
Algorithms and Abstract Data Types 
 
Informally, algorithm means is a well-defined computational procedure that takes some value, or 
set of values, as input and produces some other value, or set of values, as output. An algorithm is 
thus a sequence of computational steps that transform the input into the output. 
 
Algorithm is also viewed as a tool for solving a well-specified problem, involving computers. The 
statement of the problem specifies in general terms the desired input/output relationship. The 
algorithm describes a specific computational procedure for achieving that input/output 
relationship. 
 
There exist many points of view to algorithms. One if these points is a computational one. A good 
example of this is a famous Euclid’s algorithm: 
 
for two integers x, y calculate the greatest common divisor gcd (x, y) 
 
Direct implementation of the algorithm looks like: 
 
program euclid (input, output); 
var x,y: integer; 
function gcd (u,v: integer): integer; 
 var t: integer; 
 begin 
 repeat 
  if u<v then 
  begin t := u; u := v; v := t end; 
  u := u-v; 
 until u = 0; 
 gcd := v 
 end; 
begin 
 while not eof do 
 begin 
 readln (x, y); 
 if (x>0) and (y>0) then writeln (x, y, gcd (x, y)) 
 end; 
end. 
 
This algorithm has some exceptional features, nevertheless specific to the computational 
procedures: 
• it is computationally intensive (uses a lot of processor mathematical instructions); 
• it is applicable only to numbers; 
• it has to be changed every time when something of the environment changes, say if numbers 

are very long and does not fit into a size of variable (numbers like 1000! – see picture below). 
For algorithms of applications in the focus of this course, like databases, information systems, 
etc., they are usually understood in a slightly different way, more like tools to achieve 
input/output relationship. The example of an algorithm in such sense would be a sorting 
procedure. This procedure is frequently appearing in a transaction (a prime operation in 
information systems or databases), and even while the same transaction, the sorting: 
• is repeated many times; 
• in a various circumstancies; 
• with different types of data. 
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Pseudocode 
 
The notation language to describe algorithms is needed. This language called pseudocode, often is 
a lingua franca. 
 
Pseudocode is used to express algorithms in a manner that is independent of a particular 
programming language. The prefix pseudo is used to emphasize that this code is not meant to be 
compiled and executed on a computer. The reason for using pseudocode is that it allows one to 
convey basic ideas about an algorithm in general terms. Once programmers understand the 
algorithm being expressed by pseudocode, they can implement the algorithm in the programming 
language of their choice. This, in essence, is the difference between pseudocode and a computer 
program. A pseudocode program simply states the steps necessary to perform some computation, 
while the corresponding computer program is the translation of these steps into the syntax of a 
particular programming language. 
 
Kind of mixed sentences, expressions, etc. derived from Pascal, from C, and from JAVA 
(sometimes) will be used to express algorithms. There will be no worry about how the algorithm 
will be implemented. This ability to ignore implementation details when using pseudocode will 
facilitate analysis by allowing us to focus solely on the computational or behavioural aspects of an 
algorithm. Constructs of pseudocode: 
• assignments; 
• for … to … [step] … do [in steps of]; 
• while … do; 
• do … while; 
• begin … end; 
• if … then … else; 
• pointer, and null pointer; 
• arrays; 
• composite data types; 
• procedure and its name; 
• formal parameters versus actual parameters. 



Abstract Data Types 
 
A theoretical description of an algorithm, if realized in application is affected very much by: 
• computer resources, 
• implementation, 
• data. 
 
To avoid unnecessary troubles, limitations, specificity, etc. in the design of algorithm, some 
additional theory has to be used. 
 
Such a theory include fundamental concepts (guidelining the content of the course): 
 
• concepts of Abstract Data Type (ADT) or data type, or data structures; 
• tools to express operations of algorithms; 
• computational resources to implement the algorithm and test its functionality; 
• evaluation of the complexity of algorithms. 
 

Level of Abstraction 
 
The level of abstraction is one of the most crucial issues in the design of algorithms. The term 
abstraction refers to the intellectual capability of considering an entity apart from any specific 
instance of that entity. This involves an abstract or logical description of components: 
• the data required by the software system, 
• the operations that can be performed on this data. 
 
The use of data abstraction during software development allows the software designer to 
concentrate on how the data in the system is used to solve the problem at hand, without having to 
be concerned with how the data is represented and manipulated in computer memory. 
 

Abstract Data Types 
 
The development of computer programs is simplified by using abstract representations of data 
types (i.e., representations that are devoid of any implementation considerations), especially 
during the design phase. 
 
Alternatively, utilizing concrete representations of data types (i.e., representations that specify the 
physical storage of the data in computer memory) during design introduces: 
• unnecessary complications in programming (to deal with all of the issues involved in 

implementing a data type in the software development process), 
• a yield a program that is dependent upon a particular data type implementation. 
 
An abstract data type (ADT) is defined as a mathematical model of the data objects that make up 
a data type, as well as the functions that operate on these objects (and sometime impose logical or 
other relations between objects). 
 
So ADT consist of two parts: data objects and operations with data objects. The operations that 
manipulate data objects are included in the specification of an ADT. 
 
At this point it is useful to distinguish between ADTs, data types, and data structures. 
 
The term data type refers to the implementation of the mathematical model specified by an ADT. 
That is, a data type is a computer representation of an ADT. 



 
The term data structure refers to a collection of computer variables that are connected in some 
specific manner. This course is concerned also with using data structures to implement various 
data types in the most efficient manner possible. 
 
The notion of data type include built-in data types. Built-in data types are related to a 
programming language. 
 
A programming language typically provides a number of built-in data types. For example, the 
integer data type in Pascal, or int data type available in the C programming language provide an 
implementation of the mathematical concept of an integer number. 
 
Consider INTEGER ADT, which: 
• defines the set of objects as numbers (−infinity, … -2, -1, 0, 1, 2, ..., +infinity); 
• specifies the set of operations: integer addition, integer subtraction, integer multiplication, div 

(divisor), mod (remainder of the divisor), logical operations like <, >, =, etc. 
 
The specification of the INTEGER ADT does not include any indication of how the data type 
should be implemented. For example, it is impossible to represent the full range of integer 
numbers in computer memory; however, the range of numbers that will be represented must be 
determined in the data type implementation. 
 
Built-in data type INT in C, or INTEGER in Pascal are dealing with the set of objects as 
numbers in the range (minint, … -2, -1, 0, 1, 2, …, maxint), and format of these numbers in 
computer memory can vary between one's complement, two's complement, sign-magnitude, 
binary coded decimal (BCD), or some other format. 
 
The implementation of an INTEGER ADT involves a translation of the ADT's specifications into 
the syntax of a particular programming language. This translation consists of the appropriate 
variable declarations necessary to define the data elements, and a procedure or accessing routine 
that implements each of the operations required by the ADT. 
 
