Dy,

where R, = Rp1+ Rpo + Rps and Ry, ; = ZDn Ai(L)et,su. Each term of
the remainder R, has a rather simple structure (the same as that in the
case d = 2); for example, Ry, 3 = ZDn A3(L)et s, can be written as

Enmn — €nn0 — En0mn — €0nn T €n,0,0 T €0,n,0 T €0,0n — €0,0,05

where

A * *
Etsu =P (L)et,S,u = E Pl lmEt—k,s—lLu—m-
k,l,m>0

The terms R, 1 and R, > can be written similarly. Having these expressions
of R,, it is not difficult (under appropriate conditions) to generalize the
results of Subsections 2.2 and 2.3 (we did not consider Y, X7, , only for
the reason that calculations became too lengthy).

2.5.2 More general regions

Now we return to the case d = 2 and discuss the possibility to consider more
general regions than squares D,, = [1,n]?> N Z2. As was demonstrated, the
success of the decomposition (both in the cases d = 1 and d > 2) depends on
the fact that the structure of the remainder R,, obtained after summing over
D, is rather simple, and this fact is due to the simplicity of the boundary
of D, (in the case d = 1, the set D,, is simply an interval, and the boundary
consists of two points). It is clear that if we take an arbitrary increasing
sequence of sets A, C Z2, the structure of the remainder term R,, will be
too complicated, and application of BND (at least, the direct approach) will

11



be useless. On the other hand, if instead of the squares D,, = [1,n]? N Z2
we take the rectangles Dy, = [1,n1] x [1,n2] N Z2, where n = (n1,n3), the
structure of the remainder term remains essentially the same. For example,

denoting
Z Xt,Sa In = Z Et,s5

t,SEDn t,SEDn

(6) now can be written as follows:
Sn = p1Zn + Rn, (13)

where

Rn = gnl,ng - gnl,D - 50,77,2 + 50,0
+ M — Mone + Cmmz - Cnho‘ (14)

Having (14), it is not difficult to see that one can restate CLT or state
LLN for S, assuming that min(ni,ny) — oo under the same moment con-
ditions and conditions on {¢y;} as it was done for S,,. We recall that useful
Lemma 13 is formulated for general rectangles. However, the situation is
different for SLLN, and passing from S, to Sy, is not trivial. As an example,
let us take Theorem 5. Instead of (31), now we must prove that

(nlng)*an &3 0

as min(ni,ny) — 0o, and this will follow if we prove

Z Z |(n1ng) Rn|>e)§oo

ni=1ng=1

There is no problem for terms with &, n,, &0.nys &ny,0 (see (14)), but for the
terms with 7 or {, using moment inequalities, we have

|(n1n2) 1}5 €n17|>6 <e n1n2 25 E5n13<06 nlznzl,
s=1

and with respect to no, we get the divergent harmonic series. To save the
situation, one can require the stronger moment condition E |€1,1|2+5 < 00
or to use a little bit stronger normalization, that is, (ni1n2) = (Inny Inng) ™Y
with v > 1/2. A similar situation is with another result on SLLN, and even
SLLN for Z, is different, comparing with Z,: it is known (see [18]) that

(nlng) IZ — 0

12



iff Eleji|Inler 1| < oo (here Int =1 for 0 <t <e) and Ee; 1 = 0.

Between squares and general rectangles, there are intermediate possibil-
ities when we consider rectangles indexed by n and defined by means of the
relations ny = n,ny = g(n), where g is some integer-valued function. The
case g(n) = n gives us squares (here it is worth to mention that the remark
before Proposition 4 can be applied in the case of the increasing function g).
In other words, it is possible to consider the convergence of double-indexed
sequence Sy along some path. In [17] there is developed some general theory
of the so-called sequential and joint convergence of double-indexed processes
having a specific structure, connected with panel data in econometrics.

We intend to investigate SLLN for rectangles and even more general sets
A, which are convex and have “small” boundary compared with interior
points in the nearest future.

2.5.3 Other possible directions of investigation

As was mentioned in the introduction, the motivation to look at decompo-
sition of linear fields was the problem of self-normalization, since BND of
linear processes was successfully applied for this problem in [6]. Combining
results on CLT for S,, and LLN for sums of th, s (although we had formu-
lated only SLLN for such sums, it is much easier to obtain LLN), we can
get some simple result on self-normalization. However, there are still open
problems concerning self-normalization in this context, and they are left for
future research.

