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Abstract

In this paper, we present 3 different neural network-based methods to perform variable
selection. OCD - Optimal Cell Damage - is a pruning method, which evaluates the
usefulness of a variable and prunes the least useful ones (it is related to the Optimal Brain
Damage method of Le Cun et al.). Regularization theory proposes to constrain estimators
by adding a term to the cost function used to train a neural network. In the Bayesian
framework, this additional term can be interpreted as the log prior to the weights
distribution. We propose to use two priors (a Gaussian and a Gaussian mixture) and show
that this regularization approach allows to select efficient subsets of variables. Qur methods
are compared to conventional statistical selection procedures and are shown to significantly
improve on that.

Keywords: Variable selection; Regularization; Neural network pruning, Dimensionality
reduction

1. Introduction

Neural Networks — NNs - are used in quite a variety of real-world applications,
where one can usually measure a potentially large number P of variables X;.
Usually not all X; are equally informative: there may be noisy components, some
X, maybe irrelevant to the problem or redundant when correlated. For small data
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sets, better performances may be obtained by discarding even informative vari-
ables. In many practical applications, if one could select p < P ‘best’ variables X,
then one could reduce the amount of data to gather and process while possibly
increasing performances. Variable selection is thus an important issue in NNs. It is
also a complex problem; one needs a criterion to measure the importance of a
variables subset and that value will, of course, depend on the predictor or classifier
further used: a subset of variables could be optimal for one system, and very
inefficient for another; an optimal subset of size p might not contain all variables
of a smaller subset (non-monotonicity). Conventional variable selection techniques
are based upon statistical or heuristic tools [15,16,36]). The major difficulty comes
from the intrinsic combinatorics of the problem with the consequence that only
approximate methods, based on heuristic measures of variable importance, can be
used for large size problems. Most often, selection and data processing, e.g.
classification, are treated sequentially and the adequacy of the selection criterion
to the classifier is up to the user. Using NNs for variable selection is attractive,
since they have the potential for simultaneously performing classification or
approximation and variable selection: variables will thus be selected so as to
optimize the training criterion.

In this paper we will present two methods for variables selection through NNs.
Both are sub-optimal since they rely on heuristics, they are aimed at practical
applications.

The first one is based on the evaluation of a variable usefulness. Various
methods have been proposed to assess the value of a weight [29,20,22]. Using ideas
similar to [22], we derive a method, called Optimal Cell Damage — OCD - which
evaluates the usefulness of input variables in a Multi-Layer Network and prunes
the least useful. Variable selection is thus achieved while training the classifier,
which ensures that the selected set of variables is adequate for the classifier.
Variable selection is viewed here as a rather straightforward extension of weight
pruning.

The second approach makes use of regularization terms under a Bayesian
interpretation (Gaussian and Gaussian mixture priors) and allows to discard,
during training, the least useful variables. Regularization and Bayesian training
have been used recently in a variety of settings in NNs [32,17,37,23].

When implementing these methods, one has to decide on several options: when
to start (pruning, or regularizing), how much (how many weights, or with how large
a regularizing factor), which training algorithm to choose for ensuring the quality
of the selection, and whether selection should be implemented as a ‘non-conver-
gent method’ [14]. All of these decisions may indeed be important for the method
applicability. In our tests, we discuss these issues.

We compare the performances of the two methods to the standard SAS stepwise
and stepdisc procedures. This comparison is performed on two different tasks: a
prediction problem for a synthetic time series and a classification problem from [6].
Both tasks are relatively simple, yet representative of the two major classes of
problems addressed by NNs; they also are complex enough for our results to be
significant.
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The paper is organized as follows: Section 2 introduces notations and results
from the literature; Section 3 the problem used to test our methods, Section 4
variable selection by OCD and Section 5 by regularization.

2. Variable selection
2.1. Definitions

Let be given a random variable pair (X, Y) € Rf X R2, with probability distri-
bution P. Based on a sample D,, = {(x', y!)...(x™, y™)}, drawn from (X, Y), we
train an NN to capture the relation between X and Y, i.e. to produce an estimator
F, the NN approximation to the expectation E[Y/X]. We will deal in the following
with prediction and classification tasks. The problem in variable selection is to
extract the best set of features from an original input space, and possibly deter-
mine the optimal number p* of features, for a given criterion: some components
of the original input X € R? are eliminated to produce a vector with p features
x € R?, p < P. Training will be performed here according to a mean square error
(MSE) criterion or an extended MSE criterion in the case of the Bayesian
approach. We will use local criteria for ranking variables and perform selection
during training. Efficiency of the selection will be measured through the empirical
prediction error,

2.2. Statistical methods for variable selection / extraction

Feature selection has been extensively studied in the statistical or pattern
recognition literature [15,26,27). A feature selection technique typically requires
the following ingredients:

— a feature evaluation criterion J to compare feature vectors x € R?,

— a search procedure, to search the set of possible feature vectors x,

~ a stop criterion, which could be a significance threshold in criterion J or the
final feature space dimension.

Depending on the task (e.g. prediction or classification) and on the model
(linear, logistic,...), several evaluation criteria, based either on sound statistical
grounds or heuristics, have been proposed for measuring the importance of a
variable subset. For classification, classical criteria use probabilistic distances or
entropy measures, often replaced in practice by simple interclass distance mea-
sures or even simple distances. For approximation or prediction, classical candi-
dates are distance measures [19).

In general, these evaluation criteria are non monotonic, and exact comparison
of feature subsets amounts to a combinatorial problem, which rapidly becomes
computationally unfeasible, even for moderate input size. Due to these limitations,
most algorithms are based upon heuristic performance measures and sub-optimal
search. There are various procedures: in the forward selection method, vector x is
progressively built up, by starting with the empty set and adding one or a few
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features at a time; the backward elimination technique works in the opposite
direction: features are progressively eliminated from X one at a time.

Stopping the process is usually based on the evaluation criterion or on tests; one
can also use a criterion for trading between complexity and accuracy such as AIC
[1] or BIC [34].