The INTEGER ADT when implemented according to specification gives a freedom to 
programmers. Generally they do not have to concern themselves with these implementation 
considerations when they use the data type in a program. 
 
In many cases the design of a computer program will call for data types that are not available in 
the programming language used to implement the program. In these cases, programmers must be 
able to construct the necessary data types by using built-in data types. This will often involve the 
construction of quite complicated data structures. The data types constructed in this manner are 
called user-defined data types. 
 
The design and implementation of data types as well as ADTs are often focused on user-defined 
data types. Then a new data type has to be considered from two different viewpoints: 
• a logical view; 
• an implementation view. 
 
The logical view of a data type should be used during program design. This is simply the model 
provided by the ADT specification. 
 
The implementation view of a data type considers the manner in which the data elements are 
represented in memory, and how the accessing functions are implemented. Mainly it is to be 



concerned with how alternative data structures and accessing routine implementations affect the 
efficiency of the operations performed by the data type. 
 
There should be only one logical view of a data type, however, there may be many different 
approaches to implementing it. 
 
Taking the whole proccess of ADT modeling and implementation into account, many different 
features have to be considered. One of these characteristics is is an interaction between various 
ADTs, data types, etc. In this course a so-called covering ADT will be used to model the 
behaviour of a specific ADT and to implement it. 
 

The MATRIX ADT 
 
The abstract data type MATRIX is used to represent matrices, as well as the operations defined on 
matrices. A matrix is defined as a rectangular array of elements arranged by rows and columns. A 
matrix with n rows and m columns is said to have row dimension n, column dimension m, and 
order n x m. An element of a matrix M is denoted by ai,j. representing the element at row i and 
column j.  
 
The example of matrix: 

 
 
Numerous operations are defined on matrices. A few of these are: 
 
1. InitializeMatrix (M) – creates a necessary structured space in computer memory to locate 

matrix. 
2. RetrieveElement (i, j, M) – returns the element at row i and column j of matrix M. 
3. AssignElement (i, j, x, M) – assigns the value x to the element at row i and column j of matrix 

M. 
4. Assignment (MI, M2) – assigns the elements of matrix M1 to those of matrix M2. Logical 

condition: matrices M1 and M2 must have the same order. 
5. Addition (MI, M2) – returns the matrix that results when matrix M1 is added to matrix M2. 

Logical condition: matrices M1 and M2 must have the same order. 
6. Negation (M) – returns the matrix that results when matrix M is negated. 
7. Subtraction (MI, M2) – returns the matrix that results when matrix M1 is subtracted from 

matrix M2. Logical condition: matrices M1 and M2 must have the same order. 
8. Scalar Multiplication (s, M) – returns the matrix that results when matrix M is multiplied by 

scalar s. 
9. Multiplication (MI, M2) – returns the matrix that results when matrix M1 is multiplied by 

matrix M2. The column dimension of M1 must be the same as the row dimension of M2. The 
resultant matrix has the same row dimension as M1, the same column dimension as M2. 

10. Transpose(M) – returns the transpose of matrix M. 
11. Determinant(M) – returns the determinant of matrix M. 
12. Inverse(M) – returns the inverse of matrix M. 
13. Kill (M) – releases an amount of memory occupied by M. 
 



Many programming languages have this data type implemented as built-in one, but usually in 
some restricted way. Nevertheless an implementation of this ADT must provide a means for 
representing matrix elements, and for implementing the operations described above. It is highly 
desirable to treat elements of the matrix in a uniform way, paying no attention whether elements 
are numbers, long numbers, polynomials, other types of data. 
 

The STACK ADT 
 
This ADT covers a set of objects as well as operations performed on these objects: 
 
• Initialize (S) – creates a necessary structured space in computer memory to locate objects in S; 
• Push(x) – inserts x into S; 
• Pop – deletes object from the stack that was most recently inserted into; 
• Top – returns an object from the stack that was most recently inserted into; 
• Kill (S) - releases an amount of memory occupied by S. 
 
The operations with stack objects obey LIFO property: Last-In-First-Out. This is a logical 
constrain or logical condition. 
 
The operations Initialize and Kill are more oriented to an implementation of this ADT, but they 
are important in some algorithms and applications too. 
 
The stack is a dynamic data set with a limited access to objects. 
 
The model of application to illustrate usage of a stack is: 

calculate the value of an algebraic expression. 
 
If the algebraic expression is like: 
 

9*(((5+8)+(8*7))+3) 
 
then the sequence of operations of stack to calculate the value would be: 
 

push(9); 
push(5); 
push(8); 

push(pop+pop); 
push(8); 
push(7); 

push(pop*pop); 
push(pop+pop); 

push(3); 
push(pop+pop); 
push(pop*pop); 

writeln(pop). 
 



The content of stack after each operation will be: 
 
                                 7 
               8          8    8  56        3 
         5    5   13  13  13  13  69 69  72 
   9    9    9    9    9    9    9   9   9    9    648  nil 
 
The stack is useful also to verify the correctness of parentheses in an algebraic expression. 
 
If objects of stack fit to ordinary variables the straightforward implementation will look like 
expressed below. 
 
type link=^node; 
 node=record key:integer; next:link; end; 
 var head,z:link; 
procedure stackinit; 
begin 
 new(head); new(z); 
 head^.next:=z; z^.next:=z 
end; 
procedure push(v:integer); 
 var t:link; 
begin 
 new(t); 
 t^.key:=v; t^.next:=head^.next; 
 head^.next:=t 
end; 
function pop:integer; 
 var t:link; 
begin 
 t:=head^.next; 
 pop:=t^.key; 
 head^.next:=t^.next; 
 dispose(t) 
end; 
function stackempty:boolean; 
begin stackempty:=(head^.next=z) end. 
 

Implementation by the built-in data type of array: 
 
const maxP=100; 
 var stack: array[0..maxP]of integer; p:integer; 
procedure push(v:integer); 
 begin stack[p]:=v; p:=p+1 end; 
function pop:integer; 
 begin p:=p-1; pop:=stack[p] end; 
procedure stackinit; 
 begin p:=0 end; 
function stackempty:boolean; 
 begin stackempty:=(p=<0) end. 
 



The algebraic expression is implemented by using stack: 
 
stackinit; 
repeat 
 repeat read(c) until c<>''; 
 if c=')' then write(chr(pop)); 
 if c='+' then push(ord(c)); 
 if c='*' then push(ord(c)); 
 while (c=>'0') and (c=<'9') do 
  begin write(c); read(c) end; 
 if c<>'(' then write(''); 
until eoln; 
 

The QUEUE ADT 
 
This ADT covers a set of objects as well as operations performed on objects: 
• queueinit (Q) – creates a necessary structured space in computer memory to locate objects in 

Q; 
• put (x) – inserts x into Q; 
• get – deletes object from the queue that has been residing in Q the longest; 
• head – returns an object from the queue that has been residing in Q the longest; 
• kill (Q) – releases  an amount of memory occupied by Q. 
 