It was shown in [16] that BND for linear processes, which is purely an
algebraic identity and can be applied for any sequence of random variables
€;’s, is a useful tool not only in the case of the i.i.d. sequence but also for
martingale-difference sequence. Since martingales on the plane are defined
in a specific way (see, for example, [3], [19] ) and have some connection
with the operator Ag(L), it would be interesting to explore if BND can give
similar results for linear fields generated by martingales on the plane.

It would be interesting to look if two-dimensional BND can be applied to
asymptotic analysis of panel data. In [17] linear random processes reflecting
panel data are considered in a very general setting (in our notation, ;; and
X+ are m-dimensional vectors, and {y;:} are m x m random matrices),
on the other hand, essentially one-dimensional linear processes of the form
Xit = Zzil @i s€it—s are considered, and usual BND for each i is applied,
since it is assumed that the matrices {; ¢} are i.i.d. with respect to 4.

One more promising direction of investigation is limit theorems for lin-
ear random processes and fields with values in a separable Banach space

13



using BND. As an example of a result in this direction, we can provide the
following one. Let us consider linear random field (3), assuming now that
€rs, (t,8) € Z? are i.i.d. random elements with values in a separable Banach
space B of type 2, Eegp = 0, Ellego|[* < oo, and ¢y are linear bounded
operators in B such that

> llerills < oo

k,[>0

and 11 = ) 509kt # 0. Here || - || and |[ - [|p denote the norms in B and
L(B) (the Banach space of linear bounded operators in B), respectively,
and 0 stands for the null operator. For probability notions in Banach spaces
(types and cotypes, covariance operators, CLT, etc.), we refer to mono-
graphs [14] or [9]. Taking into account the previous subsection, we have the
following result.

Theorem 11. Under the above-formulated conditions, the CLT for Sy holds,

that is,
1

/ning

as min(ny, ng) — oo. Here N(0,C) denotes a Gaussian mean zero B-valued
random element with covariance operator C, A denotes the covariance op-
erator of €11, and puj is the adjoint operator of ji1.

S~ N(0, 1 Ape)

This result can be considered as a small generalization of Theorem 2 of
[13], where CLT was proved in the case of separable Hilbert space, and in
case d = 1 (linear processes) it coincides with Theorem 7.8 of [2] (by the
way, formulated without proof and without any reference).

In ending this section one should also mention why we do not compare
our results with those previously obtained. The main goal of the paper, as
was mentioned earlier, was demonstration that BND is useful in obtaining
the results with very simple and short proofs and that this decomposition
has a wide area of applications. Limit theorems for random fields (and
particularly, for linear ones) are investigated more than 30 years (see, for
example, [7], [8], [4]), but most papers in this field are exploiting some
mixing or weak-dependence properties, and usually it is not easy to apply
such results for linear random fields. One maybe should mention also some
disadvantages of BND. Direct application of BND usually does not allow one
to obtain optimal results, since passing from X;, to a new linear random
field & s requires conditions stronger than needed on the coefficients ¢y, ;.
Even BND itself requires the finiteness of pq, while, for the existence of

14



Xi,s in the case of innovations with second moment, the weaker condition
Zk,lzo 90,371 < oo is sufficient. Also one must note that to prove SLLN
for sums over comparatively simple sets is much more easy using ergodic
theorems. This remark can be addressed to linear processes as well - it is
very easy to prove Theorem 3.7 from [16] using ergodic theory.

3 Auxiliary lemmas

We recall that ®(L) = Y7, 50 @kt LY Ly and ©*(L) = Y, 50 ¢f LY L, where
902,1 = Zizk-i-l,jZl—H Pig-

Lemma 12. If condition L, for p > 1 or condition L1, for 0 < p <1 is
satisfied, then

Do lekalP <00, Db <o, Dol <00, D pn < .

k>0 3>0 7>0 k>0

Proof. Since bj = cp}i_l and d; = cp’ij , we shall prove the first relation
only for larger summation area. The case p = 1 is trivial; therefore, we
consider p > 1. Applying Holder’s inequality with some a satisfying the
inequalities