In the following, our testbed will be the stepwise and stepdisc procedures
implemented in SAS. Both alternate forward and backward selection, the evalua-
tion criterion is the Fisher-Snedecor ratio, an F-test of the null hypothesis H, that
all selected variables are significant (see Annex 1 for the description of these
procedures).

In the NN literature, variable selection methods using entropy measures for
feature evaluation have been proposed e.g. [2] they are based on the same ideas as
the classical methods mentioned above and selection is performed prior to learn-
ing. The techniques we propose here are different in that they do selection after a
first training step has been performed. They should be able to take into account
the variable dependencies which have been estimated after training the system
which will be used further on.

2.3. Neural network methods for sensitivity analysis

Various authors have proposed methods to prune useless connections so as to
ensure correct generalization through the control of the network complexity [9,37].
We will focus here on the Optimal Brain Damage technique [22]: the saliency of a
weight is defined as the cost variation resulting from the weight suppression.

Let N be a Neural Network picked from a family of multi-layer networks and
D,, the learning set of size m. We use the Squared Error — SE - defined as:

(W, D,) - %k‘;n Fy(x%) —y* |2 2.1)

where F,(x*) is the computed output for input x*, y* the desired output, and Fy,
the global transfer function realized by Network N.
The Mean Square Error — MSE - is then defined as:

1 m
MSE(W, D,)) = — ¥ Il Fy(x*) —y*II? (2.2)
2m 2

Le Cun et al. [22] have shown that, if the Hessian can be approximated by a
diagonal matrix, and the cost is locally quadratic, then the saliency of weight i is
approximated, locally around a minimum W, by:

1 2
sz ZHUV/; 2 aI’Viz i ( )
which can be computed by an additional backward pass to the usual Back-propa-
gation algorithm (see Appendix 2). Exact methods could be used to compute the
Hessian, instead of assuming diagonality [3,18].
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The weight of smallest saliency is the weight whose pruning will least increase
the cost. Notice that OBD explicitly requires that the network has reached
convergence to a minimum W,.

2.4. Neural networks and regularization

The regularization framework has provided another bunch of practical methods
to handle the problem of poor generalization [31]. It considers estimation with too
few and noisy data as an ill-posed problem, whereas constraints must be imposed
on the final solution so as to make the problem well-posed. These constraints are
usually implemented as follows. For an input x*, desired output y* and computed
output F(x*), we train the network to minimize:

M(W)=a C(W, D,) +BEy(W) (2.4

where C(W, D,) is as in (2.1) and the regularization term E (W) embodies the
constraints. Weight decay — WD - is the simplest regularization term used in the
NN literature [32,37,8]:

Ey(W) =LW} (2.5)

Such constraints may be given a Bayesian interpretation [13,5,23,24]. In this
framework, one looks for weights W which maximize the a posteriori distribution,
conditioned by the observed data D,,; which is equivalent, if one assumes an
additive Gaussian noise model N(0, o%) on data, to minimizing:

M(W) = %C(W, D,) —In P(W) (2.6)

If prior P(W) is taken to be gaussian N(0, ¢2), then the log prior is, up to a
constant, just weight decay (2.5) (where | W | is the number of weights):

1
In P(W) = —|W|ln ap¥2m — = T W? (2.7)
2oy

Other assumptions on the weights prior can be made [7,30]. This Bayesian
framework can be used for pruning [25,35]. Regularization hyper-parameters o«
and B have to be determined: they have an interpretation in terms of the data
noise and weight variances. The full Bayesian approach can in theory provide for
their automatic determination. However, for large dimensions, this approach is not
efficient, so that usually, they are set by using some form of cross-validation. In the
following, we use a regularized cost function to perform feature selection, with two
different weights priors: Gaussian - WD - and Gaussian mixture. All hyper-
parameters are determined by using a validation set.

2.5. Summary

Conventional techniques for variable selection are hindered by the non-mono-
tonicity problem: heuristics guide both selection and stopping criteria. They usually
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build-up features sets by including - or excluding — one - or a few - feature(s) at a
time: because of non-monotonicity, this can lead to sub-optimal subsets. Various
parameters have to be set a priori, e.g. the number of features added - or removed
- at each step, the final features space size, significance level for selecting
features. .. Final results can widely vary depending on the choices made. After
selection has been made, classification or prediction may rely on totally different
techniques. On' the other hand, the heuristic approach we propose here allows to
carry on simultaneously variable seclection and parameter estimation for the
desired task: variables are selected globally to best fit the final estimator. However,
NN training requires the setting of various parameters and hyperparameters in the
case of regularization: no exact theory so far can provide for the exact setting of
these parameters. One can resort to different heuristics to set them: trial-and-er-
ror, cross-validation, estimation or learning. In the following, we will chiefly use
cross-validation. Whatever the method selected, choosing the parameters usually
requires a large amount of additional computations.

3. Experiments setting

In this section, we describe the version of Gradient Back Propagation - GBP -
and the test problem we used. It is important here to describe the precise version
of GBP which has been implemented since it may influence the quality of
convergence and thus the feature selection process. For example, performances on
our time series are very sensitive to GBP parameters.

3.1. Training procedure

We use three independent sets of respective sizes m;, m, and m,: D’ for
learning, D, for validation (i.e. set the parameters) and D}, for test. Our trammg
procedure is ‘an on-line GBP implemented as follows: the gradlent step ¢ is started
from an initial value &, and decreased as soon as the relative average cost variation
becomes too small. It has been chosen here for its simplicity.

GBP @ run N steps of on-line GBP with & = g,.
" e whileexe¢ do
run on-line GBP on D}, with ¢
if r(W,D:,t,T)<8,
thene(t+ 1) =a.e(t) else e(t + 1) =¢&(t)
endwhile

where
[c(w, D)]T

L A S 3.1
[cw, D)]T_, G

r(W,D,t,T)=1

r 171
[c(w, D))= 7 EC(W(t=). D)
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Fig. 1. Time series z, from validation set Dj,.
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r(W, D, t, T) is the relative average cost variation between epochs (t — T to t — 1)
and (t — T+ 1 to t). C(W, D) is the error defined in (2.1).