The operations with queue obey FIFO property: First-In-First-Out. This is a logical constrain or 
logical condition. The queue is a dynamic data set with a limited access to objects. The 
application to illustrate usage of a queue is: 
 

queueing system simulation (system with waiting lines) 
(implemented by using the built-in type of pointer) 

 
type link=^node; 
 node=record key:integer; next:link; end; 
var head,tail,z:link; 
procedure queueinit; 
begin 
 new(head); new(z); 
 head^.next:=z; tail^.next=z; z^.next:=z 
end; 
procedure put(v:integer); 
 var t:link; 
begin 
 new(t); 
 t^.key:=v; t^.next:=tail^.next; 
 tail^.next:=t 
end; 
function get:integer; 
 var t:link; 
begin 
 t:=head^.next; 
 get:=t^.key; 
 head^.next:=t^.next; 
 dispose(t) 



end; 
function queueempty:boolean; 
begin queueempty:=(head^.next=z;tail^.next=z) end. 
 
The queue operations by array: 
 
const max=100; 
var queue:array[0..max] of integer; 
 head,tail:integer; 
procedure put(v:integer); 
begin 
 queue[tail]:=v; tail:=tail+1; 
 if tail>max then tail:=0 
end; 
function get: integer; 
begin  get:=queue[head]; head:=head+1; 
 if head>max then head:=0 
end; 
procedure queueinitialize; 
 begin head:=0; tail:=0 end; 
function queueempty:boolean; 
 begin queueempty:=(head=tail) end. 
 

The Queue Implementation 
 
A queue is used in computing in much the same way as it is used in everyday life: 
 
• to allow a sequence of items to be processed on a first-come-first-served basis. 
 
In most computer installations, for example, one printer is connected to several different 
machines, so that more than one user can submit printing jobs to the same printer. Since printing a 
job takes much longer than the process of actually transmitting the data from the computer to the 
printer, a queue of jobs is formed so that the jobs print out in the same order in which they were 
received by the printer. This has the irritating consequence that if your job consists of printing 
only a single page while the job in front of you is printing an entire 200-page thesis, you must still 
wait for the large job to finish before you can get your page. 
 
(All of which illustrates that Murphy's law applies equally well to the computer world as to the 
'real' world, where, when you wish to buy one bottle of ketchup in a supermarket, you are stuck 
behind someone with a trolley containing enough to stock the average house for a month.) 
 
From the point of view of data structures, a queue is similar to a stack, in that data are stored in a 
linear fashion, and access to the data is allowed only at the ends of the queue. The actions allowed 
on a queue are: 
 
• Creating an empty queue. 
• Testing if a queue is empty. 
• Adding data to the tail of the queue. 
• Removing data from the head of the queue. 
 
These operations are similar to those for a stack, except that pushing has been replaced by adding 
an item to the tail of the queue, and popping has been replaced by removing an item from the head 



of the queue. Because queues process data in the same order in which they are received, a queue is 
said to be a first-in-first out or FIFO data structure. 
 
Just as with stacks, queues can be implemented using arrays or lists. For the first of all, let’s 
consider the implementation using arrays. 
 
 Define an array for storing the queue elements, and two markers: 
• one pointing to the location of the head of the queue, 
• the other to the first empty space following the tail. 
 
When an item is to be added to the queue, a test to see if the tail marker points to a valid location 
is made, then the item is added to the queue and the tail marker is incremented by 1. When an 
item is to be removed from the queue, a test is made to see if the queue is empty and, if not, the 
item at the location pointed to by the head marker is retrieved and the head marker is incremented 
by 1. 
 
This procedure works well until the first time when the tail marker reaches the end of the array. If 
some removals have occurred during this time, there will be empty space at the beginning of the 
array. However, because the tail marker points to the end of the array, the queue is thought to be 
'full' and no more data can be added. 
 
We could shift the data so that the head of the queue returns to the beginning of the array each 
time this happens, but shifting data is costly in terms of computer time, especially if the data being 

stored in the array consist of large data objects. 
 
A more efficient way of storing a queue in an array is to “wrap around” the end of the array so 
that it joins the front of the array. Such a cfrcular array allows the entire array (well, almost, as 
we'll see in a bit) to be used for storing queue elements without ever requiring any data to be 
shifted. A circular array with QSIZE elements (numbered from 0 to QSIZE-1) may be visualized: 
 
The array is, of course, stored in the normal way in memory, as a linear block of QSIZE elements. 
The circular diagram is just a convenient way of representing the data structure. 
 
We will need Head and Tail markers to indicate the location of the head and the location just after 
the tail where the next item should be added to the queue, respectively. An empty queue is 
denoted by the condition Head = Tail: 
 

At this point, the first item of data would be added at the location indicated by the Tail marker, 
that is, at array index 0. Adding this element gives us the situation: 



 

 
Let us use the queue until the Tail marker reaches QSIZE-1. We will assume that some items have 
been removed from the queue, so that Head has moved along as well: 
 

 
Now we add another element to the queue at the location marked by Tail, that is, at array index 
QSIZE-1. The Tail marker now advances one step, which positions it at array index 0. The Tail 
marker has wrapped around the array and come back to its starting point. Since the Head marker 
has moved along, those elements at the beginning of the array from index 0 up to index Head-1 
are available for storage. Using a circular array means that we can make use of these elements 
without having to shift any data. 
 
In a similar way, if we keep removing items from the queue, eventually Head will point to array 
index QSIZE-1. If we remove another element, Head will advance another step and wrap around 
the array, returning to index 0. 
 
We have seen that the condition for an empty queue is that Head == Tail. What is the condition 
for a full queue? If we try to make use of all the array elements, then in a full queue, the tail of the 
queue must be the element immediately prior to the head. Since we are using the Tail marker to 
point to the array element immediately following the tail element in the queue, Tail would have to 
point to the same location as Head for a full queue. But we have just seen that the condition Head 
== Tail is the condition for an empty queue. Therefore, if we try to make use of all the array 
elements, the conditions for full and empty queues become identical. We therefore impose the rule 
that we must always keep at least one free space in the array, and that a queue becomes full when 
the Tail marker points to the location immediately prior to Head. 
 
We may now formalize the algorithms for dealing with queues in a circular array. 
 
• Creating an empty queue: Set Head = Tail = 0. 
• Testing if a queue is empty: is Head == Tail? 
• Testing if a queue is full: is (Tail + 1) mod QSIZE == Head? 
• Adding an item to a queue: if queue is not full, add item at location Tail and set Tail = (Tail + 

1) mod QSIZE. 
• Removing an item from a queue: if queue is not empty, remove item from location Head and 

set Head = (Head + 1) mod QSIZE. 
 