1 1 1
-<a<-+-=1,
q q p
we have
Do el = DD @) e
kl>—1 i>k+1 kl>—1 i>k+1
G>1+1 Jj>i+1
< Z ( Z (i*j*)ap’SOi,ﬂp)( Z (i*j*)—aq)P/q
kl>—1 i>k+1 i>k+1
Jj=>l+1 j>l+1
< C Z Z 7)%|pi 5| (k*1*)(1—aap/a
kl>—1i>k+1
G>1+1
< C Z apw”’p Z E*(1—aa)p/q Z 1*(1—aq)p/q
i,j>0 k=—1 I=—1
< C Z * % ap+1+ (1- aqp/q|soijp
,§>0
< CY (5 ens)),
1,j>0
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where C' is a constant, depending on p and not necessarily the same at
different places, and (—1)* = 1.
If 0 <p<1, then

STdeialF < >0 > leiglP <> i il
Ei>—1 ki>—1i>k+1 i,j>0
iz

To see that condition L£,, p > 1, implies D, ;5 |¢ri| < oo, it suffices to

write
> leral = lwool + > lerol + Y leodl + D lerdl

k>0 k>1 >1 k,l>1

and to apply Holder’s inequalities for three last terms of this equality. In the
case p < 1, without loss of generality, we may assume that all coefficients
|ok,i| are less than 1, and the same equality trivially gives the result. Here
we see why it is convenient to use the notation ¢* and j* in the conditions.
The lemma is proved.

The next lemma is a slight generalization of a similar lemma from [13].
Since the main objects of our paper are real-valued fields with d = 2, we
formulate our lemma in this setting only for the reason to keep the same
notation. Generalization to the case d > 2 and for random fields with values
in a Banach space is trivial (instead of absolute value one needs to use norm ).
The set of squares D,, ( mainly used in our paper) has to be replaced by two-
dimensional rectangles, since there is an essential difference between these
two cases in the context of the lemma. We shall use vector notations: j =
(jl,jg), n-— (nl,ng), |Il| =nine,1 = (1, 1), [—X,X] = [—xl,xl] X [—ZL‘Q,ZCQ],
similarly for the open rectangle. For vectors the operations of multiplication,
division, inequalities, taking integer part of a vector are coordinate-wise, for
example, [nx] = ([n1z1], [naz2]). The use of this notation also indicates that
generalization to higher dimensions is not difficult. In our lemma, n — oo
means that min(ny,ng) — oo.

Lemma 13. Let {b;, j € Z*} be real numbers such that

> bl < oo (15)

jez?

and

> by =0. (16)

jez?

16



Then, for 1 <p <2,

;,Z‘ Z bi‘p—>0 as n — 0o. (17)

jez2 1-j<i<n-j

Remark 14. In [13] this lemma (for elements from normed space) was
proved for p = 2 under the weaker assumption that |[n| — oo and the
coordinates of n are nondecreasing. This allows the situation ny — oo, no
is constant, while in our formulation both coordinates must tend to infinity.
Although we believe that the result of Theorem 2 from [13] remains true
under this weaker assumption on the growth of n (this also defines the
growth of summation region Dy, ), the proof of Lemma 1 from [13] contains
several mistakes (which we shall point out in our proof), and we do not
know how to prove this lemma under this weaker assumption on the growth
of n.

Proof. Let us denote
An= D |yl
j¢(-nn)

Then from (15) it follows that A, — 0 as n — oo. (Here is the first
mistake: A, does not need to tend to zero if one coordinate of n (at least
one coordinate in the case of arbitrary d > 2) remains fixed.) Again using
(15), it is easy to get

o XY e X (X

j¢(—2n,2n) 1-j<i<n-—j j¢(—2n,2n) 1-j<i<n-—j

= |r11\ S X wmh Y mt

j¢(—2n,2n) 1-j<i<n-j i¢(—n,n)
41 _
< Aﬁlmz( Z |bi]):Afl1Z|bj]—>0asn—>oo.(18)
jez? 1—j<i<n—j jez?

It remains to prove that
1
H Z ‘ Z bi‘p—>0asn—>oo. (19)
jé(—2n,2n) 1-j<i<n-—j

We introduce the function

hn(x) = | > bi[”

1—[nx|<i<n—[nx]

17



for all x € [—2,2]. From (15) and (16) we have that, for all x such that
x; #0,£1, hn(x) — 0 as n — oo (here it is essential that all coordinates of
n tend to infinity) and

’hn(x)‘ < ( Z ‘bi_[nx]‘)p < (Z |bi‘)p < Q.

1<i<n icZ?