GBP thus depends on various parameters: €,, €, and 8, being given, N, T, and
o are set by cross-validation on the validation set, using the MSE criterion. The
methods described below were found sensitive to the quality of local minima and
thus to the above parameters. Note that such parameters do exist for any
gradient-like algorithm. Weight initialization also influences the algorithm behav-
ior, but this has not been considered here.

3.2. Time series

We have used a non linear synthetic time series y,, defined as follows:

x,=03x,_—06x,_,+05x,_, +u,
v,=x,+03x2.-02x2, (3.2)

where u, is a white noise.

Three independent samples of size m = 1000 each are drawn from series y,:

D}, D and D/, Each sample set is normalized as follows:

- the average ¥ and variance s2 of set D,’,, are computed.

- y, is then changed to z,=(y, —¥)/(s), for all 3 sets D!, D2, and D},.
Fig. 1 shows set D,.

Best performances on this series may be obtained with a linear network whose
inputs are the predictors of (3.2). We have used a linear network 12-1 (with all 10
input variables x,_;, to x,_, plus variables x? 4, and x2_,): variable selection
should pick up the ‘true’ inputs x,_g, x,_,, x,_, x2_¢, x2_, since y, is linear in
these variables. The final MSE should be approximately the variance of u,, i.e.
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Ty 3 5 7

o\Set  |Dj |Dn |oh |Df {on |Dh [Dh [oh |
34 0.04376 | 0.05051 | 0.04676 | 0.04359 | 0.05049 | 0.04672 ] 0.04345 ] 0.05055 { 0.04670
516 0.04341 | 005056 | 0.04670 | 0.04331 | 0.05065 | 0.04673 | 0.04327 | 0.05072 | 0.04677
7/8 0.04352 | 0.05095 | 0.04655 M&o_spgs_ [ 0.04664 §0.04309 ] 0.05056 | 0.04628 |
net 12-1 {0.04461 | 0.04620 § 0.04209 ‘

Fig. 2. Final MSE for time series, net 10-7-1 (3 top lines) and 12-1 (bottom).

0.04072 (after normalization of y,). This network represents the best possible
performances and will be used here for comparison.

Because in real situations we do not know the underlying structure of the series,
we used for implementing our selection methods a network 10-7-1 (with all 10
variables x,_,, to x,_; as inputs, 7 non linear hidden units and 1 linear output).
Now, selection should pick up input variables (x,_g, X,_4, X,_1).

Results are shown in Fig. 2 for net 10-7-1 and net 12-1. We use the MSE on D,,
to choose the best parameter values for net 10-7-1 (for the sake of simplicity, only
results for choosing 7, and « are given; results allowing to choose N are of the
same sort). Net 12-1 is very easy to train, and its performances are extremely
robust with respect to parameters choice.

Cross-validation gave (net 10-7-1) T, = 5, N =30, and a = 3/4, for ¢, =0.1, ¢,
= 0.0001, 8, = 0.0005. Values ¢, = 0.1, &, = 0.000005, 8, = 0.000025 (to reach al-
most perfect convergence), a = 0.875 were used for net 12-1, without doing any
cross-validation there (see Fig. 2).

Final MSEs at the end of 6BP with net 12-1 were of order 45.10~3 (which is
slightly larger than var(u,), as expected). Errors bars on the final MSE should be
computed. For more clarity in the figures, we have not given them in the text: the
interested reader can refer to Appendix 3 where our technique for computing
error-bars is described, together with a few results. The time series y, has some
pseudo-periodic behavior, which results in D}, being very oscillating, and D;,
much smoother. This explains why performances on test set D, were often found
better than on validation set D},.

3.3. Waveforms

We have extended a problem introduced in [6]: 3 vectors or waveforms in 21
dimensions, H', i=1,...,3, are given. Patterns in each class are defined in R* as
random convex combinations of 2 of these vectors (waves (1, 2), (1, 3), (2, 3)
respectively for class 1, 2 and 3, see Fig. 3) plus 19 additional noisy components [4].
The problem is then to classify these patterns into one of the 3 classes. More
precisely, patterns are generated according to:

uH™ + (1 -u)H!
xX;= 5 t+e;

Xi=¢; 21 <i<40

0<i<?20
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Fig. 3. Waveforms, each graph plots several patterns from class 1, 2 and 3 (top to bottom). The first 21
components contain the class information, the last 19 are noisy components.

Set D:In Dy, Dr'n
40-10-3 195.67 180.40 |80.36
40-3 93.66 |81.40 [80.18

Fig. 4. Final MSE for waveforms, net 40-10-3 (top) and 40-3 (bottom).
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where x; denotes the ith component of a pattern x, u is a uniform random
variable in [0, 1], ¢, is generated according to a normal distribution N(0, 1), m and
n identify the two waves used in this combination, i.e. the class of pattern x. D,
has 300 elements, D}, 1000 and D;, 5000.

Fig. 4 gives the final performances at the end of 6BP with net 40-10-3 and net
40-3. These were obtained for the following values set after cross validation:
T, =10, a =0.85, ¢, = 0.2, &; = 0.0001, 8, = 0.0001 (net 40-10-3) and T, = 30, and
a =095, for g,=0.2, ¢, = 0.0001, 8, = 0.0001 (net 40-3).

4. Optimal cell damage
4.1. The algorithm

We now describe our variable selection procedure which is based on an
extension of OBD. The cost variation can be approximated to order 2, around a
local minimum W, by a quadratic form [22] (Appendix 2). Discarding a variable x;,
can be implemented by setting to 0 all weights W, in Fan_Qut(i), the Fan-Out of
input neuron i. Thus the resulting cost is just the sum of the costs associated to the
suppression of the various weights. Similar methods have been proposed for
discarding hidden units [9].

The saliency of variable i is thus defined as:

L= X s (4.1)
jeFan_Out(i)
where s; is the saliency of weight W, (2.3).