The mod operator ensures that Head and Tail wrap around the end of the array properly. 
 



For example, suppose that Tail is QSIZE-1 and we wish to add an item to the queue. We add the 
item at location Tail (assuming that the queue is not full) and then Set Tail 
 

((QSIZE - 1) + 1) mod QSIZE = QSIZE mod QSIZE = 0 
 
 

The List ADT 
 
A list is one of the most fundamental data structures used to store a collection of data items. 
 
The importance of the List ADT is that it can be used to implement a wide variety of other ADTs. 
That is, the LIST ADT often serves as a basic building block in the construction of more 
complicated ADTs. 
 
A list may be defined as a dynamic ordered n-tuple: 
 

L == (l1, 12, ….., ln) 
 
The use of the term dynamic in this definition is meant to emphasize that the elements in this 
n-tuple may change over time. 
 
Notice that these elements have a linear order that is based upon their position in the list. 
 
The first element in the list, 11, is called the head of the list. 
 
The last element, ln, is referred to as the tail of the list. 
 
The number of elements in a list L is refered to as the length of the list. 
 
 Thus the empty list, represented by (), has length 0. 
 
A list can homogeneous  or heterogeneous. 
 
In many applications it is also useful to work with lists of lists. In this case, each element of the 
list is itself a list. For example, consider the list 
 

((3), (4, 2, 5), (12, (8, 4)), ()) 
 
The operations we will define for accessing list elements are given below. For each of these 
operations, L represents a specific list. It is also assumed that a list has a current position variable 
that refers to some element in the list. This variable can be used to iterate through the elements of 
a list. 
 
0. Initialize ( L ). This operation is needed to allocate the amount of memory and to give a 

structure to this amount. 
 
1. Insert (L, x, i). If this operation is successful, the boolean value true is returned; otherwise, the 
boolean value false is returned. 
 
2. Append (L, x). Adds element x to the tail of L, causing the length of the list to become n+1. If 
this operation is successful, the boolean value true is returned; otherwise, the boolean value false 
is returned. 



 
3. Retrieve (L, i). Returns the element stored at position i of L, or the null value if position i does 

not exist. 
 
4. Delete (L, i). Deletes the element stored at position i of L, causing elements to move in their 
positions. 
 
5. Length (L). Returns the length of L. 
 
6. Reset (L). Resets the current position in L to the head (i.e., to position 1) and returns the value 
1. If the list is,empty, the value 0 is returned. 
 
7. Current (L). Returns the current position in L. 
 
8. Next (L). Increments and returns the current position in L. 
 
Note that only the Insert, Delete, Reset, and Next operations modify the lists to which they are 
applied. The remaining operations simply query lists in order to obtain information about them. 
 

Sequential Mapping 
 
If all of the elements that comprise a given data structure are stored one after the other in 
consecutive memory locations, we say that the data structure is sequentially mapped into 
computer memory. 
 
Sequential mapping makes it possible to access any element in the data structure in constant time. 
Given the starting address of the data structure in memory, we can find the address of any element 
in the data structure by simply calculating its offset from the starting address. 
 
An array is an example of a sequentially mapped data structure: 
 

 
 
Because it takes the same amount of time to access any element, a sequentially-mapped data 
structure is also called a random access data structure. That is, the accessing time is independent 
of the size of the data structure, and therefore requires O(l) time. 
 

Schematic representations of (a) a singly-linked list and (b) a doubly-linked list: 
 

 
 

List Operations Insert and Delete with Single-linked List and Double-linked List:  



 
 

 
 
 
 

 
 
 

The Skip Lists: 
 

 
 

 



The DYNAMIC SET ADT 
 
The set is a fundamental structure in mathematics. 
Compuer science view to a set: 
• it groups objects together; 
• the objects in a set are called the elements or members of the set; 
• these elements are taken from the universal set U, which contains all possible set elements; 
• all the members of- a given set are unique. 
 
The number of elements contained in a set S is referred to as the cardinality of S, denoted by |S|. It 
is often refered to a set with cardinality n as an n-set. 
 
The elements of a set are not ordered. Thus, {1, 2, 3} and {3, 2, 1} represent the same set. 
 
Mathematical operations with sets: 
 
• an element x is (or is not) a member of the set S; 
• the empty set; 
• two sets A and B are equal (or not); 
• an A is said to be a subset of B (the empty set is a subset of every set); 
• the union of A and B; 
• the intersection of A and B; 
• the difference of A and B; 
• the Cartesian product of two sets. 
 
In computer science it is often useful to consider set-like structures in which the ordering of the 
elements is important, such sets will be refered as an ordered n-tuple, like (al, a2, … an). 
 
The concept of a set serves as the basis for a wide variety of useful abstract data types. A large 
number of computer applications involve the manipulation of sets of data elements. Thus, it 
makes sense to investigate data structures and algorithms that support efficient implementation of 
various operations on sets. 
 
Another important difference between the mathematical concept of a set and the sets considered in 
computer science: 
• a set in mathematics is unchanging, while the sets in CS are considered to change over time as 

data elements are added or deleted. 
 
Thus, sets are refered here as dynamic sets. In addition, we will assume that each element in a 
dynamic set contains an identifying field called a key, and that a total ordering relationship exists 
on these keys. 
 
It will be assumed that no two elements of a dynamic set contain the same key. 
 
The concept of a dynamic set as an DYNAMIC SET ADT is to be specified, that is, as a 
collection of data elements, along with the legal operations defined on these data elements. 
 
If the DYNAMIC SFT ADT is implemented properly, application programmers will be able to 
use dynamic sets without having to understand their implementation details. The use of ADTs in 
this manner simplifies design and development, and promotes reusability of software components. 
 



A list of general operations for the DYNAMIC SET ADT. In each of these operations, S 
represents a specific dynamic set: 
 
1. Search(S, k). Returns the element with key k in S, or the null value if an element with key k is 

not in S. 
2. Insert(S, x). Adds element x to S. If this operation is successful, the boolean value true is 

returned; otherwise, the boolean value false is returned. 
3. Delete(S, k). Removes the element with key k in S. If this operation is successful, the boolean 

value true is returned; otherwise, the boolean value false is returned. 
4. Minimum(S). Returns the element in dynamic set S that has the smallest key value, or the null 

value if S is empty. 
5. Maximum(S). Returns the element in S that has the largest key value, or the null value if S is 

empty. 
6. Predecessor(S, k). Returns the element in S that has the largest key value less than k, or the 

null value if no such element exists. 
7. Successor(S, k). Returns the element in S that has the smallest key value greater than k, or the 

null value if no such element exists. 
 