Having these properties of hy(x) and using the Lebesgue dominated conver-
gence theorem, it is not difficult to get (19):

IR ED SN D DR

je(—2n,2n—1) 1-j<i<n-—j jé(—2n,2n—-1)

= Z / hn(x)dx
li/n,(j+1)/n]

j€(—2n,2n-1)

= / hn(x)dx — 0 as n — oo.
[_272]

In the proof of this lemma in [13], the definition of hy(x) is slightly different,
summation is over the region 1 — [|n|x] < i < n — [|n|x], and this allows
one to use the weaker assumption on the growth of n, but then there is a
mistake in the equality

/ dx = i,
[§/In],(i+1)/|n]] n|

since, in fact, this last integral is equal to ﬁ. From (18) and (19) we get
(17), and the lemma is proved.

In the following lemma, we collected properties of various coefficients
present in Proposition 9.

Lemma 15. If conditions Li4c2 for some e > 0 and (10) are satisfied, then
we have that the relations

Z Z ('(zjlz,l,ip,ir)g < 00, Z Z bgg',:i:p,:tr < 00, Z Z d?,:l:p,:l:r <00

kl>0p,r>1 j20pr>1 Jj20pr>1
(20)
hold for all combinations of signs, and

Y Wia00)* <00, Y Blog<oo, > digg < oc. (21)

k,i>0 j=0 j=0

18



If condition Ly /55 is satisfied, then the relations

Z /’Lgl:p,:l:r <0 (22)
p,r>1

also hold for all combinations of signs.

Proof. Again, as in the proof of lemma 12, it suffices to prove the
first relation in (20), since b; 4p 4+, = Vi gapar and djapr =95 54 4,
therefore, as in the proof of lemma 12, we consider larger area of summa-
tion. We start with one combination of signs (both pluses). Let us denote

I'=3% k>0 k*l*cpz’l. Then we can write (compare with the proof of Lemma
12) B

Y Y Gt = Y Y (Y eueiin)

kl>—1pr>1 kiI>—1pr>1 i>k+1
J>l+1
2 2 2 2
DD ID DD DI AEE-S () DI DY) I D) P
kl>—1i>k+1 p,r>1m>k+1 kJl>—11>k+1 p,r>1m>0
j>l+1 n>l+1 j>l+1 n>0
< IY Y eha<TI
p,r>lmzp
n>r

Now we take both minuses, and it turns out that this case is much more
complicated. In the first version of the paper a simple proof was incorrect,
and we even need a stronger condition (comparing with the case with both
pluses) on the coefficients ¢; ;. Recall that ¢;; = 0if i < 0 or j < 0, and,

therefore,
Z wl’]cplfp’]i,r = Z SOzJSDz—p,Jf’rH
i>k+1 i>max(k+1,p)
j>l+1 j>max(l4+1,r)
Then
2
2
Jo= Y YW= X (X ewiei)
kI>—1pr>1 k,>—-1pr>1 i>max(k+1,p)
j>max(l+1,r)
= Ji+Ja+Js+ Ju,
where J;, i = 1,...,4, are obtained by dividing the summation region {p, r >

1} into four regions {1 < p <k+ 1,1 <r <I+1}, {1 <p<k+1,r >
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I+1}, {p>k+1,1<r<Il+1}, {p>k+1,r> 1+ 1}, respectively.

term is estimated differently. Applying Holder’s inequality, we get

k+11+1

no= Y YN i)

kJl>—1p=0r=0 i>k+1

J>l+1
k41 1+1
2 2
< DD D e D P
k0>—1p=0r=0i>k+1 i>k+1
Jj=l+1 j>l+1
2
< E Z (Pi7jc(k7l)a
kI>—1i>k+1
J>l+1
where
k41 1+1

e )P I

p=0 r=0 i>k+1
j>l+1

If for a fixed I, we denote

k+1

= Z Zsog—p,lv

i>k+1 p=0
then it is easy to see that

ci(k,l) = Z 8012,1‘*‘2@?,14‘"'4‘2%2,1

1>k+1 >k >0

< DD G <Y D e+ v <D i

k>—1i>k+1 E>0i>k+1 i>0 i>0

Each

Therefore, using the estimate for ¢;(k, 1) With Il = 7 —r and then using the

: I+1
same estimate for the sum > -, .4 >0 gou _,, We get

I+1 I+1

. k2
D2 alki-n< > D ) el
F>I41 =0 F214+17=0 i>0
I+1
* ok 2
SDIDIDIRED DDA
20 j>I4+17r=0 i>0 j>0