Our algorithm for OCD has been run as follows (after normalization of data as
indicated in Section 3): if the relative average variation of cost in two successive
periods is too small, then prune a fraction g of inputs.

OCD ifr(W,Dy,t—1,T)<6,and r(W, D, t, T) <6, 4.2)
then ® compute saliencies {; at time ¢ and order them: C,.l 2{;, >
.2 ldi

® choose p such that: Xf_,{;,/Lf.,{;; = q and eliminate variables
ipi1senesip
continue OCD
else continue GBP

Pruning starts early if 0, is large, late otherwise. Both parameters 8, and g are
determined by cross-validation.

To assess the quality of the selection, we should think of the practical use of
variable selection: typically one uses a relatively small data set, to decide upon the
best subset of variables; then one gathers a larger data set, where only the selected
subset of variables is measured, and train a network on this data set. If the selected
subset is good, the new network (trained on smaller dimension inputs) should be as
good — or even better — than the original network trained on the full dimension
inputs.
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q 0.99 0.9925 0.995
) Drln Dy D:ll D:ln Dé Din Dllll PL Dy,
0.1 | 004489 | 0.04793 | 0.04454 | 0.04453 | 0.04908 | 0.04530 | 0.04450 | 0.04960 | 0.04569 |
 selected 46,1 ' 46,1,2 461,210
0.05 0.0448_2]&04793]0.04454 0.04453 |0.04_;9g§lo.04530 0.04450 | 0.04960 | 0.04569
 selected 4,61 4,6,1,2 4,6,1,2,10
0.01 o.g_,mm]o.o_;_saslo.o_gggg‘_ 004456 Io.own Io.o-1529 0.04475 | 004977 ] 0.04587
 selected 4,61 4,6.1,2 4612

Fig. 5. Final MSE and selected variables for time series after OCD.

selected set_|4,6,1 461,10 146127
Net 3.7-1 4-7-1 5.7-1 10-7-1 12-1
D, 0.04553 0.04495 0.04465 0.04359 0.04461
DY, 0.04851 0.04790 0.04832 0.05049 0.04629
D, 004533 0.04488 004451 | 0.04672 004200

Fig. 6. Performances of networks retrained on the selected sets of variables for Time series.

4.2. Time series

For time series we ran our OCD algorithm with 7, =5 and a=3/4 (as
determined in Section 3.2). Results are shown in Fig. 5: for the optimal values
q" =0.99 and 8, =0.05 or 0.1, our variable selection procedure has selected the

appropriate variables x,_g, X,_,, x,_,: (variables 1, 4 and 6 in Fig. 5).

q 0.975 0.985 0.995
) ng Dv‘;:_ D, D,‘,, D;I’i Dy, D;‘n Djy Dy,
40-10-3 | 0.01 9000 |73.70 8234 19200 8400 (8330 19433 18180 [8196
b sel. var 10 4 21
0.001 %03 | 80.00 18346 |o3s1 |saa0 | 8328|0567 {140 |s178
nb sel. var 11 15 27
0.0001 93.00 I 82.20 I 82.54 19333 l 82.20 T 31.80 19467 I 80.60 I 80.94
nb sel. var 17 19 123
40-3 0.01 9133 I 79.70 I 84.08 .92.67 | 84.60 I 84.36 19467 | 83.90 I 83.74
nb sel. var 11 14 16
o001 looxs | 80.30 | 8402|9267 [s410 |sass losoo | 8260 | 8348
nb sel. var 11 14 ' 17
0.0001 91.33 I 80.00 —l 84.10  192.33 I 84.00 I 84.30 93.33 l 82.50 I 83.16
nb sel. var 11 14 18

Fig. 7. Final MSE and selected variable number for Waveforms after OCD.
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Set method nb.sel.var L:var. selected, () eliminated
0 true signat -A priori 21 HITT1TE1111111111111 0000000000000000000
information

1 OCD - 40-3 14 000IL11O0ILT1

2 OCD - 40-10-3 14 0001111088111 00 0000000600000000000

3 WD - 40-3 7 0011111011111

4 WD - 40-10-3 g 1 11181111

5 Reg.CV -40-3 s Q00T 1011111111 J0000C

6 Reg.CV - 40-10-3 1 001 111111111 (000000000C00N

7 Reg Bst - 40-3 s 000111101111111111100 00000000000000G0D00
. 1 I A AN A M

8 SAS (Stepdisc) 14 00011010011 1100011100 6000000100000000111

Fig. 8. Selected variables for the different selection methods on Waveforms. M-X: method M on
network X(X = 40-10-3 or 40-3). OCD: OCD (Section 4.3); WD: simple Weight Decay (Section 5.2.2);
Reg.CV: regularization with Gaussian mixture (Section 5.3.2); Reg.Est: regularization with hyperparam-
eters estimated during training (Section 5.4.2).

As can be seen in Fig. 5, pruning variables also has the side effect of decreasing
the final MSE.

The stepwise procedure in SAS also selected the set of variables 1, 4, 6 (see
Appendix 2). From which it follows that OCD has similar performances as SAS
stepwise (in terms of the selected subset): in fact, OCD is less efficient, since it
requires quite a large overhead in computing time.

Fig. 6 shows the benefit of variable selection: network 3-7-1 retrained with only
the selected variables achieves a lower final MSE than the original net 10-7-1.