In addition, when considering the DYNAMIC SET ADT (or any modifications of this ADT) we 
will assume the following operations are available: 
1. Empty(S). Returns a boolean value, with true indicating that S is an empty dynamic set, and 
false indicating that S is not. 
2. MakeEmpty(S). Clears S of all elements, causing S to become an empty dynamic set. 
 
Since these last two operations are often trivial to implement, they generally are to be omitted. 
 
In many instances an application will only require the use of a few DYNAMIC SET operations. 
Some groups of these operations are used so frequently that they are given special names: 
the ADT that supports Search, Insert, and Delete operations is called the DICTIONARY ADT; 
the STACK, QUEUE, and PRIORITY QUEUE ADTs are all special types of dynamic sets. 
 
A variety of data structures will be described in forthcoming considerations that they can be used 
to implement either the DYNAMIC SET ADT, or ADTs that support specific subsets of the 
DYNAMIC SET ADT operations. 
 
Each of the data structures described will be analyzed in order to determine how efficiently they 
support the implementation of these operations. In each case, the analysis will be performed in 
terms of n, the number of data elements stored in the dynamic set. 
 
This analysis will demonstrate that there is no optimal data structure for implementing dynamic 
sets. 
 
Rather, the best implementation choice will depend upon: 
• which operations need to be supported, 
• the frequency with which specific operations are used, 
• and possibly many other factors. 
 
As always, the more we know about how a specific application will use data, the better we can 
fine tune the associated data structures so that this data can be accessed efficiently. 
 



Generalized Queues 
Specifically, pushdown stacks and FIFO queues are special instances of a more general 

ADT: the generalized queue. Instances generalized queues differ in only the rule used when 
items are removed: 

• for stacks, the rule is "remove the item that was most recently inserted"; 

• for FIFO queues, the rule is "remove the item that was least recently inserted"; 

• there are many other possibilities to consider. 

A powerful alternative is the random queue, which uses the rule: 

• "remove a random item" 

The algorithm can expect to get any of the items on the queue with equal probability. The 
operations of a random queue can be implemented: 

• in constant time using an array representation (it requires to reserve space ahead of time) 

• using linked-list alternative (which is less attractive however, because implementing both 
insertion and deletion efficiently is a challenging task). 

 Random queues can be used as the basis for randomized algorithms, to avoid, with high 
probability, worst-case performance scenarios. 

Stacks and FIFO queues are identifying items according to the time that they were inserted 
into the queue. Alternatively, the abstract concepts may be identified in terms of a sequential 
listing of the items in order, and refer to the basic operations of inserting and deleting items 
from the beginning and the end of the list: 

• if we insert at the end and delete at the end, we get a stack (precisely as in array 
implementation); 

• if we insert at the beginning and delete at the beginning, we also get a stack (precisely as in 
linked-list implementation); 

• if we insert at the end and delete at the beginning, we get a FIFO queue (precisely as in 
linked-list implementation); 

• if we insert at the beginning and delete at the end, we also get a FIFO queue (this option does 
not correspond to any of implementations given). 

Building on this point of view, the deque ADT may be defined, where either insertion or 
deletion at either end are allowed. The implementation of deque is a good exercise to program. 

The priority queue ADT is another example of generalized queue. The items in a priority 
queue have keys and the rule for deletion is: 

"remove the item with the smallest key" 

The priority queue ADT is useful in a variety of applications, and the problem of finding 
efficient implementations for this ADT has been a research goal in computer science for many 
years. Identifying and using the ADT in applications has been an important factor in this research: 

• an immediate indication can be given for whether or not a new algorithm is correct by 
substituting its implementation for an old implementation in a huge, complex application and 
checking if there has been got the same result; 



• an immediate indication can be given for whether a new algorithm is more efficient than an 
old one by noting the extent to which substituting the new implementation improves the 
overall running time (the data structures and algorithms for solving this problem will be 
considered later, they are interesting, ingenious, and effective). 

The symbol tables ADT is one more example of generalized queues, where the items have 
keys and the rule for deletion is: 

"remove an item whose key is equal to a given key, if there is one" 

This ADT is perhaps the most important one to consider, and dozens of implementations will 
be examined. 

Each of these ADTs also give rise to a number of related, but different, ADTs that suggest 
themselves as an outgrowth of careful examination of application programs and the performance 
of implementations. 

Duplicate and Index Items 

For many applications, the abstract items to be processed are unique, a quality that lead to 
modification of idea how stacks, FIFO queues, and other generalized ADTs should operate. 
Specifically, in this section, the effect of changing the specifications of stacks, FIFO queues, and 
generalized queues to disallow duplicate items in the data structure will be considered. 

For example, a company that maintains a mailing list of customers might want to try to grow 
the list by performing insert operations from other lists gathered from many sources, but would 
not want the list to grow for an insert operation that refers to a customer already on the list. The 
same principle applies in a variety of other applications. For another example, consider the 
problem of routing a message through a complex communications network. It might be trials to go 
through several paths simultaneously in the network, but there is only one message. So any 
particular node in the network would want to have only one copy in its internal data structures. 

One approach to handle this situation is to leave up to the programs the task of ensuring that 
duplicate items are not presented to the ADT. But since the purpose of an ADT is to provide 
clients with clean solution to application problems, the detection and resolution of duplicates have 
to be a part of ADT. 

Disallowing duplicate items is a change in the abstraction: 

• the interface, names of operations, and so forth for such an ADT are the same as those for the 
corresponding original ADT, but the behavior of the implementation changes in a 
fundamental way. 

In general, modification of the specification of a structure gives a completely new ADT – one 
that has completely different properties. This situation also demonstrates the precarious nature of 
ADT specification: 

• being sure that clients and implementations adhere to the specifications in an interface is 
difficult enough, but enforcing a high-level statement such as this one is another matter 
entirely. 

In general, a generic decision has to be made when a client makes an insert request for an item 
that is already in the data structure: 

• should it be proceeded as though the request never happened? 

• or should it be proceeded as though the client had performed a delete followed by an insert? 



This decision affects the order in which items are ultimately processed for ADTs such as 
stacks and FIFO queues, and the distinction is significant for programs. For example, the 
company using such an ADT for a mailing list might prefer to use the new item (perhaps 
assuming that it has more up-to-date information about the customer), and the switching 
mechanism using such an ADT might prefer to ignore the new item (perhaps it has already taken 
steps to send along the message). 

Furthermore, such choice affects the implementations: 

• the forget-the-old-item statement is generally more difficult to implement than the ignore-the-
new-item statement, because it requires to modify the data structure. 

To implement generalized queues with no duplicate items: 

• an abstract operation for testing item equality has to be presented; 

• the determination whether a new item to be inserted is already in the data structure has to be 
available. 

There is an important special case with a straightforward solution: 

• if the items are integers in the range [0, …, N-1], then a second array of size N, indexed by the 
item itself, to determine whether that item is in the stack, may be used. 