Having this estimate, from (23) we easily get
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TSI Y D el <IN il =1 (24)

kl>—1i>k+1 >0 7>0
j>l+1

We estimate Jy in a different way. Without loss of generality we may assume
that, for all k,1 > 0, i # 0. Taking 3 = (1+¢)/2 > 1/2, where € > 0 is
from conditions of the lemma, and using (10), we can write

o= > > <Z%‘,j%‘—p,j—r>2 (25)

kl>—1p>k+1 i>p
r>l+1 j>r

- Z Z <Z<Pi,j90i+p,j+r>2

kl>—1p>k+l >0

r>l+1 j>0
2
- TS () (S
= Pij (i*] )25
kl>—1p>k+1 i>0 i>0
r>l41 §>0 >0

IN

Clp Z Z w2, Z 5 < CC3I4l,

kJl>—1p>k+1 z>0
r>l+1 j>0

where I3 = Zk,lzo(k‘*l*)w«pil is finite due to the condition £i4.2 and
Cp = Z]—ZO(]’*)_% is finite due to 23 > 1.
Finally, the quantities Jo and J3 are estimated combining methods used

in estimating J; and Jy. Let us take Jy. Applying Holder’s inequality, we
get

k+1 oo

SYY (X Zj“;")( S G, 0

kI>—1p=0r=Ii+1 i>k+1 1>k+1

Jo

IA

>0 >0
k1
_ *)28,,2 sOerr
= Pi—p,j
k>—1p= 012k+1 I>—1r= l+12>k+1
j=0 320

Recalling that 24 > 1 and using (10), we have

- Yy %’%ch > Y AT

I>—1r=I+1 z>k+1 I>—1r=l4+1i>k+1 3>0
7>0
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< CCp Z Zj*%z,j-

i>k+13>0
Therefore, from (26) we get
k+1
LI DID DD DL DS DD BEA2 (27)
k>—1p=0i>k+1 i>k+1 >0
§>0
< OOy Y SR S i <CChs Y S S e
k>—1 j>0 >0 k>—1i>k+1j>0
2250 skt

< CCQILBI,

where I15 =3~ (j )Qﬁcpw

We have shown how to estimate the first quantity in (20) with two com-
binations of signs, both pluses or both minuses. The remaining two combi-
nations of signs are dealt similarly, and we omit these calculations.

Thus, we have proved (20). Since the case for the corresponding coeffi-
cients with p = r = 0 is much more simple, we leave the proof of (21) for
the reader.

Now let us denote I} = ), l>0(k*l*)1/2 2,- We can write (again com-
pare with the proof of Lemma 12)

Z M;zo,r = Z (Z@k,l¢k+p,l+r>2

pyr>1 pr21 k>0
>0
2

= > (Z(k*l*)1/480k,l(k*l*)‘1/4wk+p,z+r)

pr>1 k>0
< (Z( 1/2 2 Z Z k'* * 1/290k+pl+r

k>0 p,r>1k,1>0
- YRR s
k,1>0 i>k+1

>+

Since it is easy to see that >, 4 Mz—p,—r =D pr>1 ,u%ﬁr, we now show how
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to estimate the quantity with different signs. We have

Doy = Y (Zwk,zwrp,z—r)Z = (Zwk,z+rs0k+p,z)2

pr>1 pr>1 k>0 pr>1 k>0
>r
2
1/4,%—1/4 —1/4;%1/4
= > (Z’f* M g ek Y 90k+p,l>
p,r>1 k>0
*1/2 *—1/2 2 x—1/2 *1/2 2
< (R ) S (R ).
p>1 k>0 r>1 kl>0

It is not difficult to get the estimate

S (S Er,) <

p=21 k>0
and similarly
*—1/27%x1/2
S (Sreig, ) <
r>1 k>0

Therefore, we get

Dty <00

pr21
if I is finite. Similarly, we can deal with another combination of signs, and
thus relation (22) is proved. The lemma is proved.

4 Proofs of main results

Proof of Theorem 2. As was mentioned, relation (4) (more precisely, relation
(12)) in a slightly different form was proved in [10], and the proof of (5) is
given in Lemma 12.