"set"-3 "set’-10-3
Set Dfﬂ D:;l D:ﬂ Dfn D:’n D:n
0 92,00 85.90 8550 | o267 | 8480 85.76
! 91.67 £5.50 84.90 9133 85.00 85.10
2 91.67 £5.50 84.96 93.00 £5.00 84.90
3 93.00 84.60 85.28 93.33 85.10 85.64
4 92.67 85.90 85.46 92.67 84.90 85,30
5 2.3 84.80 85.02 92.67 85,00 85.00
6 92.33 £5.80 85.34 93,00 84.50 85.06
7 92,33 84.80 85,02 92.67 85.00 85.00
® 90.33 80,40 79.56 00,33 7990 79,84
9:A11 40 vasiables | 93.66 sia | sos 95.67 5040 8036 |

Fig. 9. Performances of networks retrained on the selected sets of variables for Waveforms. The left
column x designates the set of variables selected by the corresponding method (Fig. 8). Columns ‘set’ —
3 (resp. ‘set’-10-3) give the performances of network y-3 (resp. y-10-3), where y is the number of
variables selected in set x. Networks y-3 and y-10-3 are retrained on set x.
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Fig. 10. MLP used to produce our predictor.
4.3. Waveforms

For the waveforms, we ran our OCD algorithm with values of 7, and « as
determined in Section 3.3, both for network 40-10-3 and 40-3. Results are shown in
Fig. 7: for the optimal values q* =0.985 and 0, = 0.01, our variable selection
procedure selected 14 variables among the 21 first — the signal — (the same for
both networks, except for one variable) and eliminated all the noise (the 19 last
variables): see Fig. 8. Note that SAS did not succeed in eliminating all the noise.
Error bars are computed as indicated in Annex 3.

As can be seen in Fig. 9, variable selection increases performances by more than
4% compared to SAS selection.

S. Regularization
5.1. Introduction

We will restrict our analysis here to the case of a multilayer perceptron (MLP)
with only one hidden layer, and full connections. Extension to more complex
architectures is straightforward although its application may be more difficult. Let
us suppose that our MLP (Fig. 10) has P inputs, 4 hidden units and p output
units, and denote V, resp. W, the weights from input to hidden, resp. hidden to
output layer and V, the bias vector to hidden units (W includes the bias to the
outputs). ¥; is thus the weight vector exiting from unit i discarding feature i is
equivalent to setting V; to 0.

With these notations, Eq. (2.6) becomes:

1 m
MYy V. W) =53 B IFGH) =y P~ o P(V, V. W) (5.1)
=1

We will use two different priors P(V,, V, W): a Gaussian and a Gaussian
mixture.
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5.2. Simple weight decay

5.2.1. The algorithm
To select input variables, we will take a Gaussian for P(V), i.e.:
1 P h
=X ZIV,-? (5.2)

2
207,54

In P(V,,V,W)a -

This is almost identical to weight-decay, except that we only constrain the input-
to-hidden weights, and not the other weights. This reflects our goal of pruning
those weights, while we do not have, a priori, any constraint on the remaining
weights.

QOur variable selection technique run as follows: first use a Regularization
algorithm, then a Variable selection algorithm. In the Regularization
algorithm, we first start by a few steps of the usual Square Error cost (to start
fitting the data), then move on to the regularized cost function M of (5.1):

Regularization (5.3)

@ run N steps of on-line GBP with ¢ = ¢, and cost function C.
e from now on use cost function M.
® while € > ¢, do

run on-line GBP with ¢

it rW,Dy,t, T)< —96,

then e(t +1) = a.e(t) else e(t + 1) = &(t)

endwhile

where r is defined as before by (3.1), i.e. using function C.

This algorithm is executed, with the values of N, T, and a as set by cross-vali-
dation after 6BP (see Section 3.2.), for the given values of €, &, and 8,. The first
N steps are exactly as before; from N on, regularization starts.

Let A = o2/0Z, this parameter must be estimated from the data. Usually we
have no knowledge about o, so we used cross validation to set parameter A*, by
comparing the MSEs on D, and selecting the parameter value corresponding to
the minimum error on D?,. From now on, cost function M will use that value of
)

Let us then define, for every input variable i, its weight variance var;. Vari-
able selection is run as follows (5.4): p variables are selected so as to retain a
proportion g of the total variances var,. 6BP and Variable selection are
thus alternated until the stopping criterion for GBP is met. g is set by cross
validation:

Variable selection (5.4
® order variances: var; 2 var; > ... 2var;,
e choose smallest p such that: ©f_var; > qL;_war;,
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Alo 0.0001 | 0.005 0.001 0.1 q] 085 0.89 0.92 0.94
Set
D,In 0.04359 | 0.04360 | 0.04455 ] 0.04556 | 0.16522 0.07008 ] 0.04765 | 0.04634 | 0.04606
D,‘," 0.05050 | 0.05029 | 0.05105 | 0.05265 | 0.19367 007405 |0.05133 {0.05014 | 0.05035
.ﬂ' 0.04672 | 0.04669 | 0.04743 | 0.04933 | 0.19979 0.06962 ]0.04766 |0.04698 10.04729
selected 4,6 s61 [461,10]g%"10
" by SAS 4,6, 1

Fig. 11. Weight Decay on Time series: determination of \* after Regularization and g°* after
variable selection. The subset of variables selected in each case is shown in the bottom lines.

® climinate variables i, to ip
¢ run N’ steps of on-line GBP with & = ¢, and cost function M.

5.2.2. Time series
Results are shown in Fig. 11.

Results (Fig. 6) show that our WD-based selection indeed worked well. If we
use as inputs the variables selected by WD (from results shown in Fig. 11, we have
selected the 4 variables x,_g, x,_,, x,_, and x,_,,), and retrain a network 4-7-1
with only these inputs, we obtain a final MSE lower than both the initial 10-7-1
network and the network 3-7-1 retrained on the variables selected by SAS or OCD
(for an analysis of the significance of these results, see Appendix 3 where error
bars are provided).

It might seem strange that the best choice would be to select, beside the obvious
variables x,_g, X,_4, X,_q, variable x,_,, also, which does not appear in the
expression of (3.2) for y,. However, if one writes expression (3.2) for variable x,_,,
variable x,_,, will indeed appear: in fact x,_,, is implicitly present in variable y,,
and our selection process has been able to take advantage of this implicit
correlation.