Inserting the item, the ith entry in the second array may be set to 1; and deleting item i, the ith 
entry in the array may be set to 0. The same code as before may be used to insert and delete items, 
with one additional test: 

the test to see whether the item is already in the structure. 

If it is, the insert or delete operation have to be ignored. This solution does not depend on 
whether an array or linked-list (or some other) representation for the ADT. Implementing an 
ignore-the-old-item case involves more work. 

In summary, one way to implement a generalized queue ADT with no duplicates using an 
ignore-the-new-item case is to maintain two data structures: the first contains the items in the 
structure, as before, to keep track of the order in which the items in the queue were inserted; the 
second is an array that allows us to keep track of which items are in the queue, by using the item 
as an index. Using an array in this way is a special case of a symbol-table implementation, which 
is discussed later. 

This special case arises frequently. The most important example is when the items in the data 
structure are array indices themselves, so such items are referred as index items. Typically, a set of 
N objects, kept in yet another array, has to be passed through a generalized queue structure as a 
part of a more complex algorithm. Objects are put on the queue by index and processed when they 
are removed, and each object is to be processed precisely once. Using array indices in a queue 
with no duplicates accomplishes this goal directly. 

Each of these choices (disallow duplicates, or do not; and use the new item, or do not) leads to 
a new ADT The differences may seem minor, but they obviously affect the dynamic behavior of 
the ADT as seen by programs, and affect the choice of algorithm and data structure to implement 
the various operations, so there is no alternative but to treat all the ADTs as different. 

Furthermore, in many cases additional options have to be considered. For example, there 
might be the wish to modify the interface to inform the client program when it attempts to insert a 
duplicate item, or to give the client the option whether to ignore the new item or to forget the old 
one. 



To conclude, informally using a term such as pushdown stack, FIFO queue, deque, priority queue, 
or symbol table, it potentially referees to a family of ADTs, each with different sets of defined 
operations and different sets of conventions about the meanings of the operations, each requiring 
different and, in some cases, more sophisticated implementations to be able to support those 
operations efficiently. 

First class ADT 
The objects of built-in data types and in ADTs considered above are disarmingly simple, there 

is only one object in a given program and no possibility to declare variables of different types in 
client programs for the same ADT. 

A first-class data type is one for which there is potentially many different instances, and 
which can be assigned to variables declared to hold the instances. 

For example, it could be used first-class data types as arguments and return values to 
functions. 

The implemention of first-class data types have to provide us with the capability to write 
programs that manipulate stacks and FIFO queues in much the same way as with types of data in 
programming language like C. This capability is important in the study of algorithms because it 
gives a natural way to express high level operations involving such ADTs. For example, two 
queues can be joined into one. 

Some modern languages provide specific mechanisms for building first-class ADTs. Being 
able to manipulate instances of ADTs in much the same way that of built-in data types int or float, 
it allows any application program to be written such that the program manipulates the objects of 
central concern to the application; it allows many programmers to work simultaneously on large 
systems, all using a precisely defined set of abstract operations, and it provides for those abstract 
operations to be implemented in many different ways without any changes to the applications 
code - for example for new machines and programming environments. Some languages even 
allow operator overloading, to use basic symbols such as + or * to define operators. 

First-class ADTs play a central role in many of implementations because they provide the 
necessary support for the abstract mechanisms for generic objects and collections of objects. 

Nevertheless, the ability to have multiple instances of a given ADT in a single program can 
lead to complicated situations: 

• Do we want to be able to have stacks or queues with different types of objects on them? 

• How about different types of objects on the same queue? 

• Do we want to use different implementations for queues of the same type in a single client 
because we know of performance differences? 

• Should information about the efficiency of implementations be included in the interface? 

• What form should that information take? 

Such questions underscore the importance of understanding the basic characteristics of 
algorithms and data structures and how client programs may use them effectively. 

 



Heaps, Heapsort and Priority Queues 
 
The application of a purely binary tree is a data structure called a heap. 
 
Heaps are unusual in the menagerie of tree structures in that they represent trees as arrays (rather 
than linked structures using pointers). Level-ordering of the tree may be expressed: 
 

 
 

Numbering of a tree’s nodes for storage in a array 
 
If we use the number of a node as an array Index, this technique gives us an order in which we 
can store tree nodes in an array. The tree may be easily reconstructed from the array: 
 

the left child of node number k has index 2k and the right child has index 2k + 1. 
 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
      1     2        3       4        5        6       7       8       9        10        11        12       13        14        15 
 
Any binary tree can be represented in an array in this fashion. This is not an efficient way to store 
just any binary tree, there would be many array elements that are left empty. A heap, however, is 
a special kind of binary tree that leaves no gaps in an array implementation: 
 

• All leaves are on two adjacent levels. 
• All leaves on the lowest level occur at the left of the tree. 
• All levels above the lowest are completely filled. 
• Both children of any node are again heaps. 
• The value stored at any node is at least as large as the values in its two children. 

 
The first three conditions ensure that the array representation of the heap will have no gaps in it. 
The last two conditions give a heap a weak amount of order. 
 
The order in which the elements are stored in the array will, in general, not be a sorted 
representation of the list, although the largest element will be stored at location 1. 



 
 
In this figure, note that the largest element (50) is the root node, and that the value stored in each 
node is larger than both of its children. The leaves of the heap occur on two adjacent levels (the 
third and fourth), and the nodes on the lowest layer fill that layer from the left. We could remove 
node 9, for example, and still preserve the heap property, but if node 9 remains where it is, we 
cannot remove any other node in the bottom layer without violating heap property 2 in the list 
above. 
 
The elements of this heap would be stored in an array in the order: 
 

50 47 22 32 44 12 19 16 3 37 41 9 
 
The most useful property of a heap is that the largest node in the tree is always at the root. 
 
If the root is extracted from the heap, there is a simple algorithm which can be used to restore the 
heap condition in the remaining nodes, so that the largest of the remaining nodes is again at the 
root position. 
 
A variation on the priority queues provides with another sorting method – a heapsort. 
 
Heapsort makes use of the fact that a heap is stored in an array. The heap above forms the array 
(and the size of the heap is 12): 
 

50 44 47 41 19 12 22 37 32 9 16 3 
 
The steps for the algorithm of the heap are: 
• remove the root; 
• insert the last number of the array in the place of root and make heap condition to be true; 
• repeat then for the next root. 
 
Really in the array we have to swap the root of the heap (the first element of the array, it means 
50) with the last element of the heap (it means 3). 
 