Proof of Proposition 4. Using (4), we can write

Xt,s = q)(L)et,S = (/‘Ll + A2(L) - Al(L))gt,S'
Summing these equalities over D,,, we get (6) with
Ry= Y (A(L) — Ay(L))es.
t,s€Dp,

It remains to show that this expression can be written as it was stated in
the proposition. We start with the term

Rpp= Y A(Lers= > Ap(L)és.

t,SEDn t,SGDn
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Let us denote AY (L) = (1 — L)1 — LY), j > 2, AV@) = Ay(L). Tt is
easy to verify that

Ao(L)ér s+ Aa(L)& 16+ Ao(L)er s 1 + Do(L)& 151 = AP (L& s,

AgQ) (L)&,s + Ag(L)&—2s + Ax(L)&—25—1 + A2(L)& 262
+ Ag(L)&—1,6—2+ Ao(L)&ps—2 = Aé?’) (L)&ts

and so on. Therefore, starting this process from the element &, ,, we get

Rn,l = Z AZ(L)gt,s = Aén) (L)‘fn,n = én,n - fn,[) - gO,n + 60,0- (28)

t,s€Dy,

Now, using the notation introduced in the proposition, we have

Rn,Q — Z B(Ll)(l - Ll)et,s — Z Z(gt,s - gtfl,s)

t,5€ Dy, t=1 s=1
n
= Z(nt,n - nt—l,n) = Tn,n — No,n- (29)
t=1
Similarly, we get
Rps= Y D(L)(1— La)ets = Gun — o (30)
t,s€Dy,

Since R,, = Z?:l Ry, i, (28)—(30) prove the proposition.

Proof of Theorem 5. Z, is a sum of i.i.d. random variables with finite
second moments; therefore, under an appropriate normalizing, both SLLN
and CLT for Z,, hold, and to prove the theorem, we need to show that

n°R, *>0  (for SLLN) (31)
and
n R, 250  (for CLT). (32)

We start with the proof of (31). Since Fe3, = 1 and we have Lo, from
Lemma 12 it follows that & ; = ®*(L)es s is a stationary random field and
Efg o is finite and constant for all ¢, s. Thus, trivially,

n"2¢0 =5 0, (33)
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and since

o0
P(|n"*¢nn| > €) S EEE Y ¢t < oo,
n=1

n=1 =
we get
n" 2, =5 0. (34)
Similarly, we prove
2o 250, n %0 =5 0. (35)
To prove that
n 2 npn =0, (36)

we use the fact that, due to the condition } ;- [b; |2 < co proved in Lemma 12,
€t,s 1s a stationary field with mean zero and finite second moment; moreover,
€5 and &, are independent for s # v. Then

n n
P(n_Q‘ 25_”73’ >e€) < e 2n 4 ZE@QL,S < Ce?n73,
s=1 s=1

and, therefore, (36) follows. Similarly, we prove
N0 <50, nT G 0, n a0 <2 0. (37)

From (33)—(37) we get (31). Using the same Tchebyshev’s inequalities as in
the proof of (31), we get (32). The theorem is proved.

Proof of Theorem 6. Again, as in the proof of Theorem 5, we must
prove (31) under the weaker moment assumption. Since ¢ ¢ are i.i.d. mean-
zero random variables, applying the well-known moment inequality with

l<p=1+p<2foré = Zk,lzo ¢,*;7l5t_k’s_l, we get

Elésl’ < C Y 0tlPEleristl? <C Y lphl" < oo

k>0 50
Hence,
> e o]
> P(In " %un| > €) < ElGalP ) e P < oo,
=l n=1

and we have (34). Similarly, we get (35) and (33). Applying the same
moment inequality, we have

P(nih,n| > €) < € Pn P ElnnlP < CePn~ 0D Elg, P, (38)
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Using the condition £143 and once more the moment inequality, we have

Elg, P < CE|€1,1|pZ [b; [P < oc.
>0

Therefore,

o

ZP(|n_277n,n| >€) < o0,

n=1
and we have (36). Similarly, we get (37), and all these relations give us (31).

We believe that the theorem also remains valid for § = 0; in the estimate

of &,.n, we can take 8 = 0 with still remaining the convergent series, while
if we take 8 =0 in (38), we get the divergent harmonic series >, _;n~!.

Proof of Theorem 7. Since under the assumptions of the theorem we
have a limit theorem for Z,,, as in the proof of Theorem 5, we need to show
that

n~2*R, 0.

The assumption on €11 means that
P(le11| >x) ~Cz™ as z — oo.

From Lemma 12 we have that Ek,lzﬂ ’@Z,l‘a < oo; therefore, applying results
on the tail behavior of weighted series of i.i.d. random variables (see Lemmas
A3 and A4 in [12]), we get

P([énn| >2) ~C Z |<PZ,1

k>0

axfa

as I — OQ.