Set /A ]0.00005]0.0001 ]0.0005 ]0.001 0. q] 0.89 0.92 0.96 098
o 9467 |9467 |9532 |95 |93.56 9200 | 9267|9367 | 9667
m

D 8023 | 8020 |8%047 8000 |80.33 §3.20 | 8340 [8220 | 8130
m

o 8022|8039 |80.51 |8041 | 0.1 8438 | 8500|8292 |8256
m

NbSelVar 16 19 27 32

P — o o

D! 0300 ]9330 ]93.00 [93.00 |8367 86.67 9233 [90.33 9300
m

DY 8100 |81.00 |8L.60 |81.00 |72.00 8200 | 8360  |84.60 | 83.50
m

Dl 8032 |80.16 |80.28 |80.24 |72.26 79.22 #a34  |84.08 8338
m

NbSelVar 13 14 17 2

RS

Fig. 12. Weight Decay on Waveforms: determination of A* after Regularization and g* after
Variable selection. The upper part of the table corresponds to net 40-3, the lower part to
40-10-3. The number of variables selected in each case is shown in the bottom lines (NbSelVar).
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These results also shed light on the validity of our a-priori assumption on the
weights: a Gaussian prior is certainly reasonable, since it allows us to improve on
our predictor’s accuracy. The question is now to see whether we could find a better
prior; we will turn, in Section 5.3, to a Gaussian mixture prior.

5.2.3. Waveforms

Results in Fig. 12 show the performances of our WD-based selection. Note that
the Weight Decay technique selected more variables than OCD or SAS, although
always in the ‘signal’ part: it made use of these for increased performances on test
set. The Gaussian prior assumption is in this sense validated.

5.3. Gaussian mixture prior

5.3.1. The algorithm

Assume a priori that weights V' and W are independent (which is not true any
more as soon as learning starts!) and that W, resp. V, is Gaussian N(0, 0,2,,), resp.
N(, a2). V;’s are supposed to be independently distributed with a Gaussian
mixture of two components: one — in proportion m - N(0, ) has a large variance
of and the other - in proportion (1 — ) — N(0, 02) a small one o2. Under these
assumptions, we have:

1 @ & 1 &
In P(Vy, V, W) a == L LW = L V2
204

2
20 ,1j-0
P h _ h
1 1 5 1—n 1 2
+ Lin| —e™ 37 LW + ——e” 257 LY (5-5)
= | ol s j=1 o j=1
im

M(V,, V, W) is minimized, through an on-line GBP (see Section 3). We have to
determine the following parameters: o3, o7, o2, oZ, ™, g and o?. There do not
exist, at the present moment, exact techniques to compute optimal values of the
hyperparameters: the Bayesian optimization approach [24], for example, relies on
assumptions and is very computation expensive.

We have tested various methods to determine the hyperparameters: fixing some
and determining the others by cross-validation or fixing some and estimating
others. We describe some results of these different techniques in the following
paragraphs.

rlo 04 06 07 08 q|os8s 098 09993 | 0.9995
Set
D,’,, 0.04503 | 0.04530 | 0.04531 | 0.04531 | 0.04532 006798 | 0.04643 |0.04585 | 0.04566
Dy 0.05108 | 0.04857 | 0.04860 | 0.04861 | 0.04861 007103 {0.04809 |0.04820 |0.04838
Df, 0.04768 | 004575 | 0.04578 | 0.04578 | 0.04579 006759 | 0.04673 | 004556 |0.04566
4,6,1,2,]461,2,
selected 4,6 4,6,1 7 7,8

Fig. 13. Time series: determination of w* with Regutarization (with Gaussian mixture) and of ¢ *
with Variable selection.
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5.3.2. Time series

In this paragraph, all hyperparameters are held constant (o2 = 0% =07 = 1, o/
= 0.005), while weights ¥ and W are updated; m, o? (in 5.1) are set by cross-vali-
dation during algorithm Regularization: only results with the best o* are
given. Then, as for weight decay, the Variable selection algorithm is run
and g is set by cross-validation. Results are shown in Fig. 13.

Comparison of performances of the net 5-7-1 retrained with the selected
variable subset (Fig. 6) shows that, finally, it is the set of variables selected by this
Gaussian mixture regularization which gives the best performances on test set. The
analysis of error bars (see Appendix 3) shows that net 5-7-1 has an MSE
significantly smaller than that of net 3-7-1: thus our variable selection approach
with regularization and a Gaussian mixture prior improves upon both OCD and
stepwise.

Notice that our technique has learned to use both ‘explicit’ variables 4, 6 and 1
(x,_4, X;_g» X,_y) and ‘implicit’ variables 2, 7 (x,_,, x,_,) coming from y,_,.

5.3.3. Waveforms

For this problem, we have tested the effectiveness of cross-validation for setting
the mixture parameters. Hyperparameters w and o are thus fixed; o7, o2 (and
o2, for net 40-10-3) are determined by cross-validation with Regularization
and g with variable selection. In this case, best performances were ob-
tained for very high values af the variances, which is equivalent to zeroing the
mixture a priori hypothesis (third term of Eq. (5.5) right member). Cross-validation
thus converged to a trivial solution where no regularization is used for the input to
hidden weights. One reason may be that in this case, variable selection is relatively
easy and simple procedures like Variable selection perform well enough.
Note however that this is not the case with the default stepdisc SAS procedure
which has been used here.

5.4. Hyperparameters estimation

Normally all parameters should be set appropriately. Various methods exist:
learning, estimation, cross-validation or exact computation, e.g. through bayesian
theory [25]. Cross-validation, which we have used in this paper, is very computation

Method | Cross-validation | Estimation
Set
D, 0.04585 0.04485
| Diy 0.04820 0.04750
| D) 004556 0.04378

Fig. 14. Time series, final MSE reached after Regularization, when parameters are set by
cross-validation (left) or estimated (right).
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Input unit var; Input unit var;
10 0.000001 5 0.000001
9 0.00000! 4 0.343770
8 0.000001 3 0.000001
7 0.000001 2 0.000002
6 0.263500 1 0.018315

Fig. 15. Time series, weight variances of input units after training with Regularization.

intensive. One can thus try to estimate some of these parameters. We have
estimated hyper-parameters for the two problems. We present below an example
of such an approach for time series. This approach worked well also for the
classification problem but gave performances similar to the other methods (see
Figs. 8 and 9).