After swaping corresponding array elements, removing (and printing) from the heap the number 
(50), inserting (3) in the root and moving it down to fulfill the heap condition, we have the heap: 
 



 
 
'I'he contents of the array are now (and the heap size is 11): 
 

47 44 22 41 19 12 3 37 32 9 16 50 
 
If we repeat the process with a new root (47), we obtain the heap shown: 
 

 
 
'I'he last two numbers in the array are no longer part of the heap, and contain the two largest 
numbers in sorted order. The array elements are now (with a heap size of 10): 
 

44 41 22 37 19 12 3 16 32 9 47 50 
 
The process continues in the same manner until the heap size has been reduced to zero, at which 
point the array contains the numbers in sorted order. 
 
If a heap is used purely for sorting, the heapsort algorithm turns out to be an O(n log n) algorithm. 
 
Although the heapsort is only about half as efficient as quicksort or mergesort for randomly 
ordered initial lists. 
 
The same technique can be used to implement a priority queue. Rather than carry the sorting 
process through to the bitter end, the root node can be extracted (which is the item with highest 
priority) and rearrange the tree, so that the remaining nodes form a heap with one less element. 
We need not process the data any further until the next request comes in for an item from the 
priority queue. 
 



A heap is an efficient way of implementing a priority queue since the maximum number of nodes 
that need to be considered to restore the heap property when the root is extracted is about twice 
the depth of the tree. The number of comparisons is around  2 log N 
 
A priority queue is an ordinary queue, except that each item in the queue has an associated 
priority. Items with higher priority will get processed before items with lower priority, even if 
they arrive in the queue after them. 
 

Priority Queues 
 
In many applications, records with keys must be processed in order, but not necessarily in full 
sorted order and not necessarily all at once. Often a set of records must be collected, then the 
largest processed, then perhaps more records collected, then the next largest processed, and so 
forth. An appropriate data structure in such an environment is one which supports the operations 
of inserting a new element and deleting the largest element. Such a data structure, which can be 
contrasted with queues (delete the oldest) and stacks (delete the newest) is called a priority queue. 
 
In fact, the priority queue might be thought of as a generalization of the stack and the queue (and 
other simple data structures), since these data structures can be implemented with priority queues, 
using appropriate priority assignments. 
 
Applications of priority queues include simulation systems (where the keys might correspond to 
"event times" which must be processed in order), job scheduling in computer systems (where the 
keys might correspond to "priorities" indicating which users should be processed first), and 
numerical computations (where the keys might be computational errors, so the largest can be 
worked on first). 
 
It is useful to be somewhat more precise about how to manipulate a priority queue, since there are 
several operations we may need to perform on priority queues in order to maintain them and use 
them effectively for applications such as those mentioned above. Indeed, the main reason that 
priority queues are so useful is their flexibility in allowing a variety of different operations to be 
efficiently performed on sets of records with keys. We want to build and maintain a data structure 
containing records with numerical keys (priorities) and supporting some of the following 
operations: 
 

Construct a priority queue from N given items. 
Insert a new item. 
Remove the largest item. 
Replace the largest item with a new item (unless the new item is larger). 
Change the priority of an item. 
Delete an arbitrary specified item. 
Join two priority queues into one large one. 

 
(If records can have duplicate keys, we take "largest" to mean "any record with the largest key 
value.") 
 
Different implementations of priority queues involve different performance characteristics for the 
various operations to be performed, leading to cost tradeoffs. Indeed, performance differences are 
really the only differences that can arise in the abstract data structure concept. 
 
First, we'll illustrate this point by discussing a few elementary data structures for implementing 
priority queues. Next, we'll examine a more advanced data structure and then show how the 



various operations can be implemented efficiently using this data structure. We'll then look at an 
important sorting algorithm that follows naturally from these implementations. 
 
Any priority queue algorithm can be turned into a sorting algorithm by repeatedly using insert to 
build a priority queue containing all the items to be sorted, then repeatedly using remove to empty 
the priority queue, receiving the items in reverse order. Using a priority queue represented as an 
unordered list in this way corresponds to selection sort; using the ordered list corresponds to 
insertion sort. 
 
Although heaps are fairly sloppy in keeping their members in strict order, they are very good at 
rinding the maximum member and bringing it to the top of the heap. 
 

Algorithms on Heaps 
 
The priority queue algorithms on heaps all work by first making a simple structural modification 
which could violate the heap condition, then traveling through the heap modifying it to ensure that 
the heap condition is satisfied everywhere.  
 
Some of the algorithms travel through the heap from bottom to top, others from top to bottom.  In 
all of the algorithms,,we'll assume that the records are one-word integer keys stored in an array a 
of some maximum size, with the current size of the heap kept in an integer N. Note that N is as 
much a part of the definition of the heap as the keys and records themselves. 
 
To be able to build a heap, it is necessary first to implement the insert operation. Since this 
operation will increase the size of the heap by one, N must be incremented. Then the record to be 
inserted is put into a [N], but this may violate the heap property. If the heap property is violated 
(the new node is greater than its parent), then the violation can be fixed by exchanging the new 
node with its parent. This may, in turn, cause a violation, and thus can be fixed in the same way. 
 
For example, if P is to be inserted in the heap above, it is first stored in a [N] as the right child of 
M. Then, since it is greater than M, it is exchanged with M, and since it is greater than 0, it is 
exchanged with 0, and the process terminates since it is less that X. The heap shown in figure 
below results. 
 

 
Inserting a new element (P) into a heap. 

 
The code for this method is straightforward. In the following implementation, insert adds a new 
item to a [N], then calls upheap (N) to fix the heap condition violation at N: 
 

procedure upheap(k: integer); 
var v: integer; 
begin 
v:=a[k]; a[O]:=maxint; 
while a [k div 2 1 < =v do 
begin a [k ]:=a [k div 2 1; k:=k div 2 end; 
a [k ]:=v 



end; 
procedure insert(v: integer); 

begin 
N:=N+l; a[N]:=v; 
upheap (N) 
end; 

 
If k div 2 were replaced by k-1 everywhere in this program, we would have in essence one step of 
insertion sort (implementing a priority queue with an ordered list); here, instead, we are 
"inserting" the new key along the path from N to the root. As with insertion sort, it is not 
necessary to do a full exchange within the loop, because v is always involved in the exchanges. 
 
The replace operation involves replacing the key at the root with a new key, then moving down 
the heap from top to bottom to restore the heap condition. For example, if the X in the heap above 
is to be replaced with C, the first step is to store C at the root. This violates the heap condition, but 
the violation can be fixed by exchanging C with T, the larger of the two children of the root. 
 
This creates a violation at the next level, which can again be fixed by exchanging C with the 
larger of its two children (in this case S). The process continues until the heap condition is no 
longer violated at the node occupied by C. In the example, C makes it all the way to the bottom of 
the heap, leaving the heap depicted in figure next: 

 

 
Replacing the largest key in a heap (with C) 

 
The "remove the largest" operation involves almost the same process.  Since the heap will be one 
element smaller after the operation, it is necessary to decrement N, leaving no place for the 
element that was stored in the last position.  But the largest element (which is in a [ 1 ]) is to be 
removed, so the remove operation amounts to a replace, using the element that was in a [N].  The 
heap shown in figure is the result of removing the T from the heap in figure preceeding by 
replacing it with the M, then moving down, promoting the larger of the two children, until 
reaching a node with both children smaller than M. 
 