Hence,
_ P
n 2/a§n7n — 0.

In the same way, taking into account that, by Lemma 12, 7.~ [b;|* < oo,
we get the relation

P(lgns| > z) ~ Cz |bj|“z™%* as x — oo.
J=0

Therefore, n=1/ “Nn,n converges to some stable law, and thus
n—2/oc77n7n i) 0.

The same arguments apply to the term with ¢, , and to other terms in R,,.
The theorem is proved.
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Proof of Theorem 8. Now we do not use BND directly but only the fact
that X; ; is approximated by pies . Let us denote

Wp = Sn — MIZn-
It is easy to see that to prove CLT for S, it suffices to show that
n?Ew? — 0. (39)

We want to apply Lemma 13, and, for this reason, we again use the following
agreement: ¢p; = 0if £ <0 or [ < 0. Then it is not difficult to see that

Wp = Sp — p14n = Z Zzbt—z‘,s—j&‘,j,

(i.)€Z? t=1 s=1

where 6070 = 0,0 — M1 and ka = Pk, if (k?, l) 75 (0, 0) Then

n n
Ewg = EE(%’O Z (Z Z bt—i,s—j)2§

(i)ez? t=1 s=1

therefore, recalling that |n| = n?

get (39).
Since SLLN for Z,, easily follows, to prove SLLN for S,,, one needs to
show the convergence of the series

in our case and applying Lemma 13, we

o0
Z P(n"2w,| > ¢),
n=1

which, after applying elementary moment inequality with 1 < p < 2, will
converge if

o0
Zn_2pE|wn|p < 0. (40)

n=1

Again applying Lemma 13, we get
n"2Elw,|P — 0,

and since 2p — 2 > 1 if p > 3/2, we finally get (40). The theorem is proved.

Proof of Proposition 9. Since the proof of this technical proposition is
lengthy, but not complicated, we present only the main steps, omitting the
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details. Taking the squares of both sides of equality (3), it is not difficult to
get
th,s = \IJO,O(L)EE,S + Z;r21Wip,iT(L)Et,36t¥P75$7’?

where Y%, as in (8), means that there are four sums with all possible com-
binations of signs. Here and in what follows, we use the convention that
wr =0if k <0orl < 0. Now for each term V4, 1, (L), we apply BND (4),
for example,

Woo(L) = po + Ao,o(L) — Boo(L1) — Coo(La),

and we easily get (8). Summing these relations over D,,, we get (9), and it
remains to describe the structure of the remainder term R,, 2, which formally
can be written as

Z(t,s)EDn Z;TTzl (H:I:p,:l:r +A:i:p7:i:r(L) - B:I:p,:l:r (Ll) - C:tp,:tr(L2))5t,sgt:Fp,s:Fra

where >~ means that with four sums there is additional term with p = r =
0. Due to the presence of operators As(L) and A(L;), this expression can
be simplified similarly as it was done when deriving relation (7). We shall
show that

4 4
Rop=Jo+> > JY, (41)
i=1 j=1
where the index j corresponds to different combinations of signs +, and the
index 4 corresponds to the part of the remainder obtained from different
terms. The terms Jl(j )

for example,
1 2
Jl( ) = Z Z Hp,r€t,s€t—p,s—r> Jl( ) = Z Z Hp,—rEt s€t—p,s+rs
(t,s)eDp, pir=>1 (t,8)€Dy pr21
and so on. The terms JQ(j ) are obtained by summing the quantities with
Aip +r(L). Let us denote

are obtained by summing the quantities with pi4p 4,

* *
gt,s,ip,ir = \Ilzl:p,:l:r(L)gt,Sgt$p,S¥T = E : Tz[)k:,l,:tp,:trgt—k,«?—lgt—k:vas—l:FT
k>0

and by ft(’]S), j=1,...,4, the sums Zpﬂ‘zl &t,s,+p,+r With appropriate combi-

nations of signs. We also denote éf;) = &.5,0,0- Using the operators Agj)(L)
as in the proof of Proposition 4, we get

I =N Mg = AL L)E), = €0) — el — &) + €6,
(t,s)€Dn,
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The terms J?Ej ) and J, ij ) are obtained by summing the quantities with B, 4+, (1—
L) and C4p 4,(1 — Lo), respectively. To write down these terms, we need
more notation. We set