For the time series, we set o2 = a2 =1 fixed a priori. We then train N steps
with cost function C. We then use as an estimate for ¢ the MSE on D;,, a new
estimate being computed after each epoch. (rsz is progressively decreased through
learning. Results (Fig. 14) are very good in terms of final MSE, as compared to the
final MSE obtained after Regularization for our previous setting of parame-
ters.

In addition, if one look at the weights variances var; of the 10 input units, one
can easily select the most significant variables: since there is at least a 4 order of
magnitude difference (see Fig. 15).

However, we see that the algorithm has just picked the ‘obvious’ solution, and
not the better ones found out by the previous methods. Additional work is
certainly needed to explore more systematically the various methods for hyper-
parameters setting.

6. Conclusion

We have presented here a technique based on regularization for variable
selection, with two different regularizing terms, coming from different hypothesis
on the weights priors (Gaussian and mixture of Gaussians). The regularization with
gaussian mixture gave the best final performances on test set for a synthetic time
series example, as compared to the WD-based method, a conventional statistic
method (stepwise in SAS) or a pruning method (OCD).

For the classification example, the three NN based methods gave similar
performances, and are significatively better than standard classical techniques.

The methods we propose still suffer from various problems:

— There are many parameters which have to be set by cross validation. This is far
too computation intensive in practical problems. In particular, our version of
6BP should be replaced in the case of approximation or identification problems
such as the time series in this paper, by a parameter-free technique, c.g.
conjugate gradients [28].

— The results are very sensitive to the a priori chmces of parameters (e.g.

2 o2
o2, ok, o, o).
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— Input correlation is not taken into account, which means that even linearly
dependent parameters may be selected.

Appendix 1. Stepwise procedure

Let k <N be the size of feature space at some given time: we want to know
whether to retain all k variables or discard k — g of them. Let F be defined as:

m=kl% =Y’
k—q ly-Y, I*

where Y is the sample output vector (Y,...,Y™" ¥, i =g, k, is the estimation
produced when using i variables:

(A1)

Y= (F (XY, Fy(X™) (A2)
Let 8, be given by:
P(F>8,)=a (A3)

where F is a Fisher-Snedecor variable with (k — g, m — k) degrees of freedom and
a is some confidence level (e.g. a = 0.95). Then, if the measured ratio F (A.1) is
larger than 6, all k variables are kept, otherwise g variables only are: this is a
F-test of the null hypothesis H, that the k — g variables are significant.
F>8, accept Hy: use all k variables (A4)
F<e, reject H: use g variables, reject the other k — g variables

For a given size n of the feature space, selecting the best subset x of n features
out of the N possible (X,,..., X)) is a combinatorial search problem (there are
(N /(n!(N — n)!) such subsets). So exhaustive search is not feasible. If the feature
selection criterion J is monotonous, that is:

R, CR,C - CRy=J(R)) <J(R,) < ... <J(Ry) (A5)
where R, contains k variables X, then a simple branch-and-bound algorithm [19]
allows to restrict the search and efficiently come up with an optimal feature vector.
However, most selection criteria are not monotonous, and thus only suboptimal
procedures are known.

For example, the sequential forward method progressively builds up a
vector x, from the empty set, by adding one feature at a time, selected to maximise

criterion J. More precisely, if X, is the feature vector at instant k, a feature x,,,
is selected in X — R, so that:

TR U {x4,1}) =x~g(a}xk](sk U{x}) (A.6)

The sequential backward technique is similar, in opposite direction: start-
ing from the complete vector X, features are eliminated one at a time so as to
maximise the criterion:

TR, = {xp41}) = max J(Xy_~{x}) (A7)
X, ERN_
where R, _, is the feature vector at iteration k.
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Vanable 1 F.value P>F
6 108,374 0.0001
1 0.54 Q.0110
4 6.46 0.0115

Fig. 16. Stepwise procedure. P > F is the probability that the F stat. is superior to the F value.

The F-factor can be used as a criterion J; Eqs. (A.6) and (A.7) then become:

”?kiﬂ—)}k ||2
Fi=(m=k-D 53 7> M= Ar mx F A8
( )“X_..chl+1 “2 k+1 X, €EX-R, ( )

where X, C R, ; =%, U{x;} and Y,, resp. Yi,,, is the estimator produced using
variables in R, resp. R}, ;-

Yvi—Y 2
L TN—k_; | , Xg4,=Arg max F, (A9)

"X" XN—k I X ERN_
where Xy _, DRi_,_,=Ry_,—{x)} and Yy_,, resp. ¥i_,_,, is the estimator
produced using variables in X, _,, resp. Ry_; _;.

The stepwise starts from an empty variable subset, and then alternates the
sequential forward and backward procedures. We run these procedures
with a confidence level of 0.85, and entering/eliminating one variable at a time.

For example, the stepwise procedure enters the variables as shown in Fig. 16,
and then no other variable met the 0.85 confidence level for entering or exiting the
model.

Fi=(m—-N+k)

Stepdisc procedure

The Stepdisc procedure implemented in SAS for selecting variables for discrimi-
nation tasks relies on the hypothesis that the classes are multi-normal with equal
covariance matrices. The criterion for variable selection is the minimization of
Wilks’ lambda A, : for g variables,

LA

q |

where W, T, are respectively the within and total covariance matrices. We have
used the stepwise version of Stepdisc which alternates forward and backward
selection. It is possible to devise an F-ratio which is equivalent to the use of Wilks’
statistic. Significance levels were set at the same values as above, Stepdisc selected
14 variables (see Fig. 8). Fig. 17 gives the variables selected and the values for F
and the associated confidence value.

Appendix 2. Saliency

The usual cost function is defined as:

C(W, D,) =3 ¥ | Fy(x*) —y*II? (A.10)
k=1
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Vanable ¥ value P>F
7 99.168 0.0001
11 91.065 .0001
17 24.630 0.0001
12 22907 0.0001
S 8,831 ().0002
19 7118 0.0010
18 5.796 0.0034
13 4.950 0.0077
4 3910 ~ (0.0211
10 3195 (.0424
29 3.244 0.0404
33 2.962 0.0533
39 2.364 ~0.0959
40 2.344 ~0.0978

Fig. 17. Stepdisc results on the waveforms. P > F is the probability that the F stat is superior to the F
value.