The implementation of both of these operations is centered around the process of fixing up a heap 
which satisfies the heap condition everywhere except possibly at the root.  If the key at the root is 
too small, it must be moved down the heap without violating the heap property at any of the nodes 
touched.  It turns out that the same operation can be used to fix up the heap after the value in any 
position is lowered.  It may be implemented as follows: 
 

label 0; 
var i.i. v: integer; 
begin 
v:=a [k 
while k<=N div 2 do 

begin 
j:=k+k; 
if j<N then if a Ul <a U+l if v > =a U ] then goto 0; a[kl:=aU]; k:=j; end; 



0: a[k]:=v 
end; 

 
procedure downheap(k: integer); 
label 0; 
var i,j. v: integer; 
begin 
v: =a [k 1; 

while k<=N div 2 do 
begin 
j:=k+k; 
if j<N then if a Ul <a U+l I then j:=j+l; 
if v >=a [ j ] then goto 0; 
a[kl:=aU]; k:=j; 

 end; 
0: a[k]:=v 

end; 
 
This procedure moves down the heap, exchanging the node at position k with the larger of its two 
children if necessary and stopping when the node at k is larger than both children or the bottom is 
reached. (Note that it is possible for the node at k to have only one child: this case must be treated 
properly!) As above, a full exchange is not needed because v is always involved in the exchanges.  
The inner loop in this program is an example of a loop which really has two distinct exits: one for 
the case that the bottom of the heap is hit (as in the first example above), and another for the case 
that the heap condition is satisfied somewhere in the interior of the heap.  The goto could be 
avoided, with some work, and at some expense in clarity. 
 
Now the implementation of the remove operation is a direct application of this procedure: 
 
function remove: integer; 

begin 
remove:=a [1 
a[l]:=a[N]; N:=N-1; 
downheap (1); 
end; 

 
The return value is set from a [I] and then the element from a [N] is put into a [1] and the size of 
the heap decremented, leaving only a call to downheap to fix up the heap condition everywhere. 
 

The implementation of the replace operation is only slightly more complicated: 
 

function replace(v: integer):integer; 
begin 

a[0]:=v; 
downheap (0); 
replace: =a [0] 
end; 

 
This code uses a [0] in an artificial way: its children are 0 (itself) and 1, so if v is larger than the 
largest element in the heap, the heap is not touched; otherwise v is put into the heap and a [I] is 
returned. 
 



The delete operation for an arbitrary element from the heap and the change operation can also be 
implemented by using a simple combination of the methods above.  For example, if the priority of 
the element at position k is raised, then upheap(k) can be called, and if it is lowered then 
downheap(k) does the job. 
 
Property 1 All of the basic operations insert, remove, replace, (downheap and upheap), delete, 
and change require less than 2 Ig N comparisons when performed on a heap of N elements. 
 
All these operations involve moving along a path between the root and the bottom of the heap, 
which includes no more than IgN elements for a heap of size N. The factor of two comes from 
downheap, which makes two comparisons in its inner loop; the other operations require only IgN 
comparisons.  
 
Note carefully that thejoin operation is not included on this list.  Doing this operation efficiently 
seems to require a much more sophisticated data structure.  On the other hand, in many 
applications, one would expect this operation to be required much less frequently than the others. 
 

Indirect Heaps 
 
For many applications of priority queues, we don't want the records moved around at all.  Instead, 
we want the priority queue routine not to return values but to tell us which of the records is the 
largest, etc. This is akin to the "indirect sort" or the "pointer sort". Modifying the above programs 
to work in this way is straightforward, though sometimes confusing.  It will be worthwhile to 
examine this in more detail here because it is so convenient to use heaps in this way. 
 
Instead of rearranging the keys in the array a the priority queue routines will work with an array p 
of indices into the array a, such that a [p [k ] ] is the record corresponding to the kth element of the 
heap, for k between I and N. Moreover, we want to maintain another array q which keeps the heap 
position of the kth array element. This is the mechanism that we use to allow the (-hange and 
delete operations. Thus the q entry for the largest element in the array is 1, and so on. 

 
We start with p [k ]=q [k I=k for k from I to N, which indicates that no rearrangement has been 
done.  The code for heap construction looks much the same as before: 
 

procedure pqconstruct; 
var k: integer; 
begin 
N:=M; 
for k:=l to N do 

begin p [k ]:=k; q [k ]:=k end; 
for k: =M div 2 downto 1 do pqdownheap (k); 
end; 

 
(We'll prefix implementations of priority-queue routines based on indirect heaps with "pq" for 
identification when they are used in later chapters.) 

 
Indirectheap data structures 



 
Now, to modify downheap to work indirectly, we need only examine the places where it 

references a. Where it did a (-omparison before, it must now access a indirectly through p. Where 
it did a move before, it must now make the move in p, not a, and it must modify q accordingly.  
This leads to the following implementation: 
 

procedure pqdownheap (k: integer); label 0; 
var j, v: integer; 
begin 
v:=p [k 
while k<= N div 2 do 

begin 
j:=k+k; 

 if j<N then if a [p Ul I <a [p [j+1]] then j:=j+l; 
if a[v]>=a[p[j]] then goto 0; 
p[k]:=pU]; q[pU]]:=k; k:=j; 
end; 

0: p [k ]:=v; q [v ]:=k 
end; 
 
 The other procedures given above can be modified in a similar fashion to implement pqinsert," 
"pqchange," etc. 
 

A similar indirect implementation can be developed based on maintaining p as an array of 
pointers to separately allocated records.  In this case, a little more work is required to implement 
the function of q (find the heap position, given the record). 
 

Advanced Implementations 
 

If the join operation must be done efficiently, then the implementations that we have done so 
far are insufficient and more advanced techniques are needed. By "efficiently," we mean that a 
join should be done in about the same time as the other operations.  This immediately rules out the 
linkless representation for heaps that we have been using, since two large heaps can be joined 
only by moving all the elements in at least one of them to a large array. It is easy to translate the 
algorithms we have been examining to use linked representations; in fact, sometimes there are 
other reasons for doing so (for example, it might be inconvenient to have a large contiguous 
array). In a direct linked representation, links would have to be kept in each node pointing to the 
parent and both children. 

 
It turns out that the heap condition itself seems to be too strong to allow efficient 

implementation of the join operation.  The advanced data structures designed to solve this 
problem all weaken either the heap or the balance condition in order to gain the flexibility needed 
for the join. These structures allow all the operations to be completed in logarithmic time. 
 