E_tyszipzir = : :bjyipyiTEtfj»sgtij:Fst:FT7
Jj=0

ét,S,ip,iT = : :dj7ip7:tr5t7s_j€t:':p7s_j:':r7
J=0
. : () () . (5) (5
and in the obvious way we define agjs), 575]5), Jj = 1,2,3,4, E,E S), 55 S), for
example,

(1) _ _(4) _
€5 = E €tspry  Ets — E , €t,s,—p,—7"
pr21 pr2>1
Again as in the proof of Proposition 4, we get

n

I = 3 (=el) =Y -0

(t,8)€Dn t=1

Il
=
3
:\-/

|
=
(=)
3

where

Finally, the term Jy corresponds to the case p =r = 0:
JO = Z (AO’U(L) - Bo’o(l - Ll) - 0070(1 - Lg))i?is
(t,s)€Dn,
n 5 5
= AP@ED) - ) — i) — (¢ = ¢)-
We have written all terms in (41), and the proposition is proved.

Proof of Theorem 10. From (9) and (41) we see that to prove the theorem
one needs to show that all 17 terms in (41) divided by n? tend to zero a.s.

Since all terms Ji(j ) , with different j for a fixed ¢ are very similar, we shall
show only relations for j = 1:

n=2 0 2%, (42)
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We start with the proof of the relation
n2g0 &5, (43)

Let us denote

f _
€ 1,5-1— E Hp,rEt—p,s—r-
p,r=>1

Due to Lemma 15,

E(gt ].81 Z:U’pr<oo

p,r>1

and ¢/ is a mean-zero stationary random field; moreover, ¢; s and 6{_1 s—1
7
are independent. Therefore, we have

n n
n B2 =0 BN el 1, ) =0ty B2 B, )2 < On?
s,t=1 s,t=1

: f f
since Eey sy 1 s 1€u0€y_1,p—

ST P2 > 6) < o,

n>1

1 =0if t #w or s # v. Hence, for any € > 0,

and (43) follows. Let us note that, for other values of j, we define in appro-
priate way the random fields E{:tl,s:tl = D pr>1 MetprEigp,ser and use the

condition
2

Z Hep 7 < OO

p,r>1
To prove the relation

_9 (1) a.s.
n 2J2( ) @5, 0, (44)
consider
- Z Z wz,l,p,rgn—km,—lEn—k—p7n—l_r.
p,r>1k,01>0

It is easy to see that, due to Lemma 15,

E § wkl,p, En— kn— lEgn k—p,n—Il—r

p,r>1k,1>0
is finite and does not depend on n. Thus, we get

n_2§(1) a.s. 0,

n,n
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and since the same relation for 57(117()), 5[()717)1, f(% can be proved with minor
changes, we get (44). To get this relation for j = 2, 3,4, we must consider
other combinations of signs in the expression

*
Z Z ¢k7l7ip7i7’€n_k7n_lgn_k:':pﬂq‘_l:':r

pr21k,1>0

and use the appropriate conditions from Lemma 15. Now consider

n
nn =n"tY el
s=1

It is easy to note that 5%1391 and 5217?92 are independent for s; # so and

BED" = D D by

p,r=1 j>0

is finite due to Lemma 15; therefore,
DB = it S BE < on.

(1)

The same relation holds for 0.0 and we easily get

n2J50 &5 (45)
In the same way we also prove

n270 25 (46)
for the other values j = 2,3,4. A final remark concerns the proof of

n=2Jy £ 0, (47)

and this is the case j = 5 for ¢ = 2, 3,4, which is simpler since we have no
sum over all p,7 > 1 and set p = r = 0. Relations (43)—(47) give us (42),
and the theorem is proved.

Proof of Theorem 11. Essentially, we repeat the proof of Theorem §;
therefore, we make only several remarks. We can take the one-to-one map-
ping g : {(t,s) € Z% t,s > 1} — N such that, denoting &, = e if
g(t,s) =n and Z, = Zk 1 €k, we get that Z,, = Z,2. However, n 1/2Z
a normalized sum of i.i.d. random elements with mean zero and finite Second
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moment in a Banach space of type 2; therefore, CLT for this sequence holds
(see, for example, [14]) with limit N (0, A), where A is the covariance oper-
ator for €; = €1,1. Since n~1Z, is a subsequence of this weakly convergent
sequence, we get CLT for uyn=1Z,. Then, instead of (39), we prove

n*QEHwnH2 —0

using the moment inequality in a Banach space of type 2 (see, again, [14])
and Lemma 13 but now with the coefficients by; € L(B). The theorem is
proved.
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