To order 2, the cost function C of Eq. (A.10) can be approximated, around a
minimum W, by:
C(W) =C(Wo) +(W—W,)" - VC(W,)
+3H (W= W,) - H(W,) - (W—Wy) +o(IW-W, ||?)
or, since W; is a minimum
C(W) = C(Wy) + T LH, AW + SLH AW AW, + o( | W =W, |I?)
i y

where AW =W — W,,.
If we assume that the Hessian can be approximated by a diagonal matrix, and
that the cost is locally quadratic, then we obtain:

C(W)=C(W,) + %Z‘HiiAu/iz

and the saliency of weight i is thus:
2

= S W= W (a1

Appendix 3. Error bars
Prediction

Our method to compute error bars is based on a technique introduced in [12]: if
one assumes a probability distribution on Neural Network weights, then this
induces a probability distribution on the NN outputs. The variance of this distribu-
tion provides error bars on the outputs. It is then easy to use those to provide error
bars for other measures, such as e.g. MSE, or arv.

Suppose that weights follow a Gaussian distribution, locally around a minimum
W, (this is a common assumption, see e.g. [23,24]):

P(W) = ae PLHM: (A.12)
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where notations are as in Appendix 2, o and B being hyper-parameters which have
to be determined.
Using results in [23,24), the regularizing hyper-parameter B can be estimated
by:
. mQ
b= 2C(W,, DY)
Q is the output dimension; in this paper, we have Q = 1.
Then, assuming that the output is linear (as is our case in this paper), [12] show
that, for every input x¥, the outputs follow a Gaussian with mean F,(x*) and
variance o? % given by:
Yi(k)
2 Ji L
o, = Z gl =L@ (A.14)
where 'y,,(k) is the gradient of the output Fy(x*) with respect to weight W,, and
the Hessian is evaluated for input vector x*. The error bar on output j is thus Qg
It then follows that the MSE on data set can be bounded in the interval:

(A.13)

I(D)=[MSE-A_, MSE+ A} (A.15)
where:
1
Am— T RGN -y
x* y*)eD
1
A=A +— Y o
2m (x*,y)eD
Net Set MSE MSE - A_ MSE + A,
121 | D, 0.04461 0.04439 0.04484
oy, 0.04629 0.04606 0.04653
Dl 0.04209 0.04188 0.04231
10-7-1 | Dl 0.04359 0.04311 0.04405
DY, 0.05049 005004 0.05101
D, 0.04672 0.04625 0.04720
37-1 | D, 004553 0.04524 0.04582
D}, 0.04851 0.04822 0.04881
Dl (.04533 1.04505 0.04562
47-1 | D}, 0.04495 0.04463 0.04527
) 0.04790 0.04758 0.04823
D), 0.04488 0.04456 0.04521
57-1 | D, 0.04465 0.04430 0.04500
D) 0.04832 0.04796 0.04867
D, 0.04451 004417 0.04486

Fig. 18. Error bars on MSE for the various networks found in the paper.
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oCD
WD
Gaussian;Mixture
>
.0441 0.0448 0.04520 0.04562 MSE
0.04416  ().04456 004504

Fig. 19. Confidence intervals for the networks retrained with the variables subsets, selected by OCD -
or stepwise — Regularization with weight decay or with a Gaussian mixture.

where a, is the expression given in (A.14), where index j has been dropped, since
we only have one output (Q = 1).

These error-bars are not exact: they rely on various assumptions made along the
above derivation. However, we have usually found these error bars correct on
prediction problems [21].

We give below (Fig. 18) the various intervals found for the networks described
in the paper.

These error bars demonstrate (Fig. 19) that:

— variable selection by OCD - or the stepwise technique - is significantly
worse than by Regularization with a Gaussian mixture.

- variable selection by OCD - or the stepwise technique - is not significantly
worse than by Regularization with Weight Decay.

— variable selection by Regularization with a Gaussian mixture is not signifi-
cantly better than by Regular ization with Weight Decay. The two priors on
weights lead to similar results.

Classification

Let p be the classification error and f the observed frequency, p can be
considered as a proportion for a binomial law. Under a normal assumption, the 1-a
confidence interval P(p, <p <p,)=1- « is given by:

u? 4f(1- u?
2f+_/_2+ua/2\/_f_(—f)_+ 12

b= N N N?
1= 2
u
2(1+——“/2)
N
2 ui/z 4f(1-f) ui/z
fH=N""4ap N T N?
and p, =

2
2(1+u°‘/2)
N
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1-a=0.80: u,, =128 1-0=090; 1, =1.64 1-0=0.95; Uy, =1.96
Performance 80.0 ]81.0 1820 {83.0 [ 80.0 | 81.0 | 82.0 | 83.0 | 80.0 | 81.0 | 82.0 | 83.0
level
‘Iraining set 0.83 1084 [08S [0.86 {|0.84 | 084 |0.85 |0.86 J0.84 085 |0.86 |0.87
# 300 0.77 1078 10.80 [0.80 Jlo.76 ]0.77 1078 1079 )]0.75 [0.76 10.77 [0.78
Validationset | 0.82 | 0.83 |0.840]0.84 [10.82 1083 1084 | 085 [|0.82 |0.83 j0.84 {0850
#1000 078 10.79 (.80 081 40.78 1079 |0.80 1081 §0.77 1078 ]10.79 | .81
Test set 0.81 | 0.82 (083 {084 (0.8 082 |0.83 1084 [[0.81 {082 |0.83 |0.84
# 5000 079 080 [0.81 {082 Jl0.79 080 1081 j082 J10.79 §0.80 0.583 0.82

Fig. 20. Confidence intervals for the waveforms classification problem. # nb gives the size of the
corresponding set.

where N is the population size and u, /, is the fractil of the normal law at risk
a/2. Values of p,, p, for the different set sizes are given in Fig. 20.
